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Abstract

Recently, the underwater digital terrain model (UDTM) has been extensively used for seafloor terrain measurement. Identifying terrain and
nonterrain points from an underwater bathymetric point cloud has been a fundamental problem in UDTM modeling. Hence, we propose a new
ground filtering method derived from smoothed particle hydrodynamics to distinguish bathymetric points. The proposed method is called
smoothed particle simulation filtering (SPSF), which embodies filtering as a matching of a smoothed particle grid to the point-set surface. First,
four seafloor terrain features, namely curvature-based shape factor, slope, roughness, and concave—convex coefficient, are extracted from the
moving least-square fitting surface of the original point-set surface, and the terrain complexity of each point is computed. Then, an enhanced
particle motion model appropriate for ground filtering is introduced. To improve filtering performance, we divide the point-set surface into several
subregions and set adaptive parameters for diverse subregions according to the terrain complexity. Finally, subregional point cloud filtering is
performed, and each bathymetric point is marked as “terrain” or “nonterrain”. To assess the filtering performance, SPSF is applied to process
the multibeam bathymetric point cloud data collected around Chi Island in Qingdao, China. Results indicate that compared with the same type
of filtering methods, SPSF improves the filtering accuracy by more than 50% and the filtering efficiency by more than 40%. Furthermore,

compared with other types of filtering methods, SPSF displays great potential in alleviating over- and under-filtering in seafloor terrains.

Keywords Multibeam bathymetric point cloud; Underwater digital terrain model; Ground filtering; Smoothed particle simulation

1 Introduction

The measurement results of submarine surveying have
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crucial application value in many fields, such as marine
scientific research, engineering construction, resource
investigation and development, and underwater archaeology
(Cutter, 2005; Pratt, 2007; Vicki, 2004; Zhou et al., 2022).
In the previous decade, with the advancement of computer
science and sonar technology, the multibeam bathymetric
system (MBS) has become the foremost equipment for
obtaining underwater bathymetric data (Xu et al., 2020;
Zhang et al., 2022; Liang et al., 2024). Constructing an
underwater digital terrain model (UDTM) (Yan et al., 2022)
from underwater bathymetric data is a significant applica-
tion of MBS.

Although the vast majority of multibeam bathymetric
data are of high quality after a series of postprocessing and
data quality evaluations, data acquisition is inevitably
influenced by inhomogeneous water media, sensor errors,
positioning error of the bathymetric point, and secondary
echoes from the seafloor, resulting in a certain number of
outliers in bathymetric data. Detection methods related to
outliers can be classified into manual and automatic. Tradi-
tional manual detection methods typically entail a heavy
workload for users and are therefore rarely employed.
Automatic detection method is a long-term research hot-
spot for marine equipment manufacturers and researchers;
examples include median filtering (Mann et al., 2001), sur-



T. Zhou et al.: Filtering Multibeam Bathymetric Point Cloud Based on Smoothed Particle Simulation 1501

face filtering (Mitchell, 1996), M-estimate filtering (Rez-
vani et al., 2015), and the combined uncertainty and bathy-
metric estimator (CUBE) method (Calder and Mayer, 2003).
CUBE is extensively known for its high efficiency and
robustness. CUBE uses Bayesian estimation to solve the
seafloor trend surface recursively and leverages the verti-
cal and horizontal uncertainties of bathymetric points.
However, CUBE has numerous parameters and a tedious
configuration. If the data quality is poor, the filtering effect
becomes unsatisfactory.

In addition to points with anomalous bathymetric val-
ues, fish and plankton in the water, vegetation patches, and
large artificial structures on the seafloor, such as pipelines
(Guan et al., 2019) and shipwrecks (Palomer et al., 2015),
are strong interference sources in UDTM modeling. Cur-
rently, filtering methods for these interferences are few.
Ground filtering that distinguishes the seafloor terrain
points (STP) from the seafloor nonterrain points (SNP)
may be a good choice. Ground filtering is broadly used for
processing airborne Light Detection and Ranging (LiDAR)
point clouds. In recent years, developed methods can be
grouped into three types, namely slope-based, morphol-
ogy-based, and grid model-based.

Slope-based filters assume a substantial drop between
manufactured buildings and the ground. Based on the
assumption, Vosselmann (2000) determined whether a point
is a ground point or a nonground point by comparing its
slope with that of neighbors. Shan and Aparajithan (2005)
improved the efficiency of slope calculation by specifying
the scanning direction. Generally, setting an appropriate
slope threshold for complex terrains is difficult. Susaki
(2012) and Wang and Tseng (2010) developed adaptive
and bidirectional slope-based filters to address this issue,
respectively. However, many research results reveal that
the slope-based filter cannot maintain good performance
in complex terrains (Liu, 2008), and filtering accuracy
decreases with increasing slope.

Mathematical morphology-based filters perform open
and closed operations to remove nonground points. The fil-
tering result depends on the filtering window size. Progres-
sive morphological filter (PMF), proposed by Zhang et al.
(2003), iteratively increases the filtering window size.
Rodriguez-Caballero et al. (2016) designed a dynamic
adjustment method for window size. Although adjusting
the filtering window size can improve accuracy, it sacri-
fices efficiency. Compared with some slope-based filters,
morphology-based filters are more robust and accessible.
However, finding the optimal window size takes a large
amount of time. Thus, providing additional terrain priors is
necessary.

Grid model-based filters typically construct a particle
grid to approximate the ground surface and to extract non-
ground points by comparing the grid model and the terrain
surface. For example, the adaptive triangulated irregular

network (TIN) starts from the selected seed and iteratively
encrypts a sparse triangular network (Axelsson, 2000).
The TIN-based filter is sensitive to two parameters. The
first is the distance threshold from the candidate ground
point to the TIN facet. The second is the angle between the
TIN facet and the line connecting the candidate ground
point and the nearest point on that TIN facet. Recently,
methods based on physical models have been proposed,
such as the cloth simulation filtering (CSF) proposed by
Zhang et al. (2016), which constructs a particle grid with
cloth properties. This method is suitable for airborne
LiDAR point clouds in most terrestrial landscapes. How-
ever, when handling large-scale targets (low-rise build-
ings) with minor relative height differences from the
ground, particles may adhere to the target surface, which
leads to misclassification. To solve these problems, Cai
and Yu (2023) improved CSF using a multidirectional nar-
row window that employs a moving least-square (MLS)
plane to reconstruct the terrain and uses a progressively
refined method to extract terrain points. This improved
CSF’s filtering accuracy is high in forest sites with differ-
ent terrain and vegetation distributions. Moreover, Cai et al.
(2023) presented an improved CSF, which applies the clos-
ing operation to initialize the cloth model and designs an
adaptive height difference threshold. The initialized cloth
grid can cover terrain slopes. With this approach, raised
terrains can be effectively detected, while the cloth rigid-
ness is kept to a minimum. In recent years, researchers
have proposed several filtering methods based on physical
models for bathymetric data. Yang et al. (2020) proposed
bilateral cloth simulation filtering (BCSF), which is
applied to process airborne LiDAR bathymetric point
clouds. This method creates forward- and inverse-filtered
surfaces by performing CSF twice. Lv et al. (2023) devel-
oped the improved cone model filtering (CMF). This method
produces a virtual grid and introduces voxel downsam-
pling. CMF can alleviate overfiltering in areas with com-
plex terrain.

The above filtering methods have been proven effective.
However, filtering performance is related to terrain fea-
tures. Moreover, due to the differences in measurement
principles, data acquisition, and postprocessing between
acoustic bathymetric and optical LiDAR, the feasibility of
applying the above methods to bathymetric data still needs
to be verified.

In this paper, we develop a filtering method based on a
statistical physical model, that is, smoothed particle simu-
lation filtering (SPSF). Inspired by smoothed particle
hydrodynamics (SPH; Gingold and Monaghan, 1977) and
BCSF (Yang et al., 2020), SPSF creates a smoothed parti-
cle grid to match the point-set surface and establishes a
collision detection and correction model between the parti-
cles and the point-set surface to move particles. In addi-
tion, we create an MLS fitting surface for the original
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point cloud and extract four terrain features on the MLS
surface. To improve filtering accuracy, we set adaptive
parameters for subregions based on terrain complexity.
The remaining parts of this paper are organized as follows.
Section 2 presents the foundation of SPH and the proce-
dure of SPSF. Section 3 provides the measured data, results,
and effects. Section 4 discusses the selection of filtering
parameters. Section 5 presents the conclusion.

2 Materials and methods
2.1 Foundation of SPH

SPH is a numerical simulation method based on integral
interpolation theory, and is widely used for solving statisti-
cal physical problems in astrophysics, fluid mechanics,
solid mechanics, and other fields (Le Touzé and Colagrossi,
2025). SPH uses the field quantities defined at discrete par-
ticle positions to assess the field quantities at any position
in the physical space. Assuming that virtual particles are
abstract entities in a continuous field, SPH naturally uses
symmetric smoothing kernels to extend the physical prop-
erties of particles to an interaction domain, as illustrated in
Figure 1.

Figure 1 Schematic of the smoothing kernel and interaction domain £

As shown in Figure 1, a particle is located at the posi-
tion r and is surrounded by K neighboring particles inside
the interaction domain Q (with K = 7 in this case), and r, is
the position vector of the k-th neighboring particle. In
SPH, the physical quantity ¢ of a particle is provided by
the weighted sum of contributions from all neighboring
particles. The expression is given as follows:

o(r)= kaﬂW(r ) 1)

P

where m, is the mass of the k-th neighboring particle; p,
and ¢, are the density and physical quantity at r,, respec-
tively; W is a smoothing kernel function, and % is the
smoothing length. In our method, we refer to Miiller et al.
(2003) to set .

@_ Springer

2.1.1 Governing Equations

In the proposed method, we use the Euler equation to
describe particle motion (Becker and Teschner, 2007). The
Euler equation focuses on velocity, density, and pressure
fields, depending on a continuity equation and a momen-
tum equation. The continuity equation assures the conser-
vation of mass and is expressed as follows:

V.ov=0 )

where v is the velocity field; V and V* are the gradient and
divergence operators, respectively. In our method, the masses
of all particles are identical, so the conservation of mass
can be satisfied. The momentum equation is given as follows:

Dv

— = -VP+
sy VP + pg 3)

where p is the density field, P is the pressure field, and g is
the external force density field. Equation (3) is used for
inviscid fluid and ensures the conservation of momentum.
On the left side of Eq. (3), Dv/Dt = dv/ot + v - Vv is the
substantial derivative of v that consists of the local deriva-
tive dv/dt and the convective derivative v - Vv. In the pro-
posed particle motion model, the velocity field is uniform,
so v -+ Vv = 0 and Dv/Dt = dv/dt. The right side of Eq. (3)
has two force density fields modeling pressure, namely —V P
and external force pg, that determine the momentum varia-
tion of particles. The acceleration vector of the particle 7 is
expressed as follows:

a,=ov,/ot=F,/p, 4)

where v, is the velocity vector of particle i; p, and F, are
the density field and the force density field evaluated at the
position of particle i, respectively; F, = FPeswe + Fextemal jg
composed of a pressure density field F*" and an exter-
nal force density field F ™. Next, we utilize a numerical
modeling method (Miiller et al., 2003) to obtain the den-

sity and pressure density terms.

2.1.2 SPH modeling
We use a familiar summation expression to estimate the
density of particle 7, as follows:

p[(r[) = Zm‘/%W(ri - r_/"h) = zijPolyﬁ(ri - rj9h) ®)

jeQ jeQ

3
3159( Z—ré) , 0<r;<h

Weayel 1 = 1) = | 64h ~
0, otherwise

(6)

Py = ” Iy |, where r, is the position vector of particle i;

m; and r; are the mass and position vector of particle ; in
the €, respectively; p; is the density at . Smoothing ker-
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nel function W, is appropriate for smoothing the density
fields of forces other than pressure and viscous forces
(Miller et al., 2003).

When only two particles interact, if the pressure at their
positions is not equal, the pressure is usually asymmetric.
Therefore, we adopt Eq. (7) to model the pressure density
field. Eq. (7) computes the average pressure, which is a

solution that pursues speed and stability, as follows:

F,-prm“re - _VPi(ri) - - z mijWspiky("i -r h)
j<a D,
(7
15 3
WSpiky(ri_rj,h>: ﬁ(h_rij) 5 0$ri/.$h (8)
0, otherwise

where P, and P, are the pressures at r, and r;, respectively.
Desbrun and Gascuel (1996) stated that the smoothing ker-
nel function W, has a nonvanishing gradient near the
kernel center.

For pressure, the Poisson equation is a standard solu-
tion. However, solving this equation is very time-consum-
ing. Thus, we employ a more efficient equation, namely
the ideal gas equation (Desbrun and Gascuel, 1996), to
estimate pressure.

P=kP(p _po) ©)

where p, is the reference density, and k, is the pressure
constant. Equation (9) is computationally simple and effi-
cient, so it is a good choice for our method.

In summary, Eq. (4) is rewritten as follows:

45 Pi+Pj<h_r)2ri_rj
2p:p; ! Ty

a=Sm

— +g. (10)
oy J Py h6 g i

where g, is the acceleration vector of the external force. If
the external force is gravity, g, is the gravitational accelera-
tion vector.

2.1.3 Artificial viscosity

In numerical simulation, artificial viscosity is frequently
used to increase computational stability (Schechter and
Bridson, 2012). Based on this, we introduce a velocity field
smoothing term inspired by extended SPH (Monaghan,
2005), denoted as XSPH, which has a stabilizing effect
similar to artificial viscosity. This term is expressed as
follows:

wi=vobe Sm (= rh) D

Viscosity
jeo P

WViscosity(ri - rj’ h) =

15 _r; +r—”2'+i—1 O0<r,<h
i\ 2n w 2r, ) C TS 12
T ij ( )
0, otherwise

where v, and v, are the velocity vectors of the particle i and
J» respectively; v is the new velocity vector of particle i;
0 < ¢ < 1 is an adjustable parameter, as explained in Sec-
tion 2.2.1. The smoothing kernel function W, has a
smoothing effect on the velocity field (Miiller et al., 2003).
This term ensures the symmetry of viscosity by computing

the velocity difference of interacting particles.
2.2 SPSF

In our method, we use a simple physical model to
describe the motion of particles. During this process, the
particles attach to the point-set surface subjected to exter-
nal and internal forces. Assuming that all particles are
inviscid, the particle grid falls from above the bathymetric
point cloud, and its final shape is a digital surface model
including seafloor targets and terrain. However, if the
point cloud is inverted and a particle grid with viscosity is
used to match the point-set surface, then the final shape of
the particle grid can be directly considered a UDTM with
targets removed, as illustrated in Figure 2.

In Figure 2, the point-set surface of the bathymetric
point cloud is first inverted, and then all the points are pro-
jected onto a plane above the inverted surface along yel-
low arrows. In this projection plane, a particle grid is con-
structed according to the surface density of the point
cloud. Moreover, each point has a corresponding particle,
which is the particle closest to this point in the plane, as
explained in Section 2.2.2. Next, particles move along the
green arrows under an external force. Once this grid con-
tacts the point-set surface, the position of particles changes
under the action of an internal force until the simulation is
terminated. Finally, the height difference H between the
point and the corresponding particle is computed and com-
pared with a height threshold §,. If 4 > §,, this point is
classified as “nonterrain”. If H < ¢,, this point is classified
as “terrain”.

h>

2.2.1 Parameter Optimization

Before filtering, creating a particle grid G and initializ-
ing the particle properties are essential. In our method, G
is formulated as follows:

n—[]\’;JxNX—1)x;1,Y,+quz,zh

X X

G=1X+

No =N, x NN, =[(X, - x)/a|.N, = [(v, - v,)/4]
(13)
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® Bathymetric point
.- Point-set surface

.....

# LDTM
Nonterrain point
® Terrain point

Figure 2 Diagram of the physical simulation
where n € Z' and n < N,. X, and X, are the minimum
and maximum of the point-set surface in the X direction,
respectively. Y, and Y, _are the minimum and maximum
in the Y direction, respectively. Z__is the minimum in the
Z direction. Parameter / is the grid spacing. N, = N X N,
represents the total number of particles, with the number
of particles in the X and Y directions, denoted as N_ and
N,, respectively. The down and up rounding operators are
illustrated by | - | and [ -], respectively.

Two terrains with 100 x 100 m’ are taken as examples,
and their particle grids are presented in Figure 3.

As shown in Figure 3, the particle grid and the projection

Point < Particle 25173
= Projected point Correspondence 9 7o ® e
40 15p% %8
—42
@ —44
N —46
—48
0
m) 3@
100 0
(a) First seafloor terrain
* Point Particle
= Projected point Correspondence

100 0
(b) Second seafloor terrain

Figure 3 Schematics of particle grids
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l v Motion direction
* Smoothed particle
. [ ]

plane are above the point-set surface. X, =Y . =0m,

Xy = Vi = 100m, N =N, =21, and N = 441. The Z, of
the two terrains are different. Z . = —45.24 m in Figure 3(a),
and Z,_,, = —46.90 m in Figure 3(b). To ensure that each
particle has at least one corresponding point, we set the
parameter A according to the point cloud density, as dis-
cussed in Section 3.3. As shown in the windows located in
the upper right corner of Figure 3, A = 5 m is appropriate
for both seafloor terrains.

In our method, some custom parameters must be set, as
listed in Table 1.

Table 1 Description of custom parameters
Parameters Description
Grid spacing 1 Horizontal spacing between two adjacent

particles
Viscosity coefficiente  Control factor for artificial viscosity
Time step 7 Particle motion time in a single iteration

Height difference
threshold ¢,

Criteria for determining seafloor and
nonseafloor points

To improve accuracy, we formulate the selection criteria
for parameter ¢ and provide an adaptive calculation method
for parameter ¢,. In addition, we set model parameters
before filtering. The model parameters and other custom
parameters are set, as discussed in Section 3.3.

In numerical calculation, artificial viscosity adjusts the
velocity of particles and provides the interaction force
between particles. For complex terrains, the movement of
the particles must be constrained to prevent the particle
grid from adhering to the point-set surface and causing
underfiltering; therefore, an interaction force is introduced.
For flat terrains, most of the points are terrain points; the
higher the matching accuracy between the particle grid
and the point-set surface, the better the filtering effect.
Hence, the interaction force can be ignored. Based on this,
we formulate the selection criteria for the viscosity coeffi-
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cient according to the terrain complexity. First, an MLS fit-
ting surface is constructed, and then four terrain features
are extracted to calculate the terrain complexity of each
point. Finally, the viscosity coefficient ¢ is determined by
subregional terrain complexity, which is the average ter-
rain complexity within a subregion.

In the proposed method, the implicit function g (p’) of
the MLS fitting surface (Yang and Qian, 2007) is given as
follows:

(p))/oa,.,) (4

where p' is the projection point of point p along the normal
on the MLS surface, ¢ is a candidate projection point,
n( p) is the normal vector at p, and e is an energy func-
tion. p'causes e to reach the local minimum. Goldman
(2005) provided curvature calculation formulas. Gaussian
curvature kg, and average curvature k  are expressed as
follows:

g(p)=n(p)'(de(q.n

H(g(p") Ve(p)

Ko (P) = det / ve(p)| 13)
vg(p') 0
o ve (o) - 1e(H (e(0)) - .
k,nean(l’) Vg(p')-H(g(p'))'VTg(p') ”Vg(p)
(16)

where det(A) and Tr(A) are the determinant and trace of
the matrix A, respectively. Vg (p')and H (g(p')) are the
gradient and Hessian matrix of g(p'), respectively, as
follows:

ve(p))= (ag(p)/ox' ag(p')/ay' ag(p')/o') (17)

?g(p) og(p) @g(p)
ax'ox’ ax'oy’ ax'oz’
A | ?g(p) @g(p) og(p)
H(g(p )) V(Vg(p )) ay'Bx’ 6y’6y’ 8y’62'
?g(p) og(p) @g(p)
dz'ox’ az'ay’ dz'0z’
(18)

(x,y,z")7, (x',y") is the position coordinate,
and z’ is the bathymetric value.

The maximum and minimum curvatures, namely &, and
k,, respectively, are given as follows:

where p' =

kl(pl) = kmean(p ) + kélean(pl) - kGauss(pl) (19)

ky(P') = Ko P) = S heean( P') = kguss (D) (20)

On the MLS fitting surface, we extract four local terrain
features, namely curvature-based shape factor, slope, rough-
ness, and concave—convex coefficient (Dorai and Jain,
1997; Hollaus and Hoéfle, 2010; Wu et al., 2017; Minar et al.,
2020), as detailed in Table 2. These features are calculated
within the neighborhood with radius r.

Table 2 Description of terrain features

Symbol Description
n Curvature-based shape operator at an arbitrary point
1) Terrain slope at an arbitrary point
R Terrain roughness at an arbitrary point
C Concave—convex coefficient at an arbitrary point

Curvature-based shape factor is a measure of terrain
deformation and is defined as follows:

I 1

’7(1”)25 —arctan 2D

where 7 € [0, 1]. If the MLS surface is convex at point p’,
n is close to 1. If it is concave, 7 is close to 0.

Terrain slope describes the terrain inclination and is
expressed as follows:

o(p') = arctan /( ag(p') 6x')2 + (8g(p’)/8y')2 (22)

Terrain roughness reflects terrain relief, and is the ratio
of the actual area S, to its projected area S, and is

act r0j
expressed as follows:

R(p') = Su/Spue (23)

= ffy/l + (ag(p')/ax')2 + (3g(1")/ay')2 dxdy

Assuming that the four vertices of the unit grid are

given in order, S, ; is calculated as follows:

(x1J’2 - xz)’1) + (x2y3 - x3y2)
+(x3y4 - x4y3) + (x4y, - x1y4)

!

wi =5

(24)

where (x,, ,) is the position coordinate of the i-th vertex.

| (p)ax'ex’) + g (p')/(ay'ay)
2 P 32

[1 + (8g(p') 8x’) + (ag(p’)/ay') }

The above definition reveals a correlation between the
four terrain features. Thus, we use principal component

c(p)= (25)
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analysis to create a comprehensive evaluation model for
the terrain complexity of points:

Tcomplex(p!) = C{)li’](p') + w2¢(p') + C()3R(p') + C()4C(p,)
(26)

where w, is the evaluation coefficient of terrain features. In
Section 3.3, we explain how w, is obtained.

In our method, the point-set surface is divided into M x
N subregions, as illustrated in Figure 4.

SR, SR, oee SRy

SR, SRy, wee SR,y

SRy SRy cee SRy

Figure 4 Schematic of subregional distribution

For flat terrains, all particles almost simultaneously con-
tact the point-set surface. Thus, the constraint on particle
displacement can be ignored. The particle grid with low
viscosity can achieve ground filtering on flat terrains. For
complex terrains, particles cannot reach the terrain surface
at the same time. The height difference between the parti-
cle grid and the point-set surface is used to distinguish
between the terrain and nonterrain points, so the constraint
on particle displacement is applied. The particle grid with
high viscosity is appropriate for ground filtering on com-
plex terrains. We improve filtering accuracy by altering
the artificial viscosity according to terrain complexity.

The viscosity coefficient influences the magnitude of
artificial viscosity. If it is extremely large, the particle grid
has high viscosity. An interaction force between particles
exists. If it is overly small, the viscosity of the particle grid
is close to 0, and the interaction force between particles
can be neglected. Thus, we divide the artificial viscosity
into three levels in ascending order of the average terrain
complexity, corresponding to three types of terrain,
denoted by I, I, and IIl. Type I terrain is flat, whereas
type Il terrain is complex. The selection criteria for the
viscosity coefficient are listed in Table 3. In Section 4.1,
we provide more details on how these values are obtained.

Height difference threshold J, is the criterion for distin-
guishing between terrain and nonterrain points. If the
height difference H between the bathymetric point and the
corresponding particle is less than J,, the point is classified
as an STP; otherwise, it is classified as an SNP.

In our method, a bathymetric quality estimating method
is applied to determine the height difference threshold.

@ Springer

Table 3 Selection criteria of viscosity coefficient &

Terrain type Viscosity level Value interval of parameter ¢

I Low 0.0-0.3
I Medium 0.3-0.6
1 High 0.6-0.9

Combining the underwater terrain features, this method
can avoid misclassifying small undulating terrains or
aquatic plants (Yang et al., 2020). The height difference
threshold of a subregion is defined as follows:

5,(m,n)= z o, /K,, (27)

peSR,,

where o, is the weighted standard deviation of point p. The
number of points within the subregion SR, is K,,. The
weighted variance is expressed as follows:

2

> zwipg) | Dz (pa)

qeQ, qeQ,

o} = - (28)

> (b > Wi(p.q)

qul, qEQ,,

where @ is the neighborhood with radius  of point p, ¢ is
the neighbor of p, and z_ is the bathymetric value of p. W
(p, q) is a weight distribution function and is defined as
follows:

1- - s -q|<
W(p.q) = lp=al/r |p-al<r 9
0, |p-al=r

2.2.2 Collision detection and correction model

In our method, the simulation time is discretized to
enable numerical calculations. The difference between adja-
cent moments is called the time step and is denoted as .
To make the particle simulation method suitable for point
cloud filtering, we adopt a time integration scheme based
on the semi-implicit Euler method to update the velocity
vector and position vector of particles (Schechter and
Bridson, 2012) as follows:

vi(t+o)=vit) +alt)r 20

F(+ 1) = £l + V(i + o)t GO
where the acceleration vector a(f) of particle i at time ¢ is
given by Eq. (10). If the viscosity effect is ignored, the
step-advanced equations of velocity vector and position
vector are v,(t+t)=v,(t)+a,(t)rand r,(t+7)=7r(t)+
v,(t + 7)1, respectively. If artificial viscosity is introduced,
v,(t+ 1) and r,(¢t + 7) should be converted to vi(¢ + 7)
and /(¢ + 7), respectively. In Eq. (30), v/(¢ + 7) is the
uncorrected velocity vector at time ¢ +7. v} (¢ + 7) is the
sum of v/(¢ + 7) and a velocity adjustment term, as shown
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in Eq. (11). v{(¢) is the updated velocity vector at time .
ri(t + 7) and r/(t) denote the updated position vectors at
time ¢ + 7 and time ¢, respectively. The position vectors of
particles at an arbitrary time can be computed.

Variable a represents the number of time steps. The dis-
placement of a particle in the vertical direction within a
time step is given as follows:

I(a)=[rit)-rlt-1)] - ea=1,2,- (31)

where e = (0, 0, 1) is a unit vector, and ¢ = az is the total
motion time of particles.

Before filtering, we determine a corresponding particle
for each point, find the nearest projected point for each
particle in the projection plane, and record the height of
the projected point before projection. If the height of a par-
ticle at time ¢ is smaller than the recorded height, this parti-
cle is fixed at the recorded height. Conversely, we calcu-
late the displacement difference within adjacent time steps
as follows:

=I{a)p - qli(ap - ql)
= [r,.’(t +1)+rltp-qt)p- q2r,.’(t)} e
(32)

La,op - q1)

During filtering, if most of the neighboring particles of
an unfixed particle are fixed (in contact with the point-set
surface), the displacement difference of this unfixed parti-
cle is reduced. A displacement difference equivalent to 0
indicates that its neighboring particles no longer provide
velocity components to this unfixed particle. In this situa-
tion, the artificial viscosity fails, and its movement is not
constrained. Therefore, we set a threshold for displace-
ment differences, which terminates the iterations before
the maximum displacement difference reaches 0. After
each time step, we record the maximum displacement dif-
ference L of unfixed particles, called L, . When L <4,
all particles are fixed at their current position. Ground fil-
tering is terminated.

2.2.3 SPSF workflow

The detailed steps of the proposed method are illus-
trated in Figure 5.

The primary implementation steps of SPSF are illus-
trated as follows.

1) Establish the MLS surface of the point-set surface.

2) For points, extract four terrain features and calculate
terrain complexity.

3) Divide the point-set surface into M x N subregions.

4) For subregions, calculate the average terrain com-
plexity and set filtering parameters.

Multibeam bathymetric point cloud

Parameter configuration

| Establish MLS fitting surface I
¥

Step 1-4

‘ Extract terrain features and calculate terrain complexity I

| Divide point-set surface into MxN subregions ]

Calculate subregional terrain complexity, set viscosity coefficient ¢.
and calculate height difference threshold J,

Model initialization
Step 5-7

Invert point cloud

Project points onto the projection plane, establish a particle grid,
and initialise model parameters

Record HY,

Calculate HV,,

rec

Collision detection and correction model

Correction @ Yes Step 8-11
Calculate position NG
Updatevelocity I Calculate L and L;;H Fix particle at HV,, I

Point classification
Step 12

curl

Nonterrain point cloud Terrain point cloud

Figure 5 Flowchart of smoothed particle simulation filtering
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5) Invert the point-set surface and project points onto
the plane above this surface.

6) Create a particle grid and initialize the model parameters.

7) Search for the nearest point for each particle and
record its height before projecting, denoted by HV._.

8) Move a particle to reckon the current height of the
particle, denoted by HV ., = r - e.

cC

9) Compare HV, with HV,  after a time step. If HV <
HYV,, fix the particle at HV_; otherwise, update HV .

10) Calculate the L of all unfixed particles and record L .

11) Repeat (8)—(10). When L, < 6, or iterations reach
the preset value, denoted by M, fix all particles at HV_
and terminate the filtering.

12) Calculate the height difference H between a point
and its corresponding particle. If H > §,, classify the point

as an SNP. If H < J,, classify the point as an STP.

3 Experiments
3.1 Data description

We conducted data collection experiments in a sea area
near Qingdao Port, China, and used the MBS developed
by Harbin Engineering University on an unmanned vehi-
cle to collect bathymetric data. In the experiments, the
velocity of this vehicle was about 6 kn ~ 3.084 m-s™'. The
parameter setting of the MBS is listed in Table 4.

Table 4 Parameter settings of MBS

Operating Coverage Beam Number of .
. Ping rate
frequency sector width beams
300 kHz 130° 1°x1° 512 8 Hz

As shown in Figure 6, the research area includes a ship-
wreck (75 m in length and 12 m in width, approximately
located at 120°2929.44"E; 36°03'49.21"N) as the primary
source of nonterrain points, enclosed by dashed red lines.
According to statistics, the point density in this area is
25 points-m . The reference data were generated through
manual filtering, and each bathymetric point was classified
as STP or SNP.

3.2 Evaluation metrics

In our experiments, we adopt four standard metrics in
point cloud filtering, namely Type I Error (I.E.), Type II
Error (II.E.), Total Error (T.E.), and Cohen’s kappa coeffi-
cient x (Hu et al., 2014) to evaluate the filtering accuracy.
STP is set as a positive sample, and SNP is set as a nega-
tive sample. These metrics depend on a matrix based on
the number of points, as presented in Table 5.

As shown in Table 5, TP (true positive) and TN (true
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Figure 6 Point cloud of the experimental area: The planimetry and
vertical data are WGS 1984 UTM Zone 51N coordinates and the
depth, respectively

negative) are the correctly classified terrain and nonterrain
point sets; FP (false positive) and FN (false negative) are

the misclassified terrain and nonterrain points.

Table 5 Point count-based cross matrix for the four metrics

Point Count Referred STP Referred SNP
Filtered STP TP FN
Filtered SNP FP N

Type I Error (I.E.) and Type II Error (II.E.) are
defined as follows:

LE. = FB/(TP + FP),ILE. = FN/(TN + FN) (33)

where 1.E. is the proportion of STP misdiagnosed as SNP
in the reference STP set, and II.E. is the proportion of SNP
mistakenly detected as STP in the reference SNP set. T.E.
is given as follows:

T.E.=(FP + FN)/(TP + TN + FP + FN)  (34)

where T. E. denotes the ratio of misclassifications to the
total number of points. In addition, we calculate Cohen’s
kappa coefficient, which evaluates consistency between
categories rather than accidental consistency, as follows:

k=[Pr(a)- Pr(e)Ml - Pr(e)]
Pr(a)= (TP + TN )/(TP + TN + FP + FN)

(TP + FP) x (TP + FN) + (TP + TN +)2
FP + FN

(35)

Pr(e) =1 N + BN x (TN + FP)

where Pr(a) is the proportion of correctly classified points
to the total number of points, and Pr(e) is utilized to penal-
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ize the classification method for class bias.
In addition to the four metrics, we compute the running
time (7)) to evaluate the filtering efficiency.

3.3 Parameter settings

To ensure that the average terrain complexity of points
within the subregion can represent the subregional terrain
complexity, we divide the point-set surface into 21 subre-
gions, as shown in Figure 7. The area of the research area
is 90 x 210 m’, and that of the subregion is 30 x 30 m’.

Research area Depth (r_n7)

3992800 &
-9

-10

3992750 1
-12

3992700 -13
-14

-15

3992650 iy
-17

3992600 -18

Figure 7 Subregions of the research area

During seafloor feature extractions, the fitting radius of
the MLS fitting method is determined by calculating the
root mean square error (RMSE) of the depth difference
between points and projection points. Let z, be the depth of
an arbitrary point and z| be the depth of its projection point
on the MLS surface. RMSE is given as follows:

RMSE = | 3(z, - 2’ /v (36)

A i=1

where N is the number of points. The relationship between
fitting accuracy and fitting radius is presented in Figure 8.
According to the point density, we set the interval of fit-
ting radius from 0.5 m to 1.5 m with a step of 0.1 m.

As shown in Figure 8, the fitting accuracy is highest
when » = 1.0 m. Thus, we obtain the MLS fitting surface
using the point neighborhood with a radius » = 1.0 m, and
extract four terrain features, namely curvature-based shape
factor 7, terrain slope ¢, roughness R, and concave—con-
vex coefficient C, within this neighborhood. The compre-
hensive evaluation model for terrain complexity is stated
as follows:

T

complex

=0.25297 + 0.375 6¢ + 0.363 1R — 0.092 4C (37)

The variation range of subregional terrain complexity in
the entire research area is 1.0-10.0, as presented in Figure 9a.

—4—Research area

3.0 B
0506 0.7 08 09 1.0 1.1 1.2 1.3 1.4 15

Fitting radius » (m)

Figure 8 Fitting accuracy under various fitting radii

The subregions are divided into three categories. The value
intervals of parameter ¢ corresponding to different types
of subregional terrain are listed in Table 6.

Research area Complexity
10

3992600 F
3992800
3992750
3992700
3992650
3992600
3992800
3992750
3992700
3992650
3992600

Q@

N W AR LY 9 0 O

544200 544250 544300 544350
(a) Terrain complexity

Research area Threshold (m)

3992600

3992800 08
3992750 0.7
3992700

3992650 0.6
3992600 05
3992800

3992750 0.4
3992700

3992650 03
3992600 0.2

544‘200 544250 544‘300 544I350
(b) Height difference threshold
Figure 9 Filtering parameters of each subregion
Table 6 Selection results of viscosity coefficient &
Terrain type Sl.lbreglonal .. Value interval Numbe.r of
terrain complexity subregions

I 1.04.0 0.0-0.3 8

I 4.0-7.0 0.3-0.6 10

[11 7.0-10.0 0.6-0.9 3
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The calculation results of the adaptive height difference
threshold are presented in Figure 9b. On flat terrain, the
height difference between terrain points and nonterrain
points is small. A smaller height difference threshold is
more appropriate for flat terrains. On complex terrain, a
difference in height is noted between terrain points and
nonterrain points. A larger height difference threshold is a
better choice.

In addition to these parameters, setting grid spacing A,
time step 7, and maximum number of iterations M/ is nec-
essary. In our method, / is determined by the point density
of the horizontal surface. However, during the data collec-
tion, the spacing (the distance between adjacent points
within the same ping) in the vertical track direction and
the spacing (the distance between points of the same beam
on different pings) along the track direction are inconsis-
tent, which results in an uneven distribution of points in
measurement space. To ensure that a particle corresponds
to at least one point, parameter A should be greater than the
minimum distance between adjacent points. As shown in
Table 4, the minimum spacing in the vertical track direc-
tion is close to tan (130°/2) x 2 x 18/512 = 0.150 8 m, and
the minimum spacing along the track direction is close to
6 kn/8 Hz ~ 0.385 5 m. Thus, 4 is set to 0.4 m. The analysis
and discussion on 7 and M/ are available in Section 4.

The model parameters for particles are set according to
their distribution characteristics, as listed in Table 7. m, p,,
and k, are the mass, reference density, and pressure con-
stant, respectively. In Section 2.1, the physical quantities
of a particle are determined by its neighboring particles,
which implies that at least one neighboring particle exists
within its interaction domain Q. Thus, ensuring that the
smoothing length 7/ is greater than or equal to 4 is neces-
sary. Multiple experimental results show that 4 has a small
influence on the filtering accuracy. However, an extremely
large /4 increases the computational amount and decreases
the filtering efficiency. Therefore, 4 is equal to 4 to bal-
ance accuracy and efficiency in our method.

Table 7 Setting of several model parameters for particles

m (kg) p, (kgrm™) k, h (m)
1.0 1.0/0.4° = 15.625 1.0 0.4

Furthermore, we consider gravity as the external force,
and g is the acceleration vector of gravity. Other scalar and
vectors are set to 0 and (0, 0, 0)", respectively.

3.4 Filtering performance analysis

To estimate the filtering performance, we compared it
with filtering methods including two morphology-based
methods, namely simple morphological filtering (Pingel
et al., 2013) and progressive morphological filtering (Tan
et al., 2018), as well as three grid model-based methods,

@ Springer

namely CSF (Zhang et al., 2016), BCSF (Yang et al., 2020),
and improved CSF (ICSF) (Cai et al., 2023).

The operating environment is an Intel Core i5 processor
(2.5 GHz) with 16 GB of running memory. In our experi-
ment, SMF is implemented using MATLAB 2024b, whereas
other methods are developed using Visual Studio 2022.
The performance of morphology-based methods mainly
depends on the size of the filtering window. The experi-
mental data show that SMF and PMF exhibit the best fil-
tering performance when the window size is 0.5 m. BCSF
and ICSF are derivative methods of CSF. BCSF and ICSF
have similar main parameters but different settings, as
listed in Table 8.

Table 8 Parameter settings of CSF, BCSF, and ICSF

Parameter  GR (m) dTr RI h,. (m) M1
CSF 0.40 0.65 3 0.30 500
BCSF 0.40 0.50 2 0.40 500
ICSF 0.40 0.65 3 0.30 500

As presented in Table 8, the grid resolution (GR) of
BCSF, ICSF, and CSF is equal to the parameter 4 of the
proposed method. The other parameters, such as time step
(d7), rigidness (RI), and distance threshold (4,), are the
optimal settings verified by multiple experiments.

The filtering results and effects are shown in Table 9
and Figure 10, respectively.

Table 9 Filtering results of the entire research area

Method LE. ILE. T.E. K T,
SMF 2.28 9.20 2.67 77.93 1.56
PMF 1.91 9.75 233 79.35 273.10
CSF 2.13 10.64 2.58 77.42 7.09
BCSF 1.22 13.40 1.87 82.23 12.93
ICSF 0.67 48.73 2.84 60.62 10.65
SPSF 0.30 20.46 1.21 85.00 4.07

As indicated in Table 9, SMF has the shortest running
time. However, SMF has many custom parameters, which
may not be user-friendly for operators lacking experience.
For PMF, selecting an optimal size of filtering window can
consume a large amount of computing time. For CSF and
its derived methods, the displacement of cloth particles
within a time step is influenced by the rigidness of the
cloth. Consequently, we set appropriate rigidness parame-
ters for subregional terrains to ensure the simulation accu-
racy of the cloth simulation. BCSF incorporates two filter-
ing processes: forward and reverse. Although the comput-
ing time of BCSF is almost double that of CSF, the T.E.
is reduced by 27.52%. This result indicates that BCSF
improves the accuracy by costing more computing time.
On the one hand, cloth initialization utilizing morphologi-
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Figure 10 Filtering effects of the comparison methods and the proposed method

cal operations introduces computational burdens in ICSF.
On the other hand, multibeam bathymetric data have many
anomalous points below the point-set surface and make
morphology-based processing methods ineffective. Thus,
CSF is superior to ICSF in filtering accuracy and efficiency.

Compared with other methods, SPSF has two advan-
tages. First, it determines the viscosity coefficient and the
height difference threshold according to the subregional
terrain complexity. Second, the corrected particle motion
model ensures that the particle simulation method is suit-

able for filtering to facilitate matching the particle grid
with the point-set surface more accurately and efficiently.
As listed in Table 9, the T.E. of SPSF is smaller than other
methods, and « is the highest among them.

As shown in Figure 10, the filtering effects of SMF and
PMF are poor compared with those of the other methods.
Both methods identify a large number of STPs as SNPs,
leading to an increase in I.E. In addition, PMF misclassi-
fies some SNPs as STPs; consequently, its II.E. is greater
than that of SMF. CSF and its derivative methods lose some
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underwater microtopography and affect the terrain integ-
rity. By contrast, SPSF exhibits stronger terrain continuity.
The filtering results of these methods on different types of
subregional terrain are exhibited in Table 10.

On the same type of terrain, the T.E. of SPSF is always
the smallest among these methods. This outcome indicates
that SPSF is more robust and stable than CSF and its deriv-
ative methods. We select four subregional terrains (SR
SR,,, SR,,, and SR,;) as references.

These four reference terrains contain different parts of
the shipwreck. SR,, includes a terrain slope and anomalous

220

Table 10 T.E. (%) of the different types of subregional terrains

bathymetric points generated by seafloor secondary echoes
during data collection (solid black circle, Figure 11a). Such
anomalies affect the accuracy of UDTM and must be
removed. SR,, covers the bow and exhibits overlapping
bathymetric points caused by splicing errors during data
processing (solid black circle, Figure 11b). Overlapping
points are stacked on the point-set surface. When they
accumulate to a certain quantity or height, they may affect
the modeling of UDTM. Therefore, overlapping points
should be removed to improve modeling accuracy while
preserving terrain details. SR,, represents the side and the

Subregion SR, SR, SR, SR, SR, SR, SR,
Type I It
Complexity 24188 24322 5.5849 5.6237 8.5330 7.3884 9.7914
CSF 0.1800 0.0600 2.8600 0.4800 10.2900 10.8100 10.1500
BCSF 0.0600 0.0400 1.2600 0.1400 8.5000 9.0400 7.5600
ICSF 0.0500 0.0400 0.6500 0.1600 23.2300 16.7400 7.3400
SPSF 0.0500 0.0200 0.5100 0.0800 6.8800 8.8100 3.6700

(a) Original bathymetric point clouds

(b) UDTMs generated from bathymetric point clouds

Figure 11 Reference subregional terrains SR,,, SR,,, SR,,, SR,
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(c) UDTMs generated by reference STPs
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front section of the stern, where the side forms a slight
convex ridge (dashed black circles, Figure 11c). SR,; con-
tains the rear section of the stern and includes a terrain slope
and many anomalous and overlapping points (dashed black
circle, Figure 11d). As illustrated in the second row of
Figure 11, underwater targets substantially influence terrain
modeling, and the UDTM cannot reflect the actual terrain
undulations. Thus, the nonterrain points of the original
point cloud need to be filtered out. The filtering effects are
presented in Figure 12.

For SR,,, SPSF continuously expresses seafloor terrain
and correctly detects SNPs. CSF and BCSF misclassify
some STPs and increase I.E. For SR,,, CSF, BCSF, and SPSF
can detect the bow. However, CSF and BCSF incorrectly

e UDTM
« SNP
e LE.
« ILE.

s UDT™M
« SNP
e LE.
« ILE.

filter out some STPs, which leads to voids in the UDTM,
as displayed by the solid yellow circles in the second col-
umn of Figure 12. By contrast, SPSF can preserve some
terrain details. We conclude that in SR,, and SR, the I.E.
of SPSF is small. Although SPSF has a higher II.E. than
CSF and BCSF, it filters out most of the overlapping
points that influence the modeling accuracy of UDTM, as
revealed by the solid yellow circles in the third column of
Figure 12. For SR,, the UDTM generated by SPSF is clos-
est to the reference UDTM. SPSF filters out more anoma-
lous points than CSF and BCSF. ICSF has good filtering
performance on SR,,. For other subregions, ICSF classifies
the majority of SNPs as STPs; consequently, the generated
UDTM is inconsistent with the reference UDTM.

s UDT™M e UDT™M
« SNP « SNP
e LE. e LE.

e ILE.

« ILE.

(a) SR,,:CSF

e UDT™M

e UDT™M
« SNP
e LE.

e ILE.

(b) SR,,:BCSF
e UDTM e UDTM e UDTM e UDTM
« SNP « SNP
o LE.
e ILE.

(c) SR, :ICSF
S UDTM e UDT™M e UDT™M e UDTM
« SNP « SNP o SNP

« LE.
ILE.

(d) SR,:SPSF

Figure 12 Filtering effects of the four reference subregional terrains
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4 Discussion

In Section 2.2.1, we summarize the custom parameters
of SPSF, as presented in Table 1. Grid spacing 4 is related
to point density, and height difference threshold ¢, can be
obtained using an adaptive calculation method. Because
the viscosity coefficient ¢ and the time step 7 control the
particle motion of the particle, they influence the filtering
results. This section determines their optimal values to
achieve the best filtering effect and analyzes the termina-
tion conditions for filtering. Section 4.4 discusses the limi-
tations of SPSF and provides some feasible solutions for
these issues.

4.1 Viscosity coefficient

The value interval of the viscosity coefficient & is pro-
vided in Table 3. The T.E. of different types of subregional
terrain under various ¢ are presented in Figure 13.

For Type I terrains, the T.E. can achieve the minimum
value when ¢ € [0.0, 0.3), as shown in Figure 13a. The
small variation in T.E. indicates that the ¢ has a small influ-
ence on the filtering accuracy of flat terrains. For Type Il
terrains, the T.E. can reach the minimum when & € [0.3,
0.6), as presented in Figure 13b. If ¢ < 0.3, some SNPs are
classified as STPs, which leads to overfiltering. If & > 0.6,
many STPs may be classified as SNPs, which results in
underfiltering. Both situations increase the T.E. Type Il
terrains need a high ¢ to increase filtering accuracy, as
illustrated in Figure 13c. Thus, the value interval of vari-
ous viscosities is [0.6, 0.9).

4.2 Time step

According to Eq. (30), time step 7 is used to control the
position vectors of particles. In theory, the smaller the z,
the less displacement of particles in a single iteration. If 7
is extremely small, when the iteration terminates, the parti-
cle grid may not contact the point-set surface or may not
match the point-set surface well. This situation results in
underfiltering. If 7 is extremely large, the particle grid may
adhere to the point-set surface. This situation leads to the
misclassification of some SNPs as STPs and causes over-
filtering. Thus, extremely small 7 or extremely large
increases the T.E. The T.E. of different types of subregions
under various 7 and the average T.E. are shown in Figure 14.
Because the T.E. approaches 99.99% when 7 < 0.3 s, the
value interval of the time step is from 0.3 to 2.0 s with a
step of 0.1 s.

The comparison results in Figure 14a indicate that for
Type 1 terrains, increasing r enables rapid contact between
the particle grid and the point-set surface. After all particles
are fixed, the T.E. is a constant. Type Il and Type Ill terrains
have the same conclusions, as illustrated in Figures 14b
and 14c, respectively. Due to the viscous effect, the motion
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of particles is restricted, so T.E. has slight fluctuations. As
shown in Figure 14d, average T.E. reaches the minimum
when 7 = 0.8 s. Hence, we set 7 to 0.8 s to obtain good fil-
tering results without adjusting 7.

4.3 Termination conditions

The proposed method has two termination conditions.
First, L, is small enough. Second, the number of itera-
tions exceeds the preset value MI. Generally, the MI is set
sufficiently large to prevent filtering failures. Filtering is
terminated by the first condition in most situations. Thus,
MI is set to 200 in our experiment. The curves of the maxi-
mum and average displacement differences as the number
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As exhibited in Figure 15, the L, obtains the nonzero
minimum value when the number of iterations is 60. After
60 iterations, L, and L, converge to 0. An L, reaching
0 indicates that artificial viscosity has failed, and all unfixed
particles move at a constant velocity. Thus, the iteration
must be terminated before L equals 0. After calculation,
the nonzero minimum value of L, is 0.003 5. This value is
close to 0.01 times the average height difference threshold.
Thus, we set a parameter J, equal to 0.01 times the average
height difference threshold to prevent L from becoming 0.

max

4.4 Limitations

The above results indicate that the two primary factors
influencing the filtering accuracy of SPSF are anomalous
bathymetric points and overlapping bathymetric points.
When anomalous or overlapping points form surfaces, the
particle grid of SPSF cannot accurately reflect the seafloor
terrain continuity. Thus, anomalous and overlapping points
must be minimized during the acquisition and postprocess-
ing of multibeam bathymetric data. In our future work, we
will improve bathymetric accuracy by optimizing bathy-
metric point detection and reduce the splicing errors of
multibeam strips by updating auxiliary information acqui-
sition equipment.

5 Conclusion

In this paper, we propose a new ground filtering method
for multibeam bathymetric point clouds, namely SPSF,
which establishes a particle grid to match the point-set sur-
face. SPSF modifies the particle motion and makes it more
appropriate for point cloud filtering. In addition, we intro-
duce the partition optimization method to improve the fil-
tering performance. The results reveal that SPSF can detect
anomalous and overlapping points and continuously express
seafloor terrain. Compared with SMF and PMF, SPSF has
a smaller T.E. and a higher x. Compared with CSF, BCSF,
and ICSF, SPSF has higher accuracy and efficiency.

In the future, we will optimize the particle motion model
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and parameters of SPSF to make them applicable to differ-
ent types of bathymetric data and to study new filtering
methods further based on statistical physical models.
Moreover, we will explore the influence of the stability of
time steps on filtering accuracy.
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