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Abstract
Studies of wave–current interactions are vital for the safe design of structures. Regular waves in the presence of uniform, linear shear, and 
quadratic shear currents are explored by the High-Level Green–Naghdi model in this paper. The five-point central difference method is used for 
spatial discretization, and the fourth-order Adams predictor–corrector scheme is employed for marching in time. The domain-decomposition 
method is applied for the wave–current generation and absorption. The effects of currents on the wave profile and velocity field are examined 
under two conditions: the same velocity of currents at the still-water level and the constant flow volume of currents. Wave profiles and velocity 
fields demonstrate substantial differences in three types of currents owing to the diverse vertical distribution of current velocity and vorticity. 
Then, loads on small-scale vertical cylinders subjected to regular waves and three types of background currents with the same flow volume are 
investigated. The maximum load intensity and load fluctuation amplitude in uniform, linear shear, and quadratic shear currents increase 
sequentially. The stretched superposition method overestimates the maximum load intensity and load fluctuation amplitude in opposing currents 
and underestimates these values in following currents. The stretched superposition method obtains a poor approximation for strong nonlinear 
waves, particularly in the case of the opposing quadratic shear current.
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1  Introduction

Waves and currents coexist extensively in oceanic envi‐
ronments. The wave–current interaction has remarkable 
influences on the hydrodynamics of the fluid and the load‐
ing on marine structures, such as floating offshore wind tur‐
bines, offshore platforms, sea-crossing bridges, and aquacul‐
ture cages. Thus, investigating the wave–current interaction 
holds immense importance for the safe design of structures.

Laboratory experiments are an important approach to 

examine the interactions between waves and background 
currents. Thomas (1990) performed experiments on regu‐
lar waves in following shear currents. The results revealed 
the importance of the vorticity in wave–current interactions. 
Swan (1990) studied regular waves in the presence of lin‐
ear shear currents. Later, Swan et al. (2001) extended labo‐
ratory experiments to waves spreading in nonlinear shear 
currents. Umeyama (2011) presented experimental data on 
the particle velocities and trajectories of waves in the fol‐
lowing uniform currents using coupled particle image velo‐
cimetry (PIV) and particle tracking velocimetry (PTV) 
measurements. The linear superposition of waves and cur‐
rents cannot accurately explain the horizontal velocity. Sub‐
sequently, Umeyama (2017) gauged the dynamic pressure 
of regular waves in the presence of uniform currents. Chen 
et al. (2017) presented experimental wave profile data in 
the presence of uniform currents. The numerical wave-pro‐
file results of the higher-order boundary element method 
were consistent with the experimental data. Steer et al. 
(2020) experimentally investigated the dispersion and sta‐
bility of weakly nonlinear waves in opposing linear shear 
currents. The results showed that opposing linear shear 
currents increase wavelength and improve stability com‐
pared with uniform currents with the same surface velocity.

Numerous studies examined the linear or weakly nonlin‐
ear steady solutions of wave–current interactions. Thomas 
(1981) obtained linear solutions for regular waves in arbi‐
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trary currents. Kirby and Chen (1989) developed a pertur‐
bation method for linear waves in the presence of weak 
currents. Banihashemi et al. (2017) followed Kirby and 
Chen (1989) and approximated the wave action flux veloc‐
ity in strongly sheared currents. Baddour and Song (1998) 
derived the second-order solutions of waves in shear cur‐
rents and the expressions for the stream function and dis‐
persion relation. Swan and James (2000) established a per‐
turbation method to derive the second solution for small 
amplitude waves in arbitrary currents. Hsu et al. (2009) 
acquired a third-order solution for the particle trajectory of 
regular waves in uniform currents in the Lagrangian form. 
Constantin et al. (2015) discussed the second- and third-
order approximations of the wave profile, velocity field, 
and pressure for waves in the presence of linear shear cur‐
rents. Touboul et al. (2016) extended the mild-slope equa‐
tion to study linear waves in the presence of background 
currents. Li and Ellingsen (2019) obtained a direct integra‐
tion method to study linear waves in the presence of arbi‐
trary currents.

Fully nonlinear steady solutions of wave–current inter‐
actions are more complex to investigate. Dalrymple (1974) 
established a numerical perturbation procedure to explain 
regular waves in linear shear currents using the series expan‐
sion of the stream function formulation. Dalrymple and Cox 
(1976) examined regular waves in the presence of trigono‐
metric and hyperbolic currents by extending the method of 
Dalrymple (1974). Constantin and Strauss (2004) verified 
the existence of large amplitude waves in arbitrary cur‐
rents. Ko and Strauss (2008) investigated waves in cur‐
rents with shear at the top, middle, or bottom. Choi (2009) 
developed a closed system of exact elevation equations to 
examine waves in linear shear currents. The results revealed 
that the maximum wave amplitude with following currents 
is much smaller than that without currents. Chen and Basu 
(2021) applied a numerical continuation method based on 
a fixed mean water depth formulation to investigate waves 
in arbitrary currents.

Lately, the time-domain simulation has been generally 
used to analyze regular waves in the presence of back‐
ground currents. Nwogu (2009) employed a boundary inte‐
gral method to study waves in background currents. Zhang 
et al. (2014) used a Reynolds-Averaged Navier–Stokes 
solver to simulate waves in uniform currents. The results 
presented that interactions of shorter period waves and cur‐
rents lead to a larger diminution in the wave height and 
velocity magnitude around the water surface. Son and Lynett 
(2014) offered a set of depth-integrated equations to depict 
waves in arbitrary currents. Duan et al. (2016) examined 
the influences of uneven bottoms on waves in the presence 
of uniform currents by using the High-Level Green–Naghdi 
(HLGN) model. Abbasnia and Guedes Soares (2018) devel‐
oped the Mixed Eulerian–Lagrangian scheme to simulate 
waves in uniform currents. Chen and Zou (2019) employed 

OpenFOAM to examine shallow water waves in the pres‐
ence of uniform and linear shear currents. The effects of 
currents on near resonant triad wave interactions were 
investigated. Yang and Liu (2022) developed the depth-
integrated wave–current model based on the work of Yang 
and Liu (2020) to simulate waves in background currents. 
Kumar and Hayatdavoodi (2023a, 2023b) analyzed the 
effects of currents on deep and shallow water waves, includ‐
ing changes in wave height, wavelength, particle velocity, 
and the pressure field. Zhao et al. (2023) built an effective 
method for wave–current generation and absorption based 
on the HLGN model to simulate regular waves in uniform, 
linear shear, and nonlinear shear currents.

Earlier studies investigated the effects of uniform and 
linear shear currents on the flow field of regular waves 
(Swan, 1990; Chen and Zou, 2019; Chen and Basu, 2021; 
Kumar and Hayatdavoodi, 2023b; Steer et al., 2020). How‐
ever, few studies compared the effects of uniform, linear 
shear, and quadratic shear currents on the flow field of reg‐
ular waves. Loads of the small-scale vertical cylinder in reg‐
ular waves under the three types of currents are required to 
be further examined. Hence, this work aims to 1) investigate 
the effects of uniform, linear shear, and quadratic shear cur‐
rents on wave profiles and velocity fields of regular waves 
and 2) examine the loads of the small-scale vertical cylin‐
der in regular waves under the three types of currents with 
the same flow volume. The HLGN model is used to inves‐
tigate these problems. This paper is organized as follows. 
The HLGN model is presented in Section 2. The numeri‐
cal results are explained in Section 3. Conclusions are 
derived in Section 4.

2  HLGN model

In this paper, the 2D regular wave in the presence of 
ambient currents is considered. The fluid is assumed to be 
incompressible and inviscid. In the HLGN model, the origin 
of the 2D Cartesian coordinate system is at the still-water 
level (SWL), x (positive to the right) is the horizontal axis, 
and z (positive up) is the vertical axis. z = η ( x, t ) denotes 
the free surface, z =  − h signifies the bottom, h represents 
the constant water depth, and t is the time.

The continuity equation is stated as follows:

∂u
∂x

+
∂w
∂z

= 0 (1)

where u and w are the horizontal and vertical velocity com‐
ponents, respectively.

The Euler equations are expressed as follows:

∂u
∂t

+ u
∂u
∂x

+ w
∂u
∂z

=  − 1
ρ

∂p
∂x

(2)
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∂w
∂t

+ u
∂w
∂x

+ w
∂w
∂z

=  − 1
ρ ( ∂p

∂z
+ ρg ) (3)

where ρ represents the constant fluid-mass density, p denotes 
the pressure, and g signifies the gravitational acceleration, 
which is 9.81 m/s2 in this paper.

The kinematic boundary conditions are stated as follows:

w − ∂η
∂t

− u
∂η
∂x

= 0,       z = η ( )x, t (4)

w = 0,        z =  − h (5)

The dynamic boundary condition is expressed as follows:

 p = 0  ,      z = η ( )x, t (6)

In this paper, the velocity field follows a polynomial 
shape.

u ( x, z, t ) = uc( )z + u∗( x, z, t ) = ∑
n = 0

K − 1

ucn zn + ∑
n = 0

K − 1

u∗
n( x, t ) zn

(7)

w ( x, z, t ) = ∑
n = 0

K

w∗
n( x, t ) zn (8)

where uc denotes the background current velocity; u∗ repre‐
sents the horizontal wave-induced velocity; ucn signifies 
the background current velocity coefficients, u∗

n and w∗
n are 

the unknown horizontal and vertical wave-induced velocity 
coefficients to be solved, respectively; K is the level of the 
HLGN model. ucn and u∗

n satisfy the following:

uc( z ) = ∑
n = 0

K − 1

ucn zn (9)

u∗( x, z, t ) = ∑
n = 0

K − 1

u∗
n( x, t ) zn (10)

Eqs. (7) and (8) are substituted into Eq. (1), and the fol‐
lowing expression is derived:

w∗
n =  − 1

n
∂u∗

n − 1∂x
,   n = 1, 2, ⋯, K (11)

Eqs. (7) and (8) are substituted into Eqs. (4) and (5), and 
the following expression is derived:

∂η
∂t

= ∑
n = 0

K

ηn(w∗
n − ucn

∂η
∂x

− u∗
n

∂η
∂x ) (12)

w∗
0 =  −∑

n = 1

K

w∗
n( )− h

n
(13)

Eqs. (11) and (13) are used to establish the relationship 

between u∗
n and w∗

n, and to eliminate the vertical wave-
induced velocity coefficient w∗

n.
Eqs. (7) and (8) are substituted into Eqs. (2) and (3), each 

is multiplied term by zn, integration is performed from − h 
to η along the vertical direction, Eq. (6) is considered, the 
term about p is eliminated, and the following equation is 
obtained:

∂
∂x (Gn + gS1n ) + nEn − 1 − ( − h) n ∂

∂x (G0 + gS10 ) = 0,

n = 1, 2, ⋯, K
(14)

where 

En = ∑
m = 0

K ( )∂u∗
m∂t

S2mn +
∂u∗

m∂x
Qmn + ucm Hmn + u∗

m Hmn (15)

Gn = ∑
m = 0

K ( )∂w∗
m∂t

S2mn +
∂w∗

m∂x
Qmn + w∗

m Hmn (16)

S1n = ∫−h

η

zndz, S2mn = ∫−h

η

zm + ndz,

S3mrn = ∫−h

η

zm + r + ndz, S4mrn = m ∫−h

η

zm + r + n − 1dz
(17)

Qmn = ∑
r = 0

K

( )ucrS3mrn + u∗
r S3mrn , Hmn = ∑

r = 0

K

w∗
r S4mrn (18)

ucK = 0, u*
K = 0 (19)

The number of unknowns is K + 1, which are η and 
u∗

n (n = 0, 1, ⋯, K − 1). K + 1 equations are supplied by 
Eqs. (12) and (14). This system of equations is closed and 
solvable.

To solve the HLGN model, Eq. (14) is restated as follows:

A͂ξ̇ , xx + B͂ξ̇ , x + C͂ξ̇ = f (20)

where ξ = [ ]u∗
0, u

∗
1,⋯, u∗

K − 1

T
. The dot over ξ is the time 

derivative, and the subscript comma represents the differ‐
entiation with respect to the indicated variable. A͂, B͂, C͂, 
and f are functions of η, ξ, and their spatial derivatives. 
The spatial derivative is acquired by using the five-point 
central difference method, and the fourth-order Adams pre‐
dictor–corrector scheme is employed for time stepping. The 
algorithm is discussed in detail by Zhao et al. (2014). The 
domain-decomposition method is used for the wave–cur‐
rent generation and absorption, as presented in Figure 1. 
The computational domain is divided into five parts: lin‐
ear, transition, nonlinear, transition, and linear regions. In 
the linear regions (0 ≤ x ≤ x1 and x4 ≤ x ≤ x5), the linear 
equations are solved. A fully nonlinear equation system is 
applied in the nonlinear region (x2 ≤ x ≤ x3). The two sys‐
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tems are matched by the transition regions. The results of 
the HLGN model are acquired from the waves in the non‐
linear region. The domain-decomposition method and the 
validation results are presented by Zhao et al. (2023).

3  Results and discussion

The HLGN model is employed to simulate regular waves 
in the presence of uniform, linear shear, and quadratic 
shear currents. The effects of currents on the wave profile 
and velocity field of regular waves are studied under two 
conditions: same velocity of currents at the SWL and con‐
stant flow volume of currents. Then, the loads of the small-
scale vertical cylinder in regular waves under the three 
types of currents with the same flow volume are examined.

3.1  Currents with the same velocity at the SWL

In this section, the regular waves in the presence of back‐
ground currents with the same velocity at the SWL are ana‐
lyzed by using the HLGN model.

3.1.1 Numerical cases

The background currents are depicted as uc = U (1 + z/h) n
 

(n = 0, 1, 2 ), where U is the current velocity at the SWL. 
When n = 0, 1, and 2, the background currents correspond 
to uniform, linear shear, and quadratic shear currents, respec‐
tively. The parameters of the cases are listed in Table 1, 
where H is the wave height, T is the wave period, and c0 =

gh . In two cases, the water depth is h = 2.0 m, the wave 

height is H = 0.075 m, and the wave period is T = 1.325 s. 
The steepness and dispersion of regular waves without cur‐
rents are H/λ0 = 0.027 4 and h/λ0 = 0.730, respectively, where 
λ0 is the linear wavelength without currents. The computa‐
tional domain is18λ long (λ represents the linear wavelength 
in the presence of currents). The lengths of the linear, tran‐
sition, and nonlinear regions are λ, 4λ, and 8λ, respectively.

The current velocity profiles for uniform, linear shear, 
and quadratic shear currents are presented in Figure 2. The 
velocity of the uniform current is constant in the vertical 
direction, whereas the velocities of the linear shear and qua‐
dratic shear currents are strongest at the SWL and decrease 

along the water depth. At the free surface, the velocities of 
the three types of background currents are the same. At the 
bottom, the velocities of the shear currents are zero, where‐
as the strength of the uniform current is considerably great‐
er than that of the shear currents. Excluding the SWL and 
bottom, the uniform current is the strongest, and the qua‐
dratic shear current is the weakest. Hence, the depth-aver‐
aged velocity of the uniform current is the highest and 
indicates that the flow volume is the largest, whereas the 
depth-averaged velocity of the quadratic current is the low‐
est and signifies that the flow volume is the least.

3.1.2 Wave profile
In this subsection, the wave profile of regular waves is 

presented. Regular waves in the presence of quadratic shear 

Figure 2　Current velocity profile of three types of background 
currents, Cases 1–6

Figure 1　Sketch of the computational domain

Table 1　Parameters of regular waves in background currents with 
the same velocity at the SWL

Case

1

2

3

4

5

6

h (m )

2.0

2.0

2.0

2.0

2.0

2.0

H (m )

0.075

0.075

0.075

0.075

0.075

0.075

T (s )

1.325

1.325

1.325

1.325

1.325

1.325

U/c0

−0.034

−0.034

−0.034

0.034

0.034

0.034

Current type

Uniform

Linear shear

Quadratic shear

Uniform

Linear shear

Quadratic shear
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currents are shown as an example, and the wave profiles at 
different times are demonstrated in Figure 3.

Figure 3 presents the wave profiles of regular waves in 
the presence of quadratic shear currents at t = 40T, 60T, 
and 80T. The dashed black line denotes the boundary of 
the five regions (Figure 1). The wave profiles of regular 
waves do not change at different times for the opposing-
current case and following-current case, and the quasi-
steady-state nonlinear waves can be acquired in the nonlin‐
ear region. The HLGN model can stably simulate regular 
waves in the presence of background shear currents. The 
results of the HLGN model are obtained from the quasi-
steady-state nonlinear waves in the nonlinear region, approx‐
imately from x = 6λ in Section 3.1.

The results of wave profiles in the presence of three 
types of currents are illustrated in Figure 4. The wave pro‐
files for regular waves in the presence of uniform, linear 
shear, and quadratic shear currents are compared. The wave 
profile in the absence of currents is also considered for 
comparison. The horizontal position of the first wave peak 
is recentered to x = 0.

Figures 4(a) and 4(b) exhibit the wave profile for oppos‐
ing and following current cases, respectively. Figure 4(a) 
shows that opposing background currents diminish the wave‐
length of regular waves. The wavelength of the quadratic 
shear current case is the largest, and that of the uniform 

current is the smallest. Compared with the no-current case, 
the wavelengths in uniform, linear shear, and quadratic 
shear currents decrease by 15%, 13%, and 12%, respec‐
tively. Figure 4(b) shows that following currents increase 
the wavelength of regular waves; the smallest wavelength 
is observed in the quadratic shear current case, and the larg‐
est wavelength is in the uniform current case. Compared 
with the no-current case, the wavelengths in uniform, lin‐
ear shear, and quadratic shear currents increase by 14%, 
12%, and 10%, respectively. Regardless of the current 
direction, the effect of the uniform current on wavelength 
is the most pronounced, whereas that of the quadratic 
shear current is the weakest.

3.1.3 Velocity field
In this subsection, the velocity field of regular waves in 

background currents is analyzed. The horizontal velocities 
along the water column under the wave crest of regular 
waves in uniform, linear shear, and quadratic shear currents 
are presented in Figure 5, which also shows the results of 
the no-current case for comparison. Figures 5(a) and 5(b) 
reveal the results for opposing and following current cases, 
respectively. Figure 5(a) presents that the opposing current 
reduces the horizontal velocity. Below the SWL, the hori‐
zontal velocities in uniform, linear shear, and quadratic 
shear currents increase sequentially. Figure 5(b) illustrates 
that the following current increases the horizontal velocity. 

Figure 3　Wave profiles of regular waves in the presence of quadratic 
shear currents at different times, Cases 3 and 6

Figure 4　Wave profile of regular waves in the presence of three 
types of currents with the same velocity at the SWL, Cases 1–6
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Below the SWL, the horizontal velocities in uniform, lin‐
ear shear, and quadratic shear currents decrease sequen‐
tially. Near the free surface, the horizontal velocities in the 
three types of background currents are similar.

Among the three background currents studied in this 
section, the current velocities of uniform, linear shear, and 
quadratic shear currents diminish sequentially below the 
SWL. The flow volume Q of the background current can be 
determined as follows:

Q = ∫−h

0

uc( )z dz (21)

In each case, the current velocity uc from − h to 0 along 
the vertical directionz is integrated to acquire the flow vol‐
ume Q. The flow volume of uniform currents is twice that 
of linear shear currents and three times that of quadratic 
shear currents. For the three types of background currents 
with the same velocity at the SWL, the vertical distribu‐
tion of the current velocity and the flow volume are con‐
siderably different, which leads to variances in the wave 
profile and velocity field of regular waves.

3.2  Currents with the same flow volume

In this section, the effects of background currents with 

the same flow volume on regular waves are considered. In 
the 2D case, the flow volume Q of the background current 
can be stated as Q = U͂h, where U͂ is the depth-average cur‐
rent velocity. Then, the flow volume of background cur‐
rents can be denoted by the depth-average current velocity.

3.2.1 Numerical cases
Regular waves in the presence of currents are numerically 

simulated by the HLGN model. The background currents 

are described as uc = (n + 1)U͂ (1 + z/h) n
(n = 0, 1, 2 ). When 

n = 0, 1, and 2, the background currents correspond to uni‐
form, linear shear, and quadratic shear currents, respectively. 
The parameters of the cases are listed in Table 2, and the 
wave height, period, and water depth are consistent with 
those in Table 1. The steepness and dispersion of the regu‐
lar waves without currents are H/λ0 = 0.027 4 and h/λ0 =
0.730, respectively. The computational domain is 20λ long. 
The lengths of the linear, transition, and nonlinear regions 
are λ, 5λ, and 8λ, respectively.

The current velocity profiles of uniform, linear shear, 
and quadratic shear currents are presented in Figure 6. At 
the SWL, the current velocity of the quadratic shear cur‐
rent is the strongest, whereas that of the uniform current is 
the weakest. The velocity of the quadratic shear current is 
1.5 times greater than that of the linear shear current and 3 
times that of the uniform current. At the bottom, the cur‐
rent velocities of the linear shear current and quadratic 
shear current are zero. The velocities of uniform, linear 
shear, and quadratic shear currents increase sequentially at 
z >  − h/3. Conversely, at z <  − 0.5h, the current velocities of 
uniform, linear shear, and quadratic shear currents decrease 
sequentially.

3.2.2 Wave profile
In this subsection, the wave profile of regular waves is 

studied. Regular waves in the presence of quadratic shear 
currents are shown as an example, and the wave profiles at 
different times are presented in Figure 7.

Figure 7 presents the wave profiles of regular waves in 
the presence of quadratic shear currents at t = 70T, 80T, 
and 90T. The dashed black line denotes the boundary of 
five regions (Figure 1). The wave profiles of the regular 

Figure 5　Horizontal velocity along the water column under the wave 
crest of regular waves in the presence of three types of currents with 
the same velocity at the SWL, Cases 1–6

Table 2　Parameters of regular waves in background currents with 
the same flow volume

Case

7

8

9

10

11

12

h (m )

2.0

2.0

2.0

2.0

2.0

2.0

H (m )

0.075

0.075

0.075

0.075

0.075

0.075

T (s )

1.325

1.325

1.325

1.325

1.325

1.325

U͂/c0

−0.034

−0.034

−0.034

0.034

0.034

0.034

Current type

Uniform

Linear shear

Quadratic shear

Uniform

Linear shear

Quadratic shear
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waves do not change at different times, and the quasi-
steady-state nonlinear waves can be acquired in the nonlin‐
ear region. The HLGN results of regular waves in back‐
ground shear currents are stable. The results of the HLGN 
model are acquired in the nonlinear region approximately 
from x = 7λ in Section 3.2.

The results of wave profiles in uniform, linear shear, and 
quadratic shear currents are presented in Figure 8, which 
also displays the wave profile of the no-current case for 
comparison. The horizontal position of the first wave peak 
is recentered to x = 0. Figure 8(a) reveals that in the pres‐
ence of opposing background current, the wavelength of 
regular waves is substantially reduced, the shortest wave‐
length occurs in the quadratic shear current cases, and the 
longest wavelength is in the uniform current case. Com‐
pared with the no-current case, the wavelengths in uniform, 
linear shear, and quadratic shear currents decrease by 14.7%, 
28.8%, and 43.7%, respectively. Figure 8(b) presents that 
following currents increase the wavelength of regular waves, 
the longest wavelength occurs in the quadratic shear cur‐
rent cases, and the shortest wavelength is in the uniform 
current case. Compared with the no-current case, the wave‐
lengths in uniform, linear shear, and quadratic shear cur‐
rents increase by 13.7%, 23.9%, and 30.4%, respectively. 
Regardless of the direction of the currents, the influence of 

the uniform current is the weakest, whereas that of the qua‐
dratic shear current is the greatest. The opposing current 
has a greater effect on wavelength compared with the fol‐
lowing current.

To study the remarkable differences in wavelength under 
the three types of background currents with the same flow 
volume, the vorticity of the background currents without 
waves is investigated. Because no vertical velocity is in 
the background current, the vorticity Ω of the background 
current without waves can be stated as follows:

 Ω =  − ∂uc∂z
(22)

Figure 9 exhibits the vertical distribution of vorticity in 
uniform, linear shear, and quadratic shear currents without 
waves.

Figure 9 presents that the vorticity of uniform current is 
zero, the vorticity of linear shear current stays constant 
with depth, whereas the vorticity of quadratic shear cur‐
rent decreases with depth. At the bottom, the vorticities of 
uniform and quadratic shear currents are zero, whereas 
that of the linear shear current is stronger. At z > −2h/3, the 
vorticity of the quadratic shear current is the strongest, and 
that of the uniform current is the weakest. At the SWL, the 
vorticity of quadratic shear current is three times greater 

Figure 6　Current velocity profile of three types of background 
currents, Cases 7–12

Figure 7　Wave profiles of regular waves in the presence of quadratic 
shear currents at different times, Cases 9 and 12
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than that of linear shear current. Among the three types of 
background currents studied in this section, the quadratic 
shear current with strong velocity and vorticity near the 
SWL has a more pronounced influence on the wavelength.

3.2.3 Velocity field
In this subsection, the influence of the three types of 

background currents on the velocity field of regular waves 
is studied. Figure 10 shows the horizontal velocity along 
the water column under the wave crest of regular waves in 
the presence of uniform, linear shear, and quadratic shear 
currents, which also includes results of the no-current case 
for comparison.

Figure 10(a) presents that the opposing current reduces 
the horizontal velocity. Near the bottom (approximately 
− 1 < z/h <  − 0.51), the horizontal velocities in uniform, 
linear shear, and quadratic shear currents increase sequen‐
tially. Near the free surface (approximately − 0.3 < z/h), 
the horizontal velocities under the wave crest sequentially 
decrease in uniform, linear shear, and quadratic shear 
currents. Figure 10(b) exhibits that the following current 
increases the horizontal velocity. Near the bottom (approx‐
imately − 1 < z/h <  − 0.51), the horizontal velocities in uni‐
form, linear shear, and quadratic shear currents decrease 

Figure 8　Wave profile of regular waves in the presence of three 
types of currents with the same flow volume, Cases 7–12

Figure 9　Current vorticity profile of three types of background 
currents, Cases 7–12

Figure 10　Horizontal velocity along the water column under the 
wave crest of regular waves in the presence of three types of currents 
with the same flow volume, Cases 7–12
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sequentially. Near the free surface (approximately − 0.3 <
z/h), the horizontal velocities under the wave crest sequen‐
tially increase in uniform, linear shear, and quadratic shear 
currents.
Δumax is the difference between the horizontal velocity 

at the wave crest of regular waves in the background 
current and that in the no-current case, and ucs = (n + 1) 
U͂ ( )n = 0, 1, 2  is the background current velocity at the 
SWL. Under opposing current conditions (Cases 7–9), 
Δumax /ucs are 0.87, 0.90, and 0.88 for uniform, linear shear, 
and quadratic shear current cases, respectively. Under fol‐
lowing current conditions (Cases 10–12), Δumax /ucs are 0.91, 
0.94, and 0.95 for uniform, linear shear, and quadratic shear 
current cases, respectively.

Combining Figures 10(a) and 10(b) reveals that near the 
bottom (approximately − 1 < z/h <  − 0.51), the influences 
of uniform, linear shear, and quadratic shear currents on 
the horizontal velocity along the water column under the 
wave crest sequentially decrease. Conversely, near the free 
surface (approximately − 0.3 < z/h), the effects of uniform, 
linear shear, and quadratic shear currents sequentially 
increase. Combining Figures 9 and 10, it is observed that 
the effects of uniform, linear shear, and quadratic shear 
currents on the horizontal velocity along the water column 
under the wave crest are directly linked to the strength of 
background currents. A stronger current velocity has a 
more remarkable influence on the horizontal velocity.

3.3  Load of the small-scale vertical cylinder

In this section, the loads on small-scale vertical cylinders 
subjected to regular waves and three types of background 
currents with the same flow volume are studied by using 
the Morison equation.

3.3.1 Morison equation
In engineering design, when D/λ < 0.2 (where D is the 

characteristic length of the structure, taken as the cylinder 
diameter in this paper), the structure is classified as a small-
scale structure (DNV, 2021). For the small-scale structure, 
the total wave force can usually be computed using the 
Morison equation. The sketch of loads on the small-scale 
upright cylinder in the wave–current environment is pre‐
sented in Figure 11.

In the Morison equation, horizontal wave force FH is 

represented as the sum of two components: drag force FD 
caused by the undisturbed wave field and inertial force FI 
resulting from the acceleration field. The FD and FI of the 
unit length of the vertical cylinder are expressed as follows:

FD =
1
2

CD ρDu ||u (23)

FI = CM ρ
πD2

4
∂u
∂t

(24)

where CD is the drag coefficient, CM is the inertial coeffi‐
cient, and D is the cylinder diameter. In this paper, CD is 
1.2, CM is 2.0, and ρ is 1 000 kg/m³. When determining the 
load on the cylinder using the Morison equation, the cylin‐
der is first divided into some small elements. After com‐
puting the drag and inertial forces for each element, the 
overall load on the cylinder is derived by summation. For 
the cylinder presented in Figure 11, FH is given by the fol‐
lowing equation:

FH = ∫
−h

η
1
2

CD ρDu |u |dz + ∫
−h

η

CM ρ
πD2

4
∂u
∂t

dz (25)

The height of the cylinder studied in this paper is greater 
than h + η; thus, the lower limit of integration is − h, and 
the upper limit is η in Eq. (25). To determine the loads on 
the cylinder in the wave–current field using Eq. (25), the 
velocity field of the wave–current environment needs to be 
obtained. According to the guidelines of DNVGL (DNV, 
2021), the velocity field of regular waves in the background 
current can be estimated by the superposition of the velocity 
field of regular waves without currents and the background 
current velocity. In this section, stream function wave theory 
is employed to determine the velocity field of regular waves 
without currents. The equation of the background current 
velocity ignores the effects of the wave surface η. Accord‐
ing to the guidelines of DNVGL (DNV, 2021), the Wheeler 
stretching method can be used to explain the changes in 
the background current velocity owing to variations in the 
free surface. The core idea is to introduce a vertical stretch‐
ing coordinate as follows: 

zs =
z − η
h + η

h,  − h ≤ z ≤ η,  − h ≤ zs ≤ 0 (26)

This stretching coordinate transforms the background 
current velocity of − h ≤ z ≤ η into − h ≤ zs ≤ 0 for calcula‐
tion, as presented in Figure 12. After stretching the coordi‐
nates, the current velocity at the wave surface corresponds 
to the current velocity on the SWL before stretching.

The linear shear current uc( )z = U0 + U1 z is taken as 
an example. After introducing the vertical stretching coor‐
dinate, the current velocity uc is expressed as follows:Figure 11　Sketch of the load on the small-scale upright cylinder
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uc( )z = U0 + U1 zs = U0 +
z − η
h + η

hU1 (27)

In this paper, the superposition of the no-current velocity 
field and the stretched current velocity is referred to as the 
“stretched superposition method”. The parameters for waves 
and currents are presented in Table 2. The diameter of the 
vertical cylinder is 0.05 m.

3.3.2 Numerical results
In this subsection, the loads on the small-scale vertical 

cylinder in regular waves in uniform, linear shear, and qua‐
dratic shear currents are computed with the same flow vol‐
ume based on the velocity field of the HLGN model and 
the stretched superposition method.

The results of the loads on the small-scale vertical cylin‐
der in regular waves and uniform currents are presented in 
Figure 13, and the moment of interaction between the wave 
crest and the small-scale vertical cylinder is recentered to 
t = 0 for comparison.

Figure 13 shows a trough and a peak in the load on the 
small-scale vertical cylinder over one period. First, the 
load results based on the velocity field of the HLGN model 
are studied. Figure 13(a) presents that the load intensity 
| FH | of the trough, which represents the maximum load 

intensity on the cylinder, exceeds that of the peak in the 
opposing-current case. Conversely, Figure 13(b) reveals 
that the load intensity || FH  of the peak, which represents 

the maximum load intensity on the cylinder, exceeds that 
of the trough in the following-current case. The maximum 
load intensity in the opposing current (i.e., the trough load 
intensity in the opposing current) is lower than that in the 
following current (i. e., the peak load intensity in the fol‐
lowing current).

Then, the load results based on the velocity field of the 
stretched superposition method are compared with that of 
the HLGN model to examine the errors of the stretched 
superposition method in the maximum load intensity (i.e., 
trough load intensity in opposing currents and peak load 

intensity in following currents) and load fluctuation ampli‐
tude. The stretched superposition method overestimates 
the maximum load intensity and the load fluctuation ampli‐
tude by about 4.7% and about 8.6% in the opposing-cur‐
rent case, respectively, as presented in Figure 13(a), whereas 
it underestimates the maximum load intensity and the load 
fluctuation amplitude by about 3.1% and about 6.0% in 
the following-current cases, respectively, as presented in 
Figure 13(b).

The results of the loads on the small-scale vertical cylin‐
der in regular waves and linear currents are presented in 
Figure 14, and the moment of interaction between the wave 
crest and the small-scale vertical cylinder is recentered to 
t = 0 for comparison.

Trough load intensity | FH | denotes the maximum load 

intensity that is greater than that of the peak, as presented 
in Figure 14(a) for the opposing-current case. By contrast, 
peak load intensity | FH | signifies the maximum load inten‐

sity that is greater than that of the trough, as illustrated in 
Figure 14(b) for the following-current case. The maximum 
load intensity in the opposing current is lower than that in 
the following current. The stretched superposition method 
overestimates the maximum load intensity and the load 
fluctuation amplitude by about 8.2% and about 17.1% 
in the opposing-current case, respectively, as revealed in 
Figure 14(a), whereas it underestimates the maximum load 
intensity and the load fluctuation amplitude by about 4.0% 

Figure 12　Sketch of stretching the current velocity

Figure 13　Load of a small-scale upright cylinder in regular waves 
and uniform currents, Cases 7 and 10
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and about 8.0% in the following-current case, respectively, 
as presented in Figure 14(b).

The results of the loads on the small-scale vertical cylin‐
der in regular waves and quadratic currents are demon‐
strated in Figure 15, and the moment of interaction between 
the wave crest and the small-scale vertical cylinder is recen‐
tered to t = 0 for comparison.

Similar to the uniform and linear shear current cases, 
the trough load intensity | FH | exceeds that of the peak, as 

presented in Figure 14(a) for the opposing-current case, 
whereas the peak load intensity exceeds that of the trough, 
as revealed in Figure 14(b) for the following-current case. 
In addition, the maximum load intensity in the opposing 
current (i.e., the trough load intensity in the opposing cur‐
rent) is lower than that in the following current (i. e., the 
peak load intensity in the following current). The stretched 
superposition method overestimates the maximum load 
intensity and the load fluctuation amplitude by about 11.8% 
and about 28.4% in the opposing-current case, respectively, 
as presented in Figure 14(a), whereas it underestimates the 
maximum load intensity and the load fluctuation amplitude 
by about 4.2% and about 9.0% in the following-current 
case, respectively, as revealed in Figure 14(b).

Figures 13, 14, and 15 present that the maximum load 
intensity and load fluctuation amplitude in uniform, linear 
shear, and quadratic shear currents sequentially increase. 
For the same type of background current, the errors of the 

stretched superposition method are greater in the opposing-
current cases than in the following-current cases. The 
stretched superposition method overestimates the maximum 
load intensity and load fluctuation amplitude in opposing-
current cases, whereas it underestimates these values in 
following-current cases. In the following-current case, the 
load calculation errors of the stretched superposition method 
are similar in the three types of background currents. How‐
ever, in the opposing-current cases, the load calculation 
errors of the stretched superposition method are substan‐
tially different among the three types of background cur‐
rents; the largest errors occur in the quadratic shear cur‐
rent, and the smallest errors occur in the uniform current. 
This outcome is primarily because the wave nonlinearity 
in opposing currents is stronger than that in following cur‐
rents, and the stretched superposition method is less effec‐
tive in estimating the velocity field for strongly nonlinear 
waves, which leads to larger errors. In the opposing-cur‐
rent cases, the nonlinearity of the quadratic shear current 
case is the strongest and thereby results in the largest errors.

4  Conclusions

In this paper, the HLGN model is employed to simulate 
regular waves in the presence of background currents. 
Three types of background currents are considered: uni‐

Figure 14　Load of a small-scale upright cylinder in regular waves 
and linear shear currents, Cases 8 and 11

Figure 15　Load of a small-scale upright cylinder in regular waves 
and quadratic shear currents, Cases 9 and 12
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form, linear shear, and quadratic shear. The results reveal 
that the HLGN model can stably simulate regular waves in 
the presence of the three types of currents.

The wave surface and velocity field of regular waves in 
the presence of uniform, linear shear, and quadratic shear 
currents are investigated. In the cases of three background 
currents with the same velocity at the SWL, owing to the 
differences in the vertical distribution of background cur‐
rent velocities, remarkable distinctions in the flow volume 
result in the distinct characteristics of the regular waves. 
The cases of the three background currents with the same 
flow volume present that the quadratic shear current with 
the strong velocity and vorticity near the SWL has a more 
pronounced effect on the wavelength. A stronger current 
velocity leads to a more substantial influence on the hori‐
zontal velocity.

Subsequently, the loads on small-scale vertical cylinders 
subjected to regular waves and three types of background 
currents with the same flow volume are analyzed. The 
results reveal that the maximum load intensity and load 
fluctuation amplitude in uniform, linear shear, and qua‐
dratic shear currents increase sequentially. The velocity field 
computed by the stretched superposition method overesti‐
mates the maximum load intensity and load fluctuation 
amplitude in opposing currents but underestimates these 
values in following currents. The stretched superposition 
method poorly approximates the velocity field for strongly 
nonlinear waves and leads to larger load calculation errors. 
Specifically, in the opposing quadratic shear current, the 
maximum load intensity calculation error and the load 
fluctuation amplitude calculation error may reach 11.8% 
and 28.4%, respectively.
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