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Abstract

This study solves the problem of distributed prescribed-time containment control of underactuated unmanned surface vehicles (USVs) in the
presence of parametric uncertainties, unmodeled dynamics, and external environmental disturbances. Under the leader-follower approach,
considering that only a subset of followers has access to the trajectory information of the virtual leaders, a novel distributed adaptive prescribed-
time observer is presented. Given the general uncertainties in the USV model, an improved prescribed-time extended state observer (PTESO) is
established for estimation and compensation. Then, a prescribed-time command filter and a filter compensation system are introduced to
estimate the virtual control signal and address the differential explosion problem. Furthermore, a prescribed-time anti-saturation auxiliary
system is proposed to address the actuator input saturation. Moreover, a prescribed-time distributed guidance protocol and a distributed control
protocol are developed for each USV by employing the backstepping method and the variable transformation strategy. The use of graph theory,
prescribed-time theory, and Lyapunov analysis ensures that the follower converges to the convex hull spanned by the multiple virtual leaders
within a prescribed time. This approach involves dynamically adjusting the distance among USVs according to the channel width. The errors
associated with the distributed adaptive observer and PTESO exhibit bounded convergence within a prescribed time. In addition, the full-state
constraints have been confirmed, which implies that the containment errors, including position, velocity, and acceleration errors of the
followers, can converge and remain bounded within a prescribed time. The originality of this study lies in overcoming key challenges, including
general model uncertainties, actuator saturation, limited information available to follower USVs, and ensuring prescribed-time convergence.
Future research can explore an event-based communication protocol to realize intermittent communication among USVs.

Keywords Unmanned surface vehicles; Prescribed time; Distributed adaptive observer; Extended state observer; Input saturation; Full-state
constraints

1 Introduction

Article Highlights

+ A prescribed-time distributed control law for unmanned surface Given the increasing complexity of maritime missions,
vehicles (USVs) based on a new prescribed-time distributed adap- single unmanned surface vehicles (USVs), which are limited
tive observer is proposed. by their single type of equipment, constrained resources, and

» A prescribed-time extended state observer is constructed for com-
pensation to address model uncertainty, and a prescribed-time anti-
saturation auxiliary system is designed to avoid actuator input

insufficient energy capacity, make them inadequate for con-
temporary mission requirements (Gu et al., 2022; Li et al.,
saturation. 2022; Mu et al., 2022). Zhang et al. (2018) developed a
+ This research focuses on overcoming key challenges associated virtual submerged floating operational system to simulate
with general model uncertainties, actuator saturation, constrained underwater intervention tasks for reducing underwater oper-
information availability for USVs, and guaranteeing prescribed- ation costs and risks. Jiang et al. (2025) proposed an auton-
time convergence. omous operation framework for UVMS to enable complex
underwater interventions such as valve switching and pipe
handling. The adoption of cooperative strategies among
multiple USVs, which form a multi-agent system (MAS),
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' College of Shipbuilding Engineering, Harbin Engineering University, not Only broadens their environmental perception but also
Harbin 150001, China extends their operational reach and enhances time effi-
> National Key Laboratory of Autonomous Marine Vehicle Technology, ciency through parallel operations (Li et al., 2021). Such
Harbin Engineering University, Harbin 150001, China coordinated operations are extensively utilized in various
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applications, including environmental monitoring, aquatic
data collection, search and rescue missions, and military
mine detection (Jiang et al., 2021; Zhang et al., 2021).

The cooperative control of MASs is primarily facilitated
through distributed control mechanisms (Peng et al., 2021).
In distributed control, agents exchange information through
a communication network and calculate their control inputs
based on their own and their neighbors’ information. Wu
et al. (2023) investigated the finite-time output feedback
control for multiple USVs considering velocity and input
constraints. In Chen et al. (2023), a fixed-time tracking
consensus and containment control of second-order MASs
is constructed using the nonsingular sliding-mode method.
In these studies, the combination of the leader-follower
approach and topology graph theory has shown significant
advantages, resulting in a more concise design for the con-
trol algorithm and a more flexible formation configuration.
However, in distributed leader-follower control, only a
subset of the followers can receive information from the
leader. Guaranteeing that the remaining followers also
receive the information of the leader remains an urgent
concern to be solved. In a previous study (Chen and Shan,
2021), a nonlinear distributed observer was designed for
each follower to estimate the state of the leader. It guaran-
teed that the observation errors converged to a bounded
region within a finite time. Similarly, when evaluating dis-
tributed containment control in a directed topology, Gao
et al. (2022) proposed a distributed fixed-time observer to
estimate the states of the leader spacecraft. Although these
methods can accurately obtain the states of the leader, most
of them require the design of complex observers, and the
convergence of observation errors still remains within a
finite or fixed time. Therefore, guaranteeing the conver-
gence time of observational errors of the distributed
observers within a predefined time continues to be a key
challenge.

The dynamics equation of USVs generally contains para-
metric uncertainties, unmodeled dynamics, and external
disturbances. These factors together compose the general
uncertainties. In practical applications, input saturation is a
common problem due to the physical constraints of the
actuators. These challenges significantly affect the track-
ing performance of USVs, especially in the case of distrib-
uted containment control. To overcome these concerns,
Zhang et al. (2020) explored the precise trajectory tracking
control of USVs under external disturbances. A fixed-time
disturbance observer was employed to identify external
disturbances. Li et al. (2024) established a robust practical
prescribed-time control scheme to address the trajectory
tracking problem of USVs under input saturation and
unknown disturbances. Li et al. (2020) solved the trajec-
tory tracking control problem encountered by autonomous
underwater vehicles (AUVs) under parameter uncertainties
and external disturbances. They designed a data-driven

method to optimize the linear extended state observer
(ESO). Wang et al. (2025) introduced a position acoustic
vision servo control system based on deep reinforcement
learning (DRL) to address the precise docking problem of
AUVs under the limited field of view of sonar imaging.
Furthermore, Wu et al. (2022) examined the path tracking
control problem of underactuated USVs in a wireless net-
work environment. Moreover, an ESO was employed in
local loops to estimate unknown uncertainties caused by
unmodeled dynamics and environmental disturbances.
Although existing studies have established corresponding
methods, accurately estimating general uncertainties within
a prescribed time remains difficult (Liu et al., 2020; Zhang
et al., 2019). To overcome this difficulty, Li et al. (2023)
addressed the trajectory tracking control of AUVs and intro-
duced a prescribed-time disturbance observer to guarantee
that the convergence time of the observation error remains
independent of the initial conditions. In addition, the pre-
scribed-time extended state observer (PTESO) proposed in
Cui and Jin (2021) can effectively estimate disturbances
within a specified time predefined by humans.

In the design of containment controllers for USVs, the
robustness against general uncertainties in the control algo-
rithm needs to be considered. The convergence speed of
the tracking errors is also a key indicator. Although many
works have attempted to achieve fixed-time convergence,
this method still has notable limitations. Specifically, fixed-
time control approaches frequently require the setting of a
large number of parameters to achieve the desired settling
time, which can be inconvenient for practical applications.
Furthermore, the estimated convergence time is relatively
conservative. To overcome this problem, Song et al. (2017)
proposed the prescribed-time control method, which allows
the system to stabilize within a prescribed time and only
depends on a single time parameter. This approach signifi-
cantly simplifies the design of controller parameters and
results in the explicit estimation of the convergence time.
For example, Liu et al. (2021) developed an adaptive
fuzzy prescribed-time containment control approach. The
aim was to guarantee that all followers reached the convex
hull defined by the leader within a prescribed time. Wang
et al. (2021) investigated the problem of prescribed-time
regulation for cascaded systems incorporating integral
forms and control input constraints. The application of pre-
scribed-time cascaded stability enabled the separate design
of the controller and governor. However, existing studies
mainly focus on containment errors in position or attitude.
This method often neglects errors in velocity and accelera-
tion. When the constraints of these errors are considered,
the system guarantees improved robustness and global con-
vergence capabilities (Ye and Song, 2023).

This study tackles the distributed containment control of
underactuated USVs in the presence of general uncertain-
ties and input saturation. Specifically, a distributed pre-
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scribed-time containment control approach under an undi-
rected communication topology is utilized. The novelties
and contributions of our work are provided as follows.

1) To guarantee that the remaining followers can obtain
the desired trajectory formed by the convex hull spanned
by multiple virtual leaders, this study introduces a distrib-
uted adaptive observer with a prescribed-time control,
which is improved using a distributed observer. Within this
framework, a predefined scalar function is integrated into
the observer and cooperates with a prescribed-time adaptive
law. By choosing appropriate parameters, the observation
errors can converge to a small neighborhood around the ori-
gin within a prescribed time. Notably, the results differ from
the failure of the observer to achieve convergence within
the prescribed time in Chen and Shan (2021), as well as
with the fixed-time convergence results in Gao et al. (2022).

2) ESO was used to estimate general uncertainties in
studies by Li et al. (2020) and Wu et al. (2022), which is
unrealistic in the control of USVs due to the difficulty of
parameter adaptation to complex external disturbances. In
response to the general uncertainties in the model, the pres-
ent study enhances the PTESO by avoiding the require-
ments of obtaining prior knowledge regarding the upper
bound of the disturbance and using an additional Levant’s
differentiator. Adjusting the observer coefficients and time
of the scalar function guarantees that the observation errors
of velocity and general uncertainties converge and remain
bounded within a prescribed time.

3) To avoid using the differential signal of the virtual
control signal in the control protocol, a new prescribed-
time command filter (PTCF) is designed based on the
NLTD. The differential operation of the guidance signal is
effectively avoided, which addresses the problem of “dif-
ferential explosion” and reduces the burden of computa-
tional resources for USVs. Unlike the methods of Yi et al.
(2017) and Gu et al. (2019), which can only achieve finite-
time convergence, the PTCF can achieve prescribed-time
convergence and explicitly estimate the convergence time.
Meanwhile, a prescribed-time filter compensation system
is constructed to address the filter error.

4) Apart from ensuring the prescribed-time bounded
convergence of containment errors, this method also
accounts for actuator input saturation issues. The auxiliary
system is integrated with the prescribed-time scaling func-
tion. By adopting the backstepping method and the vari-
able transformation strategy, a prescribed-time distributed
guidance protocol and a distributed control protocol are
established for each USV. The full-state containment errors
can converge and be bounded within a prescribed time.
Therefore, the proposed approach implements full-state con-
straints and enhances system robustness against disturbances
and uncertainties compared with the methods of Liu et al.
(2021), Wang et al. (2021), and Ye and Song (2023).

The remainder of the paper is organized as follows. The
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notation, graph theory, and problem description are dis-
cussed in Section 2. A prescribed-time distributed guid-
ance protocol and a distributed control protocol are devel-
oped in Section 3. To test the effectiveness of our pro-
posed methods, numerical simulations are conducted in
Section 4. Section 5 elaborates the main conclusions.

2 Preliminaries and problem formulation
2.1 Notation

The basic mathematical symbols and definitions of this
research are displayed in Table 1.

Table 1 Symbols and definitions
Symbols Definitions
RM*N Set of M x N real matrices
0, .y Zero matrix of M X N
1, Column vector of N x 1
1, Identity matrix of N x N
|| ||2 Frobenius norm of a vector
sign (+) Signum function
Domin Min-eigenvalues of a matrix
Amax Max-eigenvalues of a matrix
® Kronecker product
[x| Absolute value of a vector
0 k-th derivative of x
(x,») Inner product operation
sat(-) Saturation function

2.2 Communication graph

In this research, the algebraic graph theory is used to
characterize the communication topology structure between
the leaders and followers in the USV system, as well as
the intercommunication relationships among the followers.
A topology graph G= (), &, A) composed of a set of
nodes V= {Vl, Vo, ot ,vM+N} and a set of edges
&C v, x v, is considered to represent this system. In the
system, the nodes denote the USVs, and the edges signify
the communication links among them. In the given topo-
logical graph, each node v, represents a USV, while the
edge set & describes the communication links among adja-
cent USV nodes. For directed graphs, an edge (v;,v;,) e £
suggests that the node v, can receive information from
node v,. In this case, node v, is referred to as the parent
node of node v,, and node v, is the child node of node v,
The set of all parent nodes of node v, is denoted as N,
which is called the neighborhood set of the node v,. Mean-
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while, in an undirected communication topology, adjacent 3, =R, (y,)v,
nodes can communicate with each other, which is repre- 2

sented by the set (v, v,) e £ & (v, v,) € &

In the communication topology graph G, a continuous
communication link from node v, to node v, can be repre-
sented by various connected edges, which are denoted as
{(Visv)s (Vs v)), (v, v;)}. A subgraph G is assumed to
exist within the graph G, which can reach all other nodes
via continuous communication links starting from a root
node v,. In this case, the subgraph G has a spanning tree
rooted at v,, and the topology graph G possesses a span-
ning tree.

Specific matrices can be used to describe the structural
attributes of a communication topology graph. The adja-

cency matrix for the followers is defined as A =[a;]e
RY" ", where the matrix element is a, =1 if condition
(v, v;) € € is satisfied, and a; = 0 otherwise. Typically, it
is assumed that the diagonal elements a, = 0, indicating
that a node does not connect to itself. When a leader is pres-
ent in the system, an adjacency matrix for the leader can

be defined as A, ., = diag{a,(y. 1y Ay vy € R,
where the matrix element a, ) =1 if (v, vy, )€,
and a; . ,, = 0 otherwise.

When M followers and N leaders are present in the system,
Ve={vi,vy, vyt and Y, ={vy. 1, Vi n)s  Tespec-
tively, defines the sets of follower and leader nodes. Then,
the adjacency matrix of the entire communication topology
graph G can be represented as A4 =[a;]e R *M*Y),
and the in-degree Laplacian matrix of the entire commu-
nication topology graph G can be defined as D=

M+N
diag{b,, -+, by yf € RM V"N where b,= ' a,. Under
=1
this context, the Laplacian matrix of the entire distributed
system can be denoted as L =D - A4 e RM* V) M),
Furthermore, no information transfer from followers to
leaders and among the leaders is assumed. Under this
assumption, the Laplacian matrix can be expressed as the
following block matrix:

SRR B

Nx M 0N><N
where L, e RY*™and L, € R™*".
2.3 Problem formulation

The leader is assumed to be a virtual leader, which is a
pre-planned trajectory #,(6,) € R?, where 0, = v t denotes
the trajectory update variable and the parameter v, signi-
fies the update speed of the trajectory variable to be set.
The followers are underactuated USVs, and their planar
three-degree-of-freedom kinematics and dynamics differ-
ential equations are provided as follows (Fossen, 2011):

My, = Sat(ri) = C)v,=D(v)v, + 7, (1)

where 5, =[x,,v,,w;]" denotes the position (x,,y;) and
heading angle v, of the i-th USV in the earth-fixed frame
Oy XYy, as depicted in Figure 1, and v, = [u,, v,, r;]" signi-
fies the surge velocity u,, sway velocity v,, and angular rate
r, in the body-fixed frame Oy XY, M, € R* ™ refers to the
mass-inertia matrix of the USV, which consists of the nomi-
nal mass-inertia matrix M,” and the additional mass matrix

AM, induced by hydrodynamics. C(v,)e R*** is the
Coriolis/centrifugal matrix, D (v,) € R*** denotes the non-
linear damping matrix, and z,,(¢) € R* signifies unknown
time-varying disturbance forces resulting from external
factors such as wind, waves, and currents. R, (y,) e R***
is the rotation matrix for transforming from the body-fixed
frame to the earth-fixed frame, which satisfies the condi-

tion R} (w,) = —r,SR! (y,). Thus, we have

[cosy, —siny, 0 0 -1 0
R,(y;)=|siny, cosy, 0|,§=|1 0 0f Q)
0 0 1 0o 0 O
Xe A
L ax,
E |4 :
ERRY/AY), v
Yy
Oy » Y

Figure 1 Reference frame

When input saturation is considered, the actual control
input of the USV is denoted as sat(r[). T; :[rm, 0, r[,] eR’
denotes the desired control input for the USV, while z,, and
7, refer to thrust and torque, respectively. Az, = sat(ri) -,

i

signifies the difference between sat(z,) and 7. sat(z,) can
be specifically expressed as

uim’ Ti > uim
Sat(ri) =1 T Uy, < T < Uy, 4)
Uy T, < Ty,

where u,, represents the maximum allowable control input
for the USVs. In this study, #,, = 50 N (N-m).
Moreover, if AM, C (v,), D(v,), and 7,,(¢) are unknown,

then the dynamics equation of the USV can be transformed
as follows:
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‘}i:Mi*ilTi-l_f;'_Mi*ilATi (5
where f,= M. "'(= AM,v - C(v,)v,- D(v,)v, + 7,,(1)) is
the general uncertainties term composed of parametric uncer-
tainties, unmodeled dynamics, and external environmental
disturbances.

Definition 1 A subset X is considered within the real
vector space S € R", and C,(X) represents the convex
hull formed by all points in set X ={x,x,,**,x,} € R",
that is,

x[eX,ia[—l} (6)

C,(X)= { Za[xi
i=1 i=1

Similar to the works of Gu et al. (2019) and Ye and
Song (2023), this study aims to design a distributed con-
trol protocol based on a prescribed-time approach. The
objective is to guarantee that the containment errors con-
verge to a small neighborhood of the origin after a pre-
scribed time. Moreover, the full states of the containment
errors of the followers converge rapidly to the origin
within a prescribed time, that is,

M+ N
VizTy\n,— > 2 (0)|<lLi=1,-M (7)
k=M+1
) M+N )
lim i = > A (0) |=0,i= 1,0, M; j=0, 0 q
Uneh) k=M +1
®)
M+ N
where 2 A, = 1, [ is a small positive constant.
k=M+1

2.4 Assumptions and Lemmas

Assumption 1 The communication topology G of the
distributed USV system comprises at least one spanning
tree, with the virtual leader acting as the root node. In addi-
tion, the subgraph G among the USVs (excluding the root
node) is an undirected graph.

Lemma 1 (Mei et al., 2012) Under the condition of
Assumption 1, the matrix L, is proven to be symmetric
and positive definite. Furthermore, every element within
matrix —L;' L, is non-negative, and each row of the matrix
meets the constraint that the sum of its elements equals 1,
which is denoted as —-L;'L,1, = 1,,.

Assumption 2 The trajectories of each virtual leader are
continuously smooth. That is, the parameterized trajectory
7,(6,) of the virtual leader, its first-order derivative v,, and
its second-order derivative a, are bounded. Specifically,
the derivatives of the acceleration a, are assumed to be
known and bounded, which means that the Euclidean
norm for the derivative of the acceleration of the trajectory

is bounded, that is, ‘(é,ﬂ,fzky) “2 <7

@ Springer

Assumption 3 (Sun et al. 2024) The Euclidean norm for
the derivative of the term of general uncertainties f con-
cerning time ¢ in the dynamics model of the USV is

bounded, which satisfies the condition u 7 ”2 <A4.

Assumption 4 (Li et al. 2023) The Euclidean norm of
the difference A7, between the actual and estimated input
for the USVs is bounded, which satisfies the condi-
tion ” Az, HZ < 4.

Remark 1 A few assumptions have been made to stipu-
late the research content and facilitate the controller design.
These assumptions are typically used in research on USVs
or AUVs. Compared with large ships, USVs are exposed
to more stable wind, waves, and ocean currents, that is,
H 1 H2 < 4. Given that the input power of the USVs is lim-

ited by electrical energy, the thrust of the thrusters is
bounded. Meanwhile, the saturation difference Az, is
assumed to have an upper bound. Therefore, the assump-
tions are all reasonable.

Definition 2 Building upon the foundation of the defini-
tion in Ye and Song (2023), a user-defined prescribed-time
constant 7', is introduced. A function is referred to as a pre-
scribed-time scaling function when it satisfies the follow-
ing conditions.

1) Whent [0, T,), u(t) satisfies u(0) =1 and u(7T,) =
+o0, which belong to a class of positive-definite and non-
decreasing continuous functions.

2) When te[0,T,), @/u* is a bounded continuous
function.

3) When ¢r€[0,7,), u(¢t) possesses oo continuous
derivatives.

4) Whent e[ T, +o), u(t) is a positive-definite contin-
uous bounded function.

A function that satisfies the abovementioned conditions
is given as follows:

TX m+n
H(1) = (Tx—t) - Ik ©)

c, t=T

where 7 is the order of the controlled system. The parame-
ters m and c are the positive integers used in the design.

Lemma 2 (Ye and Song, 2023) Considering a pre-
scribed-time scaling function u(¢), a Lyapunov function
V(t):[0,T.)— [0, +oo) satisfying the following inequal-
ity is assumed:

V(1)< =2ku()V (1) + () (1) (10)

where £ is a positive constant, and /7 (¢) is an unknown time-

varying bounded disturbance. Then, ¥ (¢) will converge

within a bounded range within the prescribed time 7.
Lemma 3 (Slotine and Li, 1991) If the eigenvalues of
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the coefficient matrix 4 of a linear deterministic system x =
Ax all have negative real parts, then any symmetric posi-
tive-definite matrix @ has a symmetric positive-definite
matrix P, which satisfies
A'P+P'A=-0Q an
Definition 3 (Zhang, et al., 2021) A real symmetric matrix
Q is said to be positive definite if, for all non-zero vectors
x, the quadratic form satisfies x"Qx > 0. Equivalently, Q is
positive definite if all its eigenvalues are strictly positive.

3 Control protocol design based on prescribed-
time distributed observer

In this section, our design objective is to develop a dis-
tributed containment control protocol for underactuated
USVs. First, the states of the virtual leader are assumed to
be only accessible to the USVs on either side of the forma-
tion. To guarantee that other followers can track along the
convex hull formed by the two virtual leaders, a pre-
scribed-time distributed adaptive observer is designed for
each follower. Second, a PTESO is modified based on the
nominal dynamic model of USVs. The PTESO estimates
the general uncertainty terms present in the USV model
within a prescribed time using its own position and head-
ing information. Then, a PTCF and a filter compensation
system are designed to estimate the virtual guidance proto-
col. Subsequently, employing the backstepping method
and the variable substitution strategy, the prescribed-time
distributed guidance and control protocols are designed for
each USV. This design allows each USV to pass through
the channel equidistantly in formation and adaptively adjust
the distances among them based on the channel width, as
illustrated in Figure 2. Subsequently, a stability analysis of
the convergence of the distributed control protocol is con-

Communicate
networks

Prescribed-time
distributed position
observer

protocol

Prescribed-time
adaptive
estimator

Prescribed-time
filter compensation

Figure 3 Block diagram of distributed containment control

Prescribed-time
virtual guidance

ducted in the presence of model uncertainty and external
disturbances. The block diagram of the control system is
shown in Figure 3.

AX,

A 2

o

Figure 2 Passing through narrow channels
3.1 Prescribed-time distributed adaptive observer

A prescribed-time distributed adaptive observer is
designed to acquire the desired trajectory information for
each follower for estimating the convex hull spanned by
the virtual leaders.

"ii ==k, (), + i}i
p, =— kzﬂl(t)ﬁi + éi

=

R S i= e
a; == kyp,(1)a; - y;sign(a;)

J;;i = " a; "2 - (2)7;

M (12)

where variables 7, € R*', v, € R*"', and @, € R*"' repre-
sent the observed variables of position, velocity, and accel-
eration of the i-th follower concerning the convex hull
formed by the virtual leaders, respectively. 7, € R is the
adaptive variable of the i-th follower, which is used to esti-
mate an upper bound y;, € R on the norm of the accelera-

Prescribed-time [~ &
anti-saturation =)
auxiliary system

Prescribed-time
control protocol

Environmental
disturbance

Prescribed-time i(* Underactuated
command filter sat(*) Usv

X

system
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tion derivative of the virtual leader.
The observation and adaptive estimation errors for each
follower can be expressed as follows:

N
0= za[/(’}i_ﬁ‘[)-i_ Z a;(n,-mn,)
jen, K=M+1
N
v, = zag/(vi_v/)+ z a,(v,—v,)
Jen, K=M+1 ,i=1, M
N
a;, = Za(/(ai_aj)+ z a,(a,—a,)
JEN, K=M+1
V=V 7

(13)

where variables 5, € R*"', v, € R*', and a, € R*"' repre-
sent the position, velocity, and acceleration of the leader £,
respectively. Meanwhile, 7, R*"', v,e R*"', and a,e R*"
are the observation variables of posmon ve10c1ty, and accel-
eration of the j-th follower, respectively, concerning the
convex hull spanned by the multiple virtual leaders. 7, € R
denotes the adaptive estimation errors of the i-th follower.
To facilitate the proof of stability for the entire distrib-
uted adaptive observation errors, the observation errors of
all USVs are consolidated into the following vector form:

n=(L ® Iz)ﬁ +(L, ® L),
F=(L, ® L) +(L, ® L),

. (14)
i=(L, ® L)+ (L, ® I,)a,
y=y-7

where 7=[77, -, 75] eR™, $=[3T, -, 31] e R?",

&:[le, . &L]TERZWI’ ﬁk:['IM+l’ o ”N}TERZ(N—M)*]’
‘_}k = [VI/IJr 1 '”’vl-{/]T € RZ(N?M)*I’ ﬁk = [a-}\rxi+ 1° ___’a;]T €
RZ(N—M)*I’ y= [Vl: e VM]T eRY and j = [731’ . }‘,M]T c

R™. Moreover, L, and L, are block matrices within the
Laplacian matrix.

Equation (12) can be compactly represented in the fol-
lowing vector form:

0=~k (07 + 6

§=—@ﬂ4g;+& (s

a= -k (t)a-y

y=a- (07
Where?:[ﬁlsignT(dl),---,ﬁMsignT(&M)]T,6:[”&1 R

T
2} :

By differentiating Equation (14) and substituting Equa-
tion (15) into it, the derivative of the observation errors is

expressed as
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=~k (O (L, @ L)+
y= ~kyu, (1) (L, ® L))y + a
= ~kyu, ()(L, ® L)a~(L, ® L)+ (L, ® I,)a,

y‘: —a+p,(1)7
(16)

Theorem 1 Under Assumptions 1 and 2, and employing
the distributed prescribed-time observer and adaptive esti-
mator detailed in Equation (12) for each follower, the obser-
vation errors as described by Equation (14) are guaranteed
to converge to a small neighborhood of the origin within a
prescribed time 7. This convergence is guaranteed to be at
the prescribed time provided that the parameters meet &, >
122 (Ly )k, > 1/22 . (L), and ky > 0, where L, is the
Laplace matrix of the followers.

Proof

To prove the convergence of the variable @, a Lyapunov
function is established as

min

1 ors

y =1 Sa (L, ®LY'a+ 77 (17)

a

By taking the derivative of ¥, and substituting Equation
(16) into it, we can derive

V.= —kyu, (t)a'a-a'y+a" (L'L, ® I,)a, +
(—a+ﬂdﬂyl*—humﬂaa—
zy,a,51gn(a)+ o~ z la. |, +
W (OF (=)< 3;41([)& - (1)
Yilal, Sallal, - Ylal,-
o (6) || 52||2 ||y ||

where  @'=[ = C, (@]}, = C,(al)y] k=M+ 1, .

According to Assumption 2, the following inequality holds:

V, < _k3ﬂl(l‘);{’max(Ll)&T(Ll ® Iz)_l‘; +

’ M o Moo
l;(yi =) ” a; ”2 - 2)’:" a

||97||2 ||?||
ﬂl(t) B 1(t) (19)
2k 1y (1) (L) ) a'(L, ® I,y
. b
MU)*W?+ ””

—a, 1, (D), + /ul(t)Ql

where a, = rnin{21c3/1mx(L1 ), 1} and Q, = || Y ||z/2 To guar-
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antee that &, > 0, the selection of k; satisfies k; > 0.
Similar to the proof process in Song et al. (2017), we
can derive the following inequality:

‘
7a1J.r/41 (w)dew

-a :/1 (1)dt !
el el
0

a

w, (v)de <

_a,ﬁ”ﬂl(z)d/ Q, o
€ Vlz(to)+71(1 e (@) )g (20)

_|‘ 1 d Q
SR V(1) + o

1

In this case, the following inequality holds:

<

. o[ Q
”a"zs\/z(e J’“#([)d[Va(IO)Jra—ll

‘Ql —
s 20

“o [ (0

2

Given that lim e =0, when t [0, T, ), we can

(1]

derive

lim V(1) < 2 (22)
1= T]

ey
o,

After choosing u,(¢)=1 when ¢t € [T] , +oo), we can then
derive the following:

V.< —aV,+Q, (23)

Through integrating both sides of the abovementioned

equation, we have

Va(t) < (V@(Tl)- fl)e‘“”rfl < % (24)

1 1 1
As a result, the variable || a || , can converge to the neigh-

borhood /ZTQI of the origin after a prescribed-time 7',.
1

To prove the convergence of variable v, a Lyapunov
function is constructed as

V.=

v

Ty (25)

8| —

By taking the derivative concerning V; and substituting
Equation (16), we can derive

V.= —kyu, ()9 (L, @ L)y + v'a <

(6
kot (D) iy (LD [P+ [5]  a,

Given that - || ¥ ||z <0, we can derive that

v.<|v|lal, <, /V;.Q,=V2Q, (27)

By integrating both sides of the abovementioned equa-
tion, we have

v <20 ro) (8)

From the aforementioned equation,
to infinity within 7', because €, and V;(0) are bounded.

According to Equation (26), due to u«,(¢) = 1, we fur-
ther have

[ , will not escape

-2
/ 1Y)~ a
Vi< —p, (1) (kzimin(Ll)— z)nv”z + ” 2”2 <

2 29)
o, (W, +

where a, = 2k,4...(L,)— 1. To ensure a, > 0, the selec-
tion of k, satisfies k, > 1/24,,. (L,).
Similarly, according to Equation (29), we can derive

. ) . . .
V.(t) < e_aJ'“ﬂ‘(t)dtVG(O) n %e‘%f,nm(t)dtf eazj,”,u.(r)drdr
‘

0

(30)
Given that lim e_azf O Z 0 we can obtain
(T
QZ
V(1) < V;(0)+72 (31)
Thus, from Equation (30), we have
lim V,(t) = 0 (32)
(> T)

Considering that ¢, (¢) = 1 when t € [Tl, +oo), then

2
V.< —a,V; + % (33)
~ 12
: lal, _ o, .
Given that ) < . when ¢ € [ T}, +), the integral of
1

the abovementioned equation yields

Q,

o,

Vﬁ(t)s(V{,(Tl)— )e'“Z’+Q‘< 2, (34)

a0, 0,0,

As a result, the variable || ¥ |, can converge to the neigh-

2Q ..
borhood | =L of the origin after T,.
o Q,

To prove the convergence of variable #, a Lyapunov
function is constructed as
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V= ' i (35)

8| —

By taking the derivative concerning V; and substituting
Equation (16), we have

Vﬁ =~k (t)ﬁT(Ll ® I,)n + 7' <

o ~ - 36
~kytty () A (L 7+ 7] ]9, (0

According to Equations (21), (30), and (34), we have

151, < ﬁ/nw) FV,(0)+ DTRE 5y
, o,0,
Given  that WV, <|q||v], < @, /V,, Q=

Q, +a,Q
2L 7271 we have

2/VG(0)+ V.(0) +

102

V(1) < (% + W)z (38)

7 ||2 will not escape to infinity within T,

Therefore, |

given that Q, and V;(0) are bounded.
According to Equation (36), we further have

~ 2
. 1\, . v
Vﬁ< —u (1) (kl}Lmin(Ll)_2)”']”z+”2”2s (39)

2

Q
—aypy () + 74

where a, = 2k, 4,,,,(L,) — 1. To guarantee that a; > 0, the
selection of k, satisfies k; > 1/24_,, (L,).
The integral of the abovementioned equation yields

—ay :y‘(t)dt Qz —(xJ:,u,(t)dt ! 0 :,U.‘(T)df
v.(y<e” V,(0)+ e J. Jte Jipo g,

0

(40)
. . . —aXJ‘:,u,(t)d/ 7
Similarly, given that lim e " = 0, we have
(> T;
lim V;(¢) =0 41
t— T}
IF]; _ e
Given that x4, (¢)=1 and TZ < T"l‘z when te[T], +oo),
we have
. Q
. < - R ——
Vi aV; 0,0 (42)

After integrating the two sides of the abovementioned

@ Springer

equation, we can obtain

Q Q
Vﬁ(t)s(Vﬁ(Tl)_aal )e‘”“’Jr L <

1% 03 % &, 0
2 (43)
o _ |7l
00,05  20,0,0,

As a result, the variable || 7 ||2 can converge to the neigh-

borhood | 061012063 || y || of the origin after 7.

Therefore, under the effect of the distributed observer
and the adaptive estimator Equation (12), the position,
velocity, and acceleration observation errors of each fol-
lower relative to the convex hull formed by the virtual
leaders will asymptotically converge and remain bounded
within 7. The proof of Theorem 1 has been successfully
constructed in this section.

3.2 Improved PTESO

Similar to the PTESO in Cui and Jin (2021), the observer
designed in this study does not require the velocity infor-
mation of USVs. Notably, general uncertainties exist in the
dynamic model of USVs using the position and heading
information available from the USV. First, the term for
general uncertainties f; is extended by x,. Consequently,
the extended state system is described by

X, =R (y,)xy
Xy = Mi*ilsat(‘[i) x5 (44)
Xy, =f

X,;» X,,;, and x,; denote the observed variables of x,,, x,,,
and x;; for each follower. The structure of modified PTESO
is constructed as

X, = R, (w)%y + (ko (0L ) (n, - %) -
PR, (y)SR] (w) (n, - %)
Xy = Xy + M st (z,) + k22 (O LR (w,) (0, - %)
X5 = ks (OLR] () (n, - %)
(45)
where 7 =X, g € R, ¢ =[0,0,1]". The parameters k,, /,,

l,, and /; will be designed in Theorem 2.
The observation error variables are defined as follows:

e, = R,T('//i) ('71' - "211‘)
e, =V, - Xy (46)

e, = fi—xy
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By taking the derivative of the abovementioned equa-
tion and substituting Equation (45), we have

i = €y (kli:u2(t)ll ® 13)elf + 7.Se,;

€; kuz/‘g(t)lzelf (47)
e, =f - k113ﬂ3(1)13‘31f

.—-cb :
[

where 7, =7, - r.
T
E= [elTia e-Zriﬂ e;‘]
defined, and Equation (47) is introduced into the following
vector form:

zll

and W= [N elST 0 L fT ]T are

=(A®L)E-(yLC® L)E+W  (48)
01 0

where A =10 0 1| w = diag{k,u,(t),klu3(1),
0 0 O

]
ki ()}, L=[1,1,,1,] ,and € =[1,0,0].
g = diag {k5,43(1), k3 (1), ey ()} and 6 = (3 @
13)E are defined. Then, we have
E=(y®L) ¢ (49)

w = pu, (1) Dy (50)
where D = diag{3,2, 1}and p = 1/T,.
By taking the derivative concerning @, we have
o=(V O L)E+(# O L)E=
(p,(VDF L) ® L) §
(yRL)[(4®1L)E- (WLC®I)E+W}
() (POL)o+(F @ L) (ARL)(#®L) 4~
(F L) WLCRL) (L) ¢+(§ @ 1,)W=
iz (1) (D ® L)+ (A @ I,) -
(pyLCy' @ L) o+ (y @ L)W
(1)

Owing to the properties of w, the following relationship
holds:

m“z(t)A
=k, (1) LC

pdy " =

(52)
gyLCyr !

Substituting the abovementioned equation into Equation
(51) yields

¢ =pi, (1) (D ® L) + kyu, (1) (A ® L) g -

53
b (LC@ L)+ G LW

Theorem 2 Under Assumption 3, and utilizing the PTESO
detailed in Equation (45) for the follower, the observation
errors for the general uncertainties in Equation (46) will
converge to a small neighborhood around the origin within
a prescribed time 7,. This convergence is guaranteed to be
at the prescribed time provided that the parameters satisfy
ki Z P2ymax » €22, ,>0,1,>0,1;>0,
and /,1, > [,.

Proof

A Lyapunov function is formulated in the following
manner:

=9 (P®I)¢ (54)

By taking the derivative concerning V; and substituting
Equation (53), we obtain

=0' (P ®L)§+¢"(p®L)p=
pi, ()P [(D'P+PD)® I ]p +
kypty (1) P[(A™P + PA) ® 1] - (55)
kit (D)9 {[(LC)'P+ P(LC)] ® I +

Wi ('P®IL)g+ ¢ (Py® L)W

By using pole placement,

-1, 10
A-LC=|-1, 0 1
-1, 0 0

is a Hurwitz matrix when /,>0,/,>0,/,>0, and /,/, > [,
are satisfied. The matrices P, A, L, and C satisfy the linear
matrix inequalities in Lemma 5 of Chang et al. (2021).
From Lemma 3, we have

(A-LC)'P+P(A-LC)< -
Apmnly SPD +DP <}, I

pmin

(56)

where 4., and 4, are the minimum and maximum posi-

tive eigenvalues of the matrix PD + DP, respectively.
Substituting the abovementioned inequality into Equa-
tion (55) derives

V < pllpma)uuZ(t) NT p szliﬂz(t)(ZT(IN’ +
ks (1) [(2Pu>rehswl + (2P, )F el S g, +
(2P13);ie?iST¢3:| + ki (1) [(2P13).fiT(51 +

(2P) ", + (2P £, s |

(57)

Given ¢, = kj,u3(t)e,;and ¢ S"p, = 0, we have
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Vi < Pyt (1) [0 ], = Sipa (1) |0 ], +
[(2P,)F¢" \STh, + (2P )i 4" STp, ]+
k[P | 73], + 2P| £] 6], +
PO A6:1,] < Pt [ 9] -
Gt (0) |6+ 4P () |7 ] IS 1,5 ]+

o (3] 27 161 <

:0/1 max + 413 ;i ~ 12
kypy (1) | & - ? 1 2 2.1 ||¢”2+
ky;
2 ko
3kyiuy Wil S _mﬂz(t)l/@ +
3kyipy =y, (O, +u, (1) 4,

(58)

},

where P, =max {| P

R }, ﬁzzmax{

13 3
_ knas

E22, k,=pl S|, a,= de(P)

p max

P

- - an ;
: 3 and 3

To prove that | 7,

cess is provided.
According to Equation (47), we have

e, FiS—( i (DL ® L) 1 0fre 7 [0
ey |= ky; /uz(t)l 0 1] ey +(.) (59)
ey, kil (0)1, 0 oltesd LS

The characteristic equation of the state transition matrix
is

P+ar’P+bl+c=0 (60)

where a =[( il (), @ 1 )

¢ = ki (1.
The Hurwitz matrix for the polynomial is given as fol-
lows:

7S | b =klii(1)l, and

a c 0
D=1 b O (61)
0 a ¢
ki, (01 ;i 0
where a = - F ke, ()1 0
0 0 kyips ()1

According to Definition 2, when k,;, /, > 0 is satisfied, a
is considered a positive-definite matrix. In this case, the
first-order principal minor 4, = a is positive. Similarly,

@ Springer

when [,/, > [, is satisfied, the second-order principal minor
a=ab-c={[ku(0) (1= L) @11,
When [, > 0 is satisfied, the third-order principal minor
A, = (ab - ¢)cis positive.

When all principal minors of D, are positive, and consid-
ering the satisfaction of Assumption 3, the observation
errors exhibit stable convergence and remain bounded.
Therefore,

}— .S is positive.

1i

that the condition k,, > pA _ + 4P,

'p max

IS |, is satisfied.

When ¢ € [0 T ) we can 51m11arly der1ve

v < o
~ X

4

Vi) + (©2)

According to Equation (49), we have

2

X “( ®1I) 2
EI <|(¥ ® 1) " ] Sy S

e (63)

”('// ® 13) ) e—(l.‘J‘:U‘uz([)d[V (t )+ A

]’min(P) P a4

. . - -1 ]2 .- . 2
Given lim |[(# ® I,) | =0, the condition lim | E | =
t—T; 2 t— T,
0 holds.

When ¢ € [TQ, +oo), given that 4, (¢) = 1, we can derive

V,< —aV,+4, (64)

2

After integrating both sides of the abovementioned equa-
tion, we can obtain

A 1 —ayt Al Al
N < - _ SRl T < —
V¢(t)<(V¢(T2> . )e L ©
Similarly, we can derive
2 ~ —1
max A
|E < 2 ¥i) 4 (66)

(P) a,

mm

where i, = diag {k,, k2, k}} is a positive-definite constant
matrix.

Therefore, the observation errors of the PTESO for the
total disturbance term remain bounded within 7,, that is,

les | < Ao (07 ) 4

1
L (P) d The proof of Theorem 2 is completed.
3.3 Prescribed-time command filter

To avoid using the differential signal of the virtual guid-
ance protocol, the PTCF is designed as follows:
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‘L)ir: Vi~ plluz(t)(‘jir - &i) _ﬂz(t)#gl(l)(‘jir - &i)

. (67)
V= _kpZIu%(t)(‘_’ir - ai)

where ¥, € R* and v, € R’ are the estimates of the virtual
control signal &L and a; ki ki, are suitablg positive constants.
By defining v, = v, — a, and v,,= v,, - a,, the error dynam-

i

ics of the PTCF can be expressed as

ir = _kplluz(t)‘:)ir - ﬂZ(I)/’tEI(I);ir + ‘:)id

<l

(68)

<

id _kpZIu%(t)l:)ir - &i

To accelerate the convergence of the filter error, a vari-
able substitution is performed v, = u, ()v,.

From v, and Equation (68), v, is rewritten as

‘:"ik = /lz(t)ﬂgl(t)‘:’ik +
:uz(t)< - kpl:uz(t)‘:’ir - ﬂZ(t)#;](t)sir + ‘:’id) = (69)
_kplﬂz(t)‘:"m + ﬂz(f)‘:’id

From Equations (68) and (69), we have
‘i}i=lu2(t)K§i+li (70)

~ ~r o~ T -
where v, = [\7;{, T)H and x,=[0, — a,]". The appropriate
parameters are selected such that the eigenvalues of K =
E
-k,
metric positive-definite matrix P e R**? that satisfies
K'P + PK" = —Q exists.

Theorem 3 For the virtual control signal @, and its
derivative @, the filter error v, can be guaranteed to con-
verge stably to a smaller neighborhood of the origin at the
prescribed time 7, by using Equation (67) when the selec-
tion of k,, and k,, satisfies k;l > 5k,, and the eigenvalues
of P and Q meet the condition 4, (P) > A,,, (P) A, (Q).

Proof

To prove the prescribed-time stability of v, the Lyapu-
nov function V; is designed as

1} are all negative. According to Lemma 3, a sym-

Vy=vi Py, (71)
From Equations (70) and (71), V3 is rewritten as

V,=vIPy, + TPy, =
(/lz(t)‘:’iTKT +XI'T)P‘N’I’ + ‘N’}P(#z(t)K‘:’i +li) s (72)
()] (KTP+ PK)v, 2| 2P|

i |

When the selection of k,, and k,, satisfies k), > 5k, K
is a Hurwitz matrix. According to Lemma 3 and Young’s
inequality, we have

N

()50, + ||+ | 2P <
s (DOV,(1) +

Vs (73)

L (P) = Donin (P) 21in (@)

2
= >\ ot .
where 6 P (P)i (P) and ¢ ” nP ”
Using Lemma 2, we have lim V,(¢) = 0.
(— T

Especially, when ¢ € [T 5, T0 ), we have u, (¢)=1. Accord-

ing to Equation (73), we have

S| .- s_¢
Vs(f)=(V3(Tz)—5)e 0t+5<5 (74)
From Equations (71) and (74), we can obtain
~ 2 S
| Vir s e;tmm(P) (75)

Thus,
the origin after 7.

5[,,| can rapidly converge to a neighborhood of

3.4 Distributed guidance protocol and control
protocol

The containment error of the follower USV is defined as
2= R (w) (0, - C(1,.0)) e B (76)

cosy, — siny,

where variables R} (y,) = [ }, 0, =[x,y1

siny, cosy,
and 7, =[x, 71"
According to Equation (14), we have (L;'L, ® I,)ij, =

(L, ® I,)'5 — 5. Then, we can obtain

[(L7'L, ® )i, ] = ~C(1,(0))=[(L, ® L,Y'i] -1,
(77)

where [(L]‘L2 ® Iz)ﬁkL € R”" represents the desired

trajectory for the i-th follower. From Equations (76) and
(77), we can obtain

=R n =i [ @ Lyl o)

Similar to Gu et al. (2019), who addressed the underac-
tuated issue of USVs, a small variable z,, = z,, + x is intro-
duced, where y =[x,,0]". Notably, y, is an auxiliary
small variable to solve the underactuated issue in the sway
direction.

By taking the derivative of Equation (78) and substitut-
ing Equation (2), we have
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z;li =2,= —rSz; + Ié;r(llli) (’71 - ﬁz) + where g; = A, (@), and 415 (2) is
Ri(w)[(L, ® L)"ij] = ( T, )
. , t<T
_ris(zli_x)—‘rk;r(y/i)(fli_ﬁi)+ p(t) =\ T~ 1 ’ (86)
(79) 1, t>T,

RI(w)[(L, @ L)'}] =
-r.87,, + G,.( v, - &_) +G.a, - RI-T(‘//,-)’AII- + The error transformation yields
Z s, =2, -6,

% 1 1 1 (87)

RIw)[(L, @ L)'}] +®,

i

S5 = %~ &y

Differentiating s,, with respect to time and substituting

]T, and @, = [0, vl.]T.
Equations (84) and (85) into Equation (87) yield

1 0
where G, = v, = u,r,
' {0 Xo} [
Given that the system velocity is observed by PTESO,

combining Equation (46) yields
B $;= 187, Gz, + Gi(‘:’ir + EZ/‘) +Ga, -
V=X, te, AT A = T -1 2
{ﬁi P (80) RI(p)i, = G ¥, + &)+ RIw)[(L, ® LY '] +
Xy te, tyips(0)E,+ %fli =

. N,]T, and e, =
187, + Gisy + G, + Giey -
R,T( i;\i+ﬁ;r i LI Kk
From Equations (80) and (79), we have won (w,) [( 1_ 2) ’7};
. 8i
. - €+ S 115 (1)E + 508, (88)
-r87,; + Gi(x2i -V, Tyt ézi) tGa; - o C
(81)

R (w)n, + R (w,) [(Iq ® I, )71’;1, + Xy, T e, The error transformation is performed again as follows:

7, =

The error variable is defined as {J” = u3(1)s,; (89)
B Iy = us(1)sy,
=Xy =V, (82)
) From Equations (88) and (89), the derivative of J,; is
From Equation (45), z,, can be derived as calculated as
é2i2;3i+Mi*_lsat(fi)+klzi:ué(t)héRx_‘L)[r (83) J.1~:/.13(t)sl<+,U3(t)5.'1<:/.13(t)lu;l(t).]1v+
_ A A~ T _ - _ _
where %, = [ f,.f,] . M; = diag{m. L}, 7,=[z,.7,] . and 15 (1) {— r.8z, + G5, + Ga, + G&, -
_ o L 4T L . (90)
Cre ~ [(xi - x[)cos(z//,.) + (y[ _yi)sm (W), y, - '/’[] . R (w)n, + R (w,) [(Ll ®1,) ]'l:|l_ +
By combining Equations (81) and (83), we have . 2.
e, T Xy, tyus ()6 + jé:li}
2= ST+ Gyt Gi(‘:’ir + EZi) +Ga, -
To stabilize J,, the virtual control signal is constructed

RI ()i, + %+ e, = R (w) [(L, @ L)) (84)
as follows:

2o =Xy + M sat () + ki (1) 1,84, ~
= —G;l{ﬂS(l‘),u;l(t)sli s ()2, — 1SS, -

Similar to Qin et al. (2023), to compensate for the filter-
ing error caused by the PTCF Equation (67), the filter com-
pensation system is designed as follows:

RI()i, + %+ RIw) [(L, ® L) ii] + (01)
& 1

. ~ o. 7151; + 7']11'}

= ()€ + Gi(vir + 52/) - %fu (85) 2 2

&= 1 ()6, - GE, Substituting Equation (91) into Equation (90) yields
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1
Ji= s () = 1SS+ Gy, - E#}(’)Jli +
us (1)Gey + ps(t)e,

92)

From Equations (84) and (85), the derivative of s,, is cal-
culated as

. _L o _ ~ _*_1_ _*_1 —
$y =Ty =&y =Xy T M, T, M, AT, +

S ~ . (93)

ki (1) yep, = v + pu5(1) 6y + GiE

Similar to Sadek et al. (2023), to avoid the unstable effect

of the saturation differential on the controlled system, the

following prescribed-time anti-saturation auxiliary system
is introduced:

’Jszﬂ3(t)Mi*_lAfi +%”Afi ’
_ i 1-
. jol”
ko (0)q, = s (1)? A, l4:]> 40
0, l4a:] < 4
(%94)

where the boundary parameter ¢, is a suitable positive
constant.
The derivative of J,; is

jzizﬂs(t)szi"—ﬂ;(t)s'zi:
ﬂ3(t)/lgl(t)J2i+ﬂ3(t) (§3i+Mi*_1fi+k12ilu§(t)lzéRx_
‘;"ir+yzﬂs(l‘)§2,~+G,-fl,-JFM,-*_lA?[)
95)

To stabilize J,, the following dynamic control protocol
is constructed:

T, = _Mi*[ﬂz(t)ﬂ;l (£)sy + -’7‘731' + klzi/ug(t)lzéRx -

1 (96)
Vi v (0)2y + Gzt g+ 57’3-’2:}
By substituting Equation (96), we have
. 1
Iy = =yau5(0) Iy = GiJ15_5V3ﬂ3(t)Jzi_ 97)

itz (1) g, + s (1) M AT,

Theorem 4 Under Assumptions 2, 3, and 4, a group of
agents is considered, as described in Equation (2). The
effect of the adaptive observer Equation (12), the PTESO
Equation (45), the PTCF Equation (67), the filter compen-
sation system Equation (85), the virtual control signal Equa-
tion (91), the prescribed-time anti-saturation auxiliary sys-
tem (94), and the kinetic control protocol Equation (96) are
also considered. Given y, >0, y,> 1, y;>0, k, > y; + 1

and a > 3, the system guarantees that the containment
error converges to a small neighborhood of the origin at
the prescribed time 7. In addition, the full-state constraints
of the containment errors are implemented, which indi-
cates that the position, velocity, and acceleration errors of
the followers can converge to zero as time approaches 7.

3.5 Stability analysis

A Lyapunov function is constructed as follows:

V, =5 T, ©8)

The abovementioned equation is differentiated. Consid-
ering J'r,$J,, = 0 and substituting Equation (92) yield

VJ‘ = Jle( - s (), - 1S + Gy, -
1 _
5#3(1)-]1; T us(1)Gey + p5(t)e;,) <
T T 1 T ©9)
Nk () + G - Eﬂ}(t)‘lli'lli +
w3 (1) ||J1i (||Gié2i| )

According to Young’s inequality, we have

+|

eiv

)gél‘}(l‘) ||J1i ||2+
2
)

Substituting Equation (100) into Equation (99) yields

15 (1) || J; | (” Ge, || + || €

(100)

S |Gy ]+ e,

;

(101)

V/, < =nus (V) + Gy, +%/¢3(I) (||GiEZi|

+ || eiv

Another Lyapunov function is constructed as follows:

VJ: = %J;Jzi (102)

By differentiating the abovementioned equation and sub-
stituting Equation (97), we obtain

. 1
VJ2 = Jzt( =0 (0)Jy -G Jy; = 57’3/‘3(’)']2:' -

yats (1) g, + s (0)M; ' AT,) <

1 (103)
_72ﬂ3(t)V/2 -JGJ,; - EV3N3(I)J2T,'J2[ -
Vsﬂs(t)J;qi +:u3(t)']21;Mi*_lA?[
According to Young’s inequality, we have
T 1 2 2
paaa (O34, < 7 (0 5 (|9 ]+ a.]) (104)
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Substituting Equation (104) into Equation (103) yields

. 1 2
Vi, < =np5(0)V, = JyGJ, + 53’3#30) ” q; || +
ﬂs(t)";iMiLlA?i

(105)

Similarly, a Lyapunov function is constructed as follows:
— 1 T 1 T
Vc - Eflifu + Eé:ZiéZi (106)

Differentiating the abovementioned equation and substi-
tuting Equation (85) yield

+

Vf =&l — s (DE, + Gi(‘:)ir + 621') - %6“
§2T,( = 7ot ()& — Giéli) <

“Vmintls (O V:(2) +%

(107)

vir

When ¢t € [0, T; ), we can obtain from Lemma 2 that

lim V.(t)=0 (108)
(— T
When ¢t €[ T;, +), we have
. g~ 12
V() < =y (1) + 55| W, (109)
2
Integration yields
HE /yg’j |5, (110)

To demonstrate the stability of Equation (94), a Lyapu-
nov function is constructed as follows:

1

V,= a4 (111)

Step 1: When ” q, H > ¢q,, differentiating the abovemen-
tioned equation and substituting Equation (94) yield

. T3 ()31, A [+ 1 |
V=4 k(1) g~ 2 U
|qi
l Ty k.
U (1)* Az, |< _kqﬂ3(t)qz'Tqi_|J2€,“3(t)Mi _]Afi|+
1 2
S0 ] 4] (112)

Then, we define the entire Lyapunov function V,=V, +
V, +V.+V, and differentiate V', to obtain

@ Springer

2
i eiv)_

VJs _7’1,‘13(t)VJ1 +J1T_G_J2i+%,u3(t) (" Giéﬁ'

+]

2
+

s (O, = 3G, + 5 s () |4,
1 (DT, AT = 9,1, (0) | €| -
yatts (0) | &+ 5|5
T s (0,767 |+ 3 15 (0) [ g, < Buans (W () +

2u|( ) (113)

v

s p
+7 _kq:u3(t)qiTqi_

ir

- 2 —_ ~
Gey, H+ ” e ”) +&i| Vi

where f, = min{yl,yz,(kq -9y = l)}
Step 2: When H q; ” < ¢,, according to Young’s inequality,

we have

’ S _%%ﬁ%(l) || q; ”2 + 7505 (1) g5

%Vﬂh(’f) |qi|

2+%”M{‘Afi|2)

(114)

s (I M, AT < s (1) (%” J2i|

Substituting Equation (114) into Equation (105) yields

VJZ < —us(1) (Vz - I)VJ2 - 16, - %%/430) ” q; ||2 +

1 — x_ _ 2
ystts (05 + 5 (1) [ M7 AT | (115)
From Equation (94), we can obtain
V,=4q'q,=0 (116)

From Equations (101), (107), (115), and (116), we can
obtain

. 1 2
V,< _7’1/‘3(I)VJ‘ - u; (1) (Vz - I)VJ2 - 53’3#3(1) “qi H -

Y1k (1) H i ”2 = 72145 (1) H i ”2 +tus (1) %

1 _ 1y — « _
[SUGelTen) 31382 + 0
(117)
Thus, we have
V)< =Bouts (OV, () + 15 (1) 9 (118)

C &s
IR
V3q§aﬂ2 = min{yl,(yz - 1):72»3’3}-

From inequalities (113) and (118), we can obtain

where 9= | R A

At

eiv

ir

V) < Brintts (OV, (1) + p15(£) 8 (119)



Y. H. Song et al.: Observer-Based Distributed Prescribed-Time Containment Control for Multiple Underactuated Unmanned Surface Vehicles with Input

Saturation and Full-State Constraints

1439

where S, = min{,b’l,,b’z}.
When ¢ €[ 0, T5), integrating the abovementioned equa-
tion yields the following inequality:

] )8

V,(t) < V,(0)e

, 1 (120)
- s)ds (! 5(s)ds
. ﬂmmfum(»)dJ' 1y (1) 9 [iras o
0
where lim V(1) < 9 . |J . |§|
(> T: J ﬂmin 1i |pp 2 d 2i ||
and u q,.| can converge to the neighborhoods |—— of the

origin within the prescribed time 7,. By combining Equation
. L 28

(89), we can conclude that lim || s, ||< lim x5 (¢) 5 =0.
=75 =75 min

converge to the origin within

Thus, variables ” s1,| and ” s2,|

T,. According to Equation (108), we have lim H Zu ” =0
=T
The distributed containment error of USVs can converge

to 0 in 7.
When ¢ € [ T;, +0), we have

V)< BV (1) + 9 (121)
Integrating inequality (121) over [0, ¢ ] yields
9 9
V(1) < T, Tt 4 —— < —— (122
J( ) ( ( ) ﬂmm) ﬂmin ﬁmin ( )

We obtain |, [~ s, |~ 2~ & | < W which fur-
ther satisfies ” Zy H < /;—? +"§U| < 29 N

i ~
ﬁ u vir "
min A ymin

Furthermore, the variable Az, will converge to zero after

2
elv )’

q, are small positive constants. The tracking error can con-
verge to a smaller neighborhood of the origin in 7},.

Based on Ye and Song (2023), the distributed contain-
ment error exhibits prescribed-time convergence. The
detailed proof is presented as follows.

By taking the derivative of Equation (89) and substitut-
ing Equation (92) into it, we have

the initial saturation stage. (” Giéz,.| , and

Tim : (13" () T,) =

() i3 () + 15 () =

lim s,,=
(—T;

hm( ﬂ32(t)/13(t)-]11 V1J1i_%‘]1i)+ (123)
TX

hm( 3 (ST + 5 (DG ) +

lim (G2 + e,)

Based on lim ;' (¢)=0 and lim (GiEZi + el.v)= 0, Equa-
(—T; —T;

tion (123) can be expressed as

lim s, = hm -ty

t— Ty t—T.

(124)

where ¢ = 132 (¢) fi5(¢) +y, + % Given that the variable

J, is bounded when # — T3, a constant vector y exists such
Sy .
. =X By applying
-t

that lim J,,= hm 1y (2)s,; = lim

—T; —T5
L’Hoépital’s rule to the equation and substituting Equation
(124) into it, we have

gtfa J” gthu s y

lim J,;= lim = lim T
alt,-1

(—T; (—T;

a-1 (—T; :Z (125)

a(tf_t

According to Equation (124), lin} s, = 0 holds.
t— 1y

From hm §;= lim —gu;(¢)s,; and Equation (124), we
t—T. t— T3
can obtain
18
lim §, = lim g.fillWIZ .=
Tl
| ( )! () (126)
— q
lim (-1)“*Vgr a( )‘{ ' S a_q:()
t—T5 a):
(1,-1)
Given that lim &, = 0, Equation (126) can be written
t— Ty
as follows:
lim 29 = lim s\ =
t—T; (—T;
a-q 127)
e+ (a)lle, - ¢ (
tim (=1 Ual) $5,=0
ad S A (a - q)!

Therefore, when a = 3 > ¢, the first- and second-order
derivatives of error 7, can stably converge to the origin at
the prescribed time 7. The proof of full-state convergence,
including errors, is completed.

4 Numerical simulations

4.1 Parameter settings

Several simulations have been conducted to assess the
efficacy of the prescribed-time distributed containment
control method. A MAS consisting of multiple USVs,
including five followers and two virtual leaders, is consid-
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ered. The sets V,={1,2,3,4,5} and ¥, ={6,7} denote
the follower and virtual leader nodes, respectively. The com-
munication topology among agents is displayed in Figure 4.

l’-\ Iz"\\
{6 L7
N\, ’ ~ 7’
- -
17,(6,) 10,1

Figure4 Communication topology

The Laplacian matrix of the entire distributed system can
be represented in the form of a block matrix as follows:

2 -1 0 0 0 -1 0
-1 2 -1 0 0 0 0
L=l0 -1 2 -1 0/L=l0 ol (1298
0 0 -1 2 -1 0 0
0 0 0 -1 2 0 -1

Similar to that in Gu et al. (2019), the trajectory informa-
tion of virtual leaders 6 and 7 can be represented as follows:

- =T
01726, - 6ﬁcos(o.00596 + %) +20
7s(05) = o
0.1/26, + 6ﬁcos(0.00596 + ﬁ) - 40
r =T
0.1/26, + w?cos(o.oose7 + %) -20
n,(0;)= 9
0.1J/20, - 6ﬁcos(o.00597 + E) -20
(129)

To achieve a parallel formation of the five USVs at a
unified speed, the trajectory update variable can be set as
0, = 6, = v t, where v, denotes the update speed of the tra-
jectory variable. It is used to adjust the overall speed of the
USV formation.

In the simulation, the parameters of the model ship Cyber-
Ship II in Skjetne et al. (2005) (as shown in Figure 5) are
used for the follower USVs in our study.

Figure5 CyberShip II

@_ Springer

The corresponding hydrodynamic parameters of the
model are set as m =23.8, .= 1.76, x, = 0.046, X, = -2.0,
Y,=-10.0, Y.=0, N,=0, N,= -1.0, X, = -0.7225,
X,=-13274, X, = -58664, Y = -08612, Y =

-36.2823, Y., = —0.805, Y,=0.1079, Y .= —0.845,

[rv Ivlr =

Y, = -345, N,=0.1052, N, =5.0437, N, =0.13,
N,= -19,N,, = 0.08,and N, = -0.75.

Owing to the time-varying disturbance forces resulting
from the combined effects of wind, waves, currents, and
external environmental factors during sailing, these distur-
bances can be modeled as a sine wave superimposed on a
first-order Gauss-Markov process. It can be expressed as
follows:

— 125in(0.15¢) + 7, + 2
7., = 0.4sin (0.15¢) + 7,

7., = 1.3sin(0.15¢) + 7,

Ty, T b7y, =W

z-iwu

(130)

u

Ty T byt =W

v

Ty T b3Tg =W

r

where parameters 7, 7,,, and 7, are random variables gen-
erated by a first-order Gauss-Markov process, with Gauss-
ian white noise w,, w,, and w, whose mean values are 0.5
and variances are 1. b,, b,, and b, represent time constants
and are set as 0.5.

The initial information and parameters of the USVs, the
prescribed-time distributed position observer, the PTESO,
and the PTCF are presented in Tables 2—6.

Table 2 Initial information of the USVs

Usv X y v v
1 12 -48 8
2 3 -42 9
3 ) =36 9 [0, 0,01
4 -16 =30 9
5 =25 =24 9

Table 3 Initial values and parameters for the position observer

Initial values Parameters
ﬁi ‘A’,‘ &,‘ };i k] kz k3
[0,0]" [o.0]'" [o0.0]" © 5 5 5

Table 4 [Initial values and parameters for the PTESO

Initial values Parameters
""\‘.li ')221' ‘£3i kli ZI lZ l3
[0,0,0]" [0,0,0]" [0,0,0]" 4 6 11 6
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Table 5 Initial values and parameters for the command filter

Initial values Parameters
v;(0) via(0) Ky, Ky
[0,0]" [0,0]" 10 5
Table 6 Initial values and parameters for the filter compensation
system
Initial values Parameters
¢,;(0) €, (0) 71 V2
[0,0]" [0,0]" 5 5

The initial values for the prescribed-time anti-saturation
auxiliary system are set as ¢,(0) =[0,0]", the parameter
is k, = 20, and the boundary parameter is g, = 0.1. In the
kinematic virtual guidance law, the parameters are set as
y, = 0.3. In the dynamic control law, the parameters are
set as y, = 5,y; = 1, and the saturation upper limit is set to
Toae = 90N (N-m). To address the underactuated issue, the
virtual variable is set to d, = 0.3. The initial value of the
trajectory variable is set to 6, = 0, =0, and the update
speed is set to v, = 3.

The prescribed time constants are set as ', = 2.5s, T, =
3s, and T, = 12s. The three prescribed-time scaling func-
tions are set as follows:

2.5
1<25
w(t)=125-1
1, 1>25
3 , t<3
py(t) =931 (131)
1, 1>3
12\
<
(1) = (12—r)’ =12
1, 1> 12

4.2 Simulation results

The numerical simulations are depicted in Figures 6-20.

The USVs can track the desired convex hull spanned by
the virtual leaders within 7, = 12's. They form a parallel
formation and maintain the same speed, as illustrated in
Figure 6. As displayed in Figures 7 and 8, under the influ-
ence of the prescribed-time distributed adaptive position
observer, the observation errors of the five USVs for the
desired convex hull can rapidly converge to a small neigh-
borhood of zero within the prescribed time 7', = 2.5 s. Sim-
ilarly, as presented in Figures 9 and 10, under the influ-
ence of the PTESO, the observation errors of the five
USVs for the general uncertainties in their longitudinal
and yaw directions can rapidly converge to a small neigh-
borhood of zero within the prescribed time 7, = 3s. As
depicted in Figures 11 and 12, the observation errors of the

five USVs in their longitudinal velocity and yaw angular
velocity can also rapidly converge to a small neighbor-
hood of zero within 7, = 3 s. As shown in Figures 13 and
14, under the influence of the PTCEF, the filtering errors
in the longitudinal and transverse directions can rapidly
converge to a small neighborhood of zero within 7, = 3's.
Figures 15 and 16 reveal that the longitudinal and lateral
containment errors of the five USVs can rapidly converge
to a small neighborhood of zero within the prescribed time
T,=12s.

150

100

50t

Y (m)

Figure 6 Distributed containment control of USVs

B
= 207
o
B o - -
s 15 N1y, M
g —i—7
o 4x X
g 10
5 s
c
< 0
S 0
=-10 0,05 /
8
g-15 ~010 L
= 10 15 20 25 30
220 : : ; :
< 0 5 10 15 20
T(s)
Figure 7 Longitudinal position observation errors of the position
observer

50
- ’ZU_ ’ZZy ;73)/
40 ¢ — M, 1,

2.0 25 3.0

Lateral position observation error (m)

0 5 10 15 20
T (s)

Figure 8 Lateral position observation errors of the position observer
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Longitudinal observation error (N)

200
—€,—6, €,
100 —Ey
0
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0
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-300 . . ’ i
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Figure 9  Observation errors of PTESO for longitudinal general

uncertainties

Steering observation error (N-m)

Figure 10
uncertainties

Longitudinal velocity observation
error (m/s)

Figure 11

Yaw angular velocity observation
error (rad/s)
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Figure 12 Observation errors of PTESO for yaw angular velocity
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Figure 13 Filtering errors in the longitudinal directions
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Figure 14 Filtering errors in the transverse directions
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Figure 15 Longitudinal containment errors of the follower USVs
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Figure 16 Lateral containment errors of the follower USVs

Figures 17 and 18 show that the longitudinal thrust and
steering torque of the five USVs reach stable values within
T, =12s. The thrust of USV varies in the range of 0—10 N,
which is in line with practical engineering. As illustrated
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in Figures 19 and 20, the longitudinal velocity and angular
rate of the five follower USVs reach stable values within
the prescribed time 7, = 12 s, with a stable velocity of u; =
0.6m/s,i=1,-,5.

50 —

Longitudinal thrust (N)
|
S o
S

0 20 40 60 80 100
T'(s)

Figure 17 Longitudinal thrust of the follower USVs
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Figure 18 Steering torque of the follower USVs
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Figure 19 Longitudinal velocity of the follower USVs
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Figure 20 Angular rate of the follower USVs

Remark 2 The distributed prescribed-time containment
control system for USVs has been designed. The PTESO,

PTCF, and controller can operate independently on each
USV. They require only neighbor information and the dis-
tributed observer to reduce the centralized computing bur-
den. The controller, which is based on key equations, avoids
computationally intensive iterative processes such as MPC
and DRL. Thus, it is suitable for embedded platforms. Sim-
ulations show that the control law converges within 7,
with smooth control inputs, which suggests that the algo-
rithm satisfies real-time control requirements.

5 Conclusions

This study presents a distributed containment control
method based on a prescribed-time control for USVs to
solve the complexities in distributed containment control.
Initially, the desired trajectory is estimated using the pre-
scribed-time adaptive observer. The unknown disturbance
terms in the USV model are observed using the PTESO
within the prescribed time. Then, a distributed prescribed-
time guidance law and controllers are constructed based
on a command filter and an anti-saturation auxiliary sys-
tem. By employing the proposed controllers, the underac-
tuated USVs can converge to the desired convex hull by
adjusting the distances among them based on the channel
width. The full-state constraints for containment error
dynamics are determined. Simulation results reveal that
the proposed control method can attain containment con-
trol at a prescribed time in the presence of system uncer-
tainty, generalized disturbances, and input saturation. How-
ever, the proposed algorithm is only applicable for slow
time-varying external disturbances and bounded input satu-
ration. Considering the complexity of marine environ-
ments, the topological structure of USVs may vary, includ-
ing the addition of new USVs or the failure of certain
USVs. Therefore, our future research aims to extend the
proposed approach by addressing the containment control
of larger-scale USV systems with switching network topol-
ogies and event-triggering communication mechanisms.
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