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Abstract

Peridynamics (PD), which underpins many meshfree methods, has found widespread applications in fracture mechanics. However, its accuracy
in simulating shear behavior remains limited, particularly for mixed-mode fracture problems. To address this, we propose a modified
formulation of ordinary state-based PD (OSPD) that incorporates bond rotation behavior, including shear deformation and rigid body rotation
(RBR). Using the peridynamic differential operator, the stress-free RBR component is identified and removed from the total displacement. The
enhanced formulation is validated through classical benchmark problems, with stress intensity factors evaluated using the interaction integral
method. Numerical results demonstrate excellent agreement with reference solutions from the literature and the original OSPD model,
confirming the improved accuracy of the modified OSPD model. Notably, the modified model exhibits superior performance in simulating
shear deformation, establishing its reliability in mixed-mode fracture analysis.

Keywords Fracture analysis; Peridynamics; Stress intensity factors; Interaction integral; Shear deformation

1 Introduction

Fracture and failure are common phenomena in nature
and are usually inevitable for nearly all materials and struc-
tures. As a sophisticated and cutting-edge research topic in
solid mechanics, fracture analysis plays an important role
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in the design and manufacture of various engineering
applications.

With the rapid development of computing technologies,
considerable efforts have been devoted to the numerical
simulation of damage and defects. Chan et al. (1970)
employed the finite element method (FEM) to evaluate
stress intensity factors (SIFs) for models of different shapes
under various types of loading conditions. Fedelinski et al.
(1994) applied the dual boundary element method to study
dynamic SIFs in stationary cracks. Belytschko and Black
(1999) introduced discontinuous enrichment functions into
FEM for approximating crack growth, giving rise to the
extended FEM. By employing B-spline functions, Tanaka
et al. (2012; 2015) developed a wavelet Galerkin method
(WGM) to evaluate stress concentration.

The aforementioned methods are developed based on
classical continuum mechanics (CCM), employing spatial
partial differential equations (PDEs) to describe motion.
However, damage or cracks are inherently discontinuous,
which may impede efficient numerical evaluation. Addition-
ally, dynamic fracture behavior, such as crack formation
and propagation, may not be accurately simulated. When
addressing these new boundaries, remeshing may be
required for mesh-based methods (Huerta et al., 2017), lead-
ing to reduced computational efficiency. To overcome these
issues, many meshfree methods have been introduced.

The development of meshfree methods for fracture anal-
ysis has progressed considerably through several key con-
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tributions. Belytschko et al. (1995) pioneered the element
free Galerkin method (EFGM) for analyzing static and
dynamic fracture problems. Pant et al. (2011) later applied
EFGM to stress analysis of interface cracks in dissimilar
materials. Building on this work, Rabczuk and Belytschko
(2004; 2007) introduced an innovative cracking particle
method for two-dimensional (2D) and three-dimensional
(3D) fracture analysis, in which crack geometry is repre-
sented using enriched displacement fields without explicit
crack tracking. Rabczuk et al. (2010) further improved this
approach by developing splitting particle treatments that
eliminated displacement enrichments. In parallel, Liu et al.
(1995) proposed the reproducing kernel particle method
using window function interpolation and subsequently
extended it to large deformation fracture analysis (Liu
et al., 1999).

Peridynamics (PD), a nonlocal meshfree method pro-
posed by Silling (2000), provides an effective approach for
analyzing structures with discontinuities in solid mechanics.
By formulating material point motion through spatial inte-
gral equations, PD overcomes geometrical singularities
encountered in numerical simulations, demonstrating supe-
rior capability and efficiency in fracture analysis compared
with traditional mesh-based methods. The PD framework
includes three main formulations: bond-based PD (BBPD),
ordinary state-based PD (OSPD), and nonordinary state-
based PD (Madenci and Oterkus, 2014). These formula-
tions have been successfully applied to failure prediction
in various materials (Yang et al., 2018; Ozdemir et al.,
2020; Huang et al., 2022) and coupled-field fracture analy-
sis (Wang et al., 2018; Oterkus et al., 2014; Gao and Oter-
kus, 2019). The PD approach has proven particularly valu-
able for detailed evaluation of fracture parameters. Nota-
ble applications include crack arrest phenomena analyzed
using OSPD (Imachi et al., 2019; 2020), bimaterial inter-
face problems examined through OSPD (Nguyen et al.,
2022), and SIF evaluation in orthotropic plates (Wang et al.,
2024).

In original PD formulation, the deformation of a mate-
rial point is represented by bond elongation. Madenci et al.
(2021) and Wang et al. (2022; 2023) pointed out the low
accuracy of the original PD theory in calculating mixed-
mode SIFs, especially for mode II-dominant cases. This
may be due to inadequate estimation of the deformation
induced by rigid bond rotation (RBR), leading to inaccu-
rate simulation of shearing behavior. Based on OSPD,
Zhang and Qiao (2019) introduced a new bond failure cri-
terion to represent bond shear failure. Zhu and Ni (2017)
introduced an additional PD parameter to account for bond
rotation effects in BBPD and thereby overcome the limita-
tion related to Poisson’s ratio. However, they did not dis-
tinguish RBR from bond rotation, which may lead to over-
estimation of shearing behavior. Ren et al. (2016) proposed
a dual horizon PD that considers bond rotation. In this

approach, the RBR of the bond is included and removed
using singular value decomposition.

In recent years, notable advancements have been made
in PD algorithms to enhance computational efficiency and
reliability. Sun et al. (2021) developed a coupled PD-FEM
framework for thermoelastic fracture problems, using FEM
for thermal diffusion and PD for deformation analysis. This
approach allows flexible coupling of independent discreti-
zation schemes across different physical fields. Building
on this work, Guan et al. (2025) extended the PD-FEM
method to fracture analysis of materials with interfaces by
incorporating multiscale modeling with automatic mesh
recognition and model switching to improve computa-
tional efficiency.

Furthermore, Xu et al. (2021) proposed a data-driven
regression algorithm for optimizing PD in modeling linear
elastic media with periodic heterogeneities. Meanwhile, Bai
et al. (2023; 2024) introduced a novel mixed formulation
for PD to address incorrect transverse shear stiffness in
Timoshenko beams and Mindlin plates with small thick-
nesses. In structural mechanics, Shen et al. (2021) proposed
a microbeam bond model with enhanced degrees of free-
dom, enabling accurate capture of high-order load-displace-
ment relationships in beam and shell structures. Their sub-
sequent work (Shen et al., 2024) introduced a microbeam
PD contact model, demonstrating high precision in predict-
ing contact forces and crack propagation.

Inspired by these studies, a modified OSPD model is
developed. The influence of bond rotation is considered,
and thus the kinematics in the original OSPD are reformu-
lated. The 2D formulations under plane stress and plane
strain conditions are presented. Unlike Ren et al. (2016),
the peridynamic differential operator (PDDO) is used to
directly calculate the RBR, and the effects of the new for-
mulations on single- and mixed-mode SIFs are examined
and discussed in detail.

The rest of the paper is organized as follows. Section 2
presents the new OSPD model, kinematics, and PDDO.
Section 3 introduces the meshfree interaction integral based
on the OSPD framework. Several benchmark problems are
described in Section 4. Concluding remarks are provided
in the final section.

2 Modified OSPD

In PD, problem domains are uniformly discretized by a
finite number of material points with volume, V. Different
from local theories, each material point can build up inter-
actions with surrounding points within a certain distance.
Usually, the interaction is denoted as “bond”, and the col-
lection of the surrounding material points is known as
“horizon (H)”, as shown in Figure 1. In general, the shape
of the horizon is a disc in 2D and a sphere in 3D analyses.
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The radius of the horizon is denoted as J, and it is usually
defined as three times the grid space in the balance of
accuracy and computing cost.

Vi
Bond kinematics in the original OSPD

Figure 1

Silling et al. (2007) modified the BBPD by introducing
a concept of “state” and proposed OSPD. After deforma-
tion, bonds may also deform, where pairwise bond forces
densities #; and #, will occur, as shown in Figure 1. These
forces are assumed not necessarily to be equal in magni-
tude but have to be opposite in direction. Hence, the motion
of a material point (x,) can be expressed as

pu; = fH [t (u,,uj,xl,x) t (ul,uj,x,,x )]dV+ b, (1)

The pairwise force density (#,) are derived from the strain

energy density (SED) W, and they can be written as
—a'92+bf o, ndV ?)
1 W, 2
t, = V% : > Wy = 3)
G(uj—ui) ‘xj—xi‘

where 5 refers to the relative displacement vector in the
original OSPD framework (;1 = ‘uj -u, ‘) The dilatation

parameter 6, can be expressed as

—Ji

G—dfa)s
‘.V, Vi

(x,-x,)av @)

where s represents the bond stretch. Once it exceeds a criti-
cal value, which is determined by the material’s fracture
toughness, the bond will irreversibly break. With the
increase in broken bonds in a body, crack formation and
propagation can be well presented.

2.1 Bond kinematics in the modified OSPD

The PD parameters are derived by comparing the SED
between CCM and PD (Madenci and Oterkus, 2014).
Invoke the stress-strain constitutive relationship as

o =2ue + tr(&)T=(2u + 3))e, + 2ue, 5)
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where o refers to the Cauchy stress tensor, ¢ is the corre-
sponding strain tensor, I represents the identity matrix, and
A and pu are Lamé’s constants. The strain tensor can be
decomposed into a volumetric strain tensor (gv =1/3tr (&)1 )

and a deviatoric strain tensor (sd =¢&-1/3tr (&)l ) There-
fore, the SED by CCM can be shown as

1 1
Wew=0 g=5[(2u+3z)sv+2ugd} e, +e,] (6

The bond kinematics in the 2D modified OSPD are
shown in Figure 2. Different from the original OSPD
model, the deformations caused by bond rotation, includ-
ing shear deformation and RBR, are considered. Based
on the Taylor series, the total bond displacement can be
expressed as

q:uj—u,.:Vu,.-ézg(x)-é‘—i-w(x)-f (7
where ¢ = x, — x; refers to the initial bond vector. &(x) and
(x) are the effective strain tensor and RBR tensor, respec-
tively, and they can be expressed as

s(x):%(Vui+uiV):[i” ?2} ®)
w(x)=%(Vui—uiV)=[w0 a:)]z} 9)

Figure 2 Bond kinematics in the modified OSPD

In the modified OSPD model, the effective displacement
of a bond is represented by #,,, which can be decomposed
into bond elongation, e, and shear deformation, v. There-
fore, the effective bond length excluding the RBR is denoted
as &y =&+ =&+ e+ v. According to Figure 2, the
bond elongation can be expressed as

e=(ng-n)-n=(n®n)(n-olx)- & (10)
where n = [n, n,]" represents the unit vector along the ini-

tial bond. Meanwhile, the shear deformation vertical to the
bond orientation can be expressed as

v=(n-e-w(x)-&)=(I-n®@n)-g-o(x)-& (11)

Therefore, the corresponding bond stretches s and r can
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be given as
e Sy
s=—-=(n®n)e(x)n=[n}ndn n) e, [ ‘} (12)
|§| 28 I’l2
12
v
r=—=(I-n®n)e(x)n=
¢
3 ;1 2 (13)
ny—ny —mn, EnZ_nan €
€x

3

2 2
—nmn,  n, - n ny = nny |2,

2

Similar to Eq. (2), the SED is determined by #,;. There-
fore, it can be expressed as

w,= argl_z + be wij'leff"lefde (14)

Substituting Egs. (8)—(11) to Eq. (12), the 2D formula-
tion of SED by the modified OSPD can be explicitly
expressed as

T

en 1T1 1 07 &y

,dz 2h256
W= e [ |11 0 ey |
3612 0 0 0JL2¢, (15)
brhs* €n 10 0 &n
3 €xn 01 0 &

2, 10 0 1/2][2¢,

Even though RBR exists in the deformation of bonds, it
does not exist in Eq. (15), which also proves that RBR has
no contribution to the strain energy. By comparing the SEDs
between the CCM formulation and modified OSPD formu-
lation in terms of isotropic expansion and simple shear
tests, the PD parameters a', b, and d can be determined.

2.2 Force state for the modified OSPD

As shown in Eq. (3), the force density is derived by con-
ducting the partial differentiation of SED on the displace-
ment. Therefore, according to Eq. (14), the force density
under the modified OSPD framework can also be decom-
posed into dilatation part F, and distortion part F,, which
can be expressed as

=" F, (16)
v a(uj - ui)
in which
9 ,
F, =E(a€f)=2ad- O.0,4 - n (17)

Fzza%(ba(s cstrer)|é|)=2bo,[n-o(x)-&] (18)

where a, b and d are PD constants. By equating Eq. (15) to
Eq. (6) under assumptions of isotropic expansion (g, =
&y, = & €, = 0) and simple shear (¢, = €, = 0, &, = 7,),
they can be explicitly expressed, for a 2D model with thick-
ness h, as

d= (19)

In Eq. (18), RBR plays an important role in the defini-
tion of pairwise force state, which is the major difference
compared with the original OSPD formulation. Therefore,
it is necessary to calculate the RBR terms.

2.3 PDDO

In this study, the PDDO technique is applied to approxi-
mate the RBR straightforwardly. By removing the RBR
term, the effective displacement on one bond can be easily
derived. Madenci et al. (2016) proposed the PDDO in the
approximation of PDEs. Without considering the infinitesi-
mal remainder term, the second-order Taylor series in 2D,
as an example, is given as

of (x, af (x; o f(x,
£(x)-r(x)=¢ fa(;’)+fz fa(yx’)+21!f:f££f‘)+
1,8 (%), 1, 8f(x)
ﬁé 2 +i§1§2 oxdy
(20)

where f'(x,) are arbitrary physical functions at point i. By
multiplying the PD function, g4'#>, and invoking the orthog-

onal property, ¥J Enepgh(&E)dr=6,,9, ,, the
(nl!nz!) H, e
one-to-one relationships between PDEs and spatial inte-

gral equations can be established. The first-order PDE, as
an example, is given as

af(x,.)

ox :f (f(x,)-f(x.)) g:(¢) ar @1
of (x)| Jmt ed(¢)

ay

Detailed calculation process and explicit expressions of
the PD functions in terms of three dimensions can be
found in Wang et al. (2018; 2023) and Madenci et al.
(2019). In this study, the 2D first-order PD functions in
Eq. (15) are given as

(&)= —2

= 0 22
¢ cos (22)
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g:'(¢)= (23)

2
h53]§\

where 0 refers to the bond orientation under the current
coordinate system. Substituting Eq. (9) with Egs. (22) and
(23) into Eq. (21), the components of an RBR tensor can
be determined as

on=g ), [

gm_( u, ”y)glzo]dV (24)

and

Wy ZJ-[ glO (x

where u, and u, refer to the x- and y-components of the dis-
placement vector, respectively. The overhead bar refers to
the neighboring points within the horizon.

u,)gh |4V (25)

2.4 Evaluation of SIFs

SIF quantifies the magnitude of stress near a crack tip in
a material, playing a critical role in fracture mechanics by
predicting crack growth and failure under applied loads. It
is a key parameter in assessing structural integrity using
criteria such as linear elastic fracture mechanics. However,
direct calculation of SIFs might be difficult due to the com-
plex stress distribution in the crack tip region. Based on
the J-integral method, an interaction integral method with
nonlocal formulation has been developed, and it has already
been successfully employed in OSPD (Imachi et al., 2018;
Dai et al., 2021). The original domain J-integral formula-
tion is given by

Jf (o, W,

)q .d4 +f (ayu,1 - W, -)’jqu

(26)

By superimposing the actual and auxiliary fields (denoted
as J™¥), the formulation of the interaction integral, M (=
J —J = J*), is given as

M: J’ |:(0-;‘UX + O-l/ujmlx) - U;;cuxgikélj}q,/dA +
' @7)
fA(_ Cz,u 1€ &; T Ul,j il Jrpu, luj‘“lx)qu

where 4 is the area enclosed by inner contour /', and outer
contour /I, as shown in Figure 3. ¢ is the manually defined
weight function, which varies from 1 at crack tips to 0 on
integral boundaries, as shown in Figure 3. Additionally,
the outer contour size is denoted as 7.

Theoretically, the size of 7, has little effect on the SIFs.
However, because PD is a nonlocal theory, it requires a rel-
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Figure 3 Layouts of the domain J-integral and weight function

atively large number of material points for accurate com-
putation. Therefore, r, should be sufficiently large. In this
study, the size of 7, is set to half of the outer contour to
ensure computational accuracy while maintaining imple-
mentation simplicity. The elastic stress, strain and displace-
ment fields in the auxiliary field can be found in the litera-
ture, such as Anderson (2017). Meanwhile, the PDEs in
Eq. (27) can also be transformed into corresponding spa-
tial integral forms using the PDDO, which conform to the
framework of OSPD. The relationship between the interac-
tion integral and SIFs is given by

KlKl?ux + KlIKl?ux (28)
E*

M=

where E” = E for plane-stress assumption and E" = E/(1 —
v?) for plane strain assumption. By manually defining the
fracture mode in auxiliary fields, i.e., K™ = 1; K;j* =0 or
K™ = 0; K™ =1, the SIFs under different modes can be
respectively extracted based on Eq. (28). The interaction
integral formulation given in Egs. (27) and (28) is suitable
for isotropic materials with a straight crack only.

3 Numerical examples

To verify the modified OSPD formulation, several bench-
mark examples are presented. In Section 3.1, an intact
model is subjected to pure rotational loading, and the
results are verified using analytical solutions. In Section
3.2, an edge-crack model is subjected to tensile loading, and
the mode-I SIF is evaluated by comparison with the refer-
ence solutions. Finally, in Section 3.3, rectangular plates
with a central crack under tensile loading are evaluated, and
the SIFs at different crack orientations are examined. A
plane-stress assumption is applied in all the numerical cases.

3.1 RBR of intact plate

Before conducting fracture analyses, it is necessary to
validate the performance of the modified OSPD formula-
tion. An intact square plate with a side length of 1 m,
subjected to an angular speed (w,) of 0.5 n/s, is shown in
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Figure 4(a). The elastic modulus and Poisson’s ratio were
206 GPa and 0.3, respectively, and the mass density was
2400 kg/m’. After 0.08 s, the plate experiences RBR with
,t=0.1257 rad.

As illustrated in Figure 4(b), the modified OSPD method
yields a calculated rotation angle (o) of 0.126 2 rad, demon-
strating excellent agreement with the analytical solution,
with a deviation of 0.397 8%. Figure 4(c) presents the cor-
responding stress distribution on the plate. Apart from
minor stress concentrations at the corner points due to sur-
face effects, the stress field across most of the plate remains
effectively negligible. Overall, the modified OSPD demon-
strates high capability and accuracy in simulating RBR.
Therefore, in the following sections, the proposed method
is further evaluated through benchmark tests for fracture
analysis.

Pa

oo
-0
o B
-6

(a) Initial (b) Deformed (¢) Distribution *
configuration configuration of g,

Figure 4 Plate under RBR

[==3 NS RE NN

3.2 Evaluation of the mode-I SIF

A square plate with an edge crack is subjected to ten-
sile loading (o) of 1 MPa, as shown in Figure 5(a). The
side length (H) and crack length (a) of the plate are 10 and
5 mm, respectively, representing a typical mode-I frac-
ture problem. The reference value for the mode-I SIF is
11.93 MPa-mm'? (Bowie, 1973; Tanaka et al., 2016). Three
discretization schemes: coarse (100 x 100), intermediate
(200 x 200), and refined (400 x 400), are established.

Figure 5(b) shows the convergence study comparing the
original OSPD formulation with the modified formulation.
The numerical solutions converge to the reference value as
the grid spacing (Ax) decreases. Compared with the origi-
nal formulation, the modified one exhibits higher accuracy
and faster convergence in evaluating the mode-I SIF. The
path independence of the interaction integral in the inter-
mediate discretization (200 x 200) is demonstrated, as
shown in Table 1. Compared with the solution obtained
using the original OSPD, the modified OSPD achieves
higher accuracy, maintaining numerical differences within
1% across all integral contours.

Table 2 presents the computational costs of these models.
Both models are computed using an Intel(R) Core(TM) i9-
14900K 3.20 GHz processor with 64 GB RAM. The com-
putational cost refers to the total time required for the
solutions to reach steady state, while the number of cor-

689
0,
(SRS S
/A H
I 2R R
0;
(a) Plate geometry
Sis;
=)
.S
E
2
o 1.0}
Q
5
3
2
s 05F
8 —=—Original OSPD
5 —=—Modified OSPD
‘a_:' 0 . )
a 0.025 0.050 0.100
Ax (mm)
(b) Convergence study of the mode-I SIFs
Figure5 Edged-crack plate under tension
Table 1 Path independency evaluation of the mode-I SIFs
Method r, K, (MPa-mm')  Diff. (%)
30Ax 12.015 0.709
Original OSPD 50Ax 12.048 0.992
70Ax 12.101 1.459
30Ax 11.867 0.529
Modified OSPD 50Ax 11.887 0.364
70Ax 11.935 0.041
Table2 Computational costs of both OSPD models
. . Original Modified
Discretization OSPD (s) Step OSPD (s) Step
100 x 100 33.7 4000 33.8 3000
200 x 200 172.5 5000 302.6 5000
400 x 400 990.4 7000 1328.1 7000

responding time steps is denoted as “Step”. The modi-
fied OSPD requires computation of RBR tensors at each
time step, increasing runtime by approximately 10%—35%
depending on the discretization. However, as illustrated in
Figure 5(b), the modified framework achieves higher accu-
racy even with coarser discretizations, offsetting efficiency
losses by reducing the need for extreme mesh refinement
and demonstrating its potential for balanced efficiency.

3.3 Mixed-mode fracture analysis

As shown in Figure 6, a plate with a centrally located
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inclined crack is analyzed. The plate is subjected to uni-
form tensile loading (¢) of 1 MPa on the left and right
boundaries. The plate length (2H) and width (2/¥) are 20
and 10 mm, respectively. The crack length (2a) equals to
6 mm. The crack inclination angle (¢) varies among 15°,
30°, 45°, 60°, and 75°. The elastic modulus and Poisson’s
ratio are 206 GPa and 0.3, respectively. A refined discreti-
zation scheme (400 x 800) is employed. For better compar-
ison of numerical solutions between the modified OSPD
and conventional approaches, the SIFs are normalized as

K; =K /(o/na ), withi=land I

Figure 6 Plate with an inclined crack

The mixed-mode SIFs calculated using the modified
OSPD are provided in Table 3. The results are validated
using the WGM (Tanaka et al., 2013) and the original
OSPD. As the inclined angle increases, the mode-I SIF
decreases monotonically. In contrast, the mode-Il SIF
first increases up to 45°, and then decreases. Because the
refined discretization scheme is employed, the influence of
RBR is reduced due to the shortened bond length. There-
fore, the original OSPD and modified OSPD perform well
in evaluating the mode-I SIF. However, in the calculation
of the mode-II SIF, the modified OSPD shows higher accu-
racy, keeping all mode-II SIFs within 1%. The shear
behavior is well captured.

Table3 Normalized SIFs for different inclined angles

*

KI
9 WGM OSPD Diff (%) MOSPD  Diff. (%)
15 1218 1221 0.254 1.213 0.427
30° 0948  0.987 0.254 0.979 0.539
45° 0.661  1.666 0.756 0.661 0.015
60° 0333 0333 0.060 0.332 0.510
75° 0.090  0.088 2.009 0.089 1.004
KI)Ik
9 WGM OSPD Diff (%) MOSPD  Diff. (%)
15 0273 0276 1.101 0.274 0.440
30° 0480  0.484 0.833 0.482 0.333
45° 0567  0.575 1.339 0.572 0.740
60° 0502 0510 1.454 0.506 0.677
75° 0294  0.299 1.599 0.296 0.715
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4 Conclusions

This study introduces a modified OSPD formulation
that incorporates bond rotation effects, including shear
deformation and RBR. The influence of RBR was directly
calculated and removed from the peridynamic force den-
sity using the PDDO. The proposed model was validated
through RBR tests, mode-1 fracture analysis, and mixed-
mode crack simulations of plates with different crack
orientations.

Numerical results from the modified OSPD were com-
pared with analytical solutions, FEM results, original
OSPD predictions, and reference data from the literature,
showing excellent agreement. The modified OSPD over-
comes the original model’s limitations in estimating shear
behavior, improving the accuracy of mixed-mode SIFs
from approximately 1.6% to below 0.75% for homoge-
neous isotropic materials. Additionally, it delivers reliable
solutions even under coarse discretization, offering a more
precise approach as compared with original OSPD for frac-
ture analysis in industrial applications.
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