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Abstract
Through active manipulation of wavelengths, a structure exposed to a water-wave field can achieve a target hydrodynamic performance. Based 
on the form invariance of the governing equation for shallow water waves, wavelength modulators have been proposed using the space 
transformation method, which enables wavelength manipulation by distributing an anisotropic medium that incorporates water depth and 
gravitational acceleration within the modulation space. First, annular wavelength modulators were designed using the space transformation 
method to reduce or amplify the wavelength of shallow water waves. The control method of wavelength scaling ratios was investigated. In 
addition to plane waves, the wavelength modulator was applied to manipulate the wavelength of cylindrical waves. Furthermore, the 
interactions between a vertical cylinder and modulated water waves were studied. Results indicate that the wavelength can be arbitrarily 
reduced or amplified by adjusting the dimensional parameters of the modulator. Additionally, the modulator is effective for plane waves and 
cylindrical waves. This wavelength modulator can enable the structure to achieve the desired scattering characteristics at the target wavelength.
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1  Introduction

Wavelength is a key characteristic of water waves, and 
the hydrodynamic responses of offshore structures are 
closely related to the proportional relationship between the 

wavelength and the characteristic length of the structure 
(Newman, 1977; Faltinsen, 1993; Pecher and Kofoed, 2017; 
Neill and Hashemi, 2018). Actively manipulating the wave‐
length of water waves to achieve the target hydrodynamic 
performance of offshore structures holds considerable poten‐
tial for applications in ocean engineering.

Based on wave properties such as refraction, reflection, 
and resonance, several methods have been proposed to 
control wave propagation, including the scattering cancel‐
lation method (SCM) (Porter and Newman, 2014; Newman, 
2014; Iida et al., 2014; Zhang et al., 2020a; Zhang et al., 
2020b; Iida et al., 2023), space transformation method 
(STM) (Farhat et al., 2008; Chen et al., 2009; Berraquero 
et al., 2013; Dupont et al., 2015; Zareei and Alam, 2015; 
Wang et al., 2017; Iida and Kashiwagi, 2017; Iida and 
Kashiwagi, 2018; Zhang et al., 2023; Zhang et al., 2024), 
and others (Wiel et al., 2016; He et al., 2019; Zhang and 
Ning, 2019; Ren et al., 2021; Konispoliatis and Mavra‐
kos, 2021). The SCM is generally used to either reduce 
scattered waves in the far field (Porter and Newman, 2014; 
Newman, 2014) or concentrate scattered waves in the near 
field (Zhang et al., 2020b), with limitations imposed by the 
resonance mechanism (Zhang et al., 2020a). In compari‐
son to other wave manipulation methods, the STM offers 
more flexibility because it directly designs the water-wave 
fields. The STM was first proposed by Pendry et al. (2006) 
and Leonhardt (2006) to cloak objects in electromagnetic 
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wave fields. Based on the form invariance of Maxwell’s 
equations under a coordinate transformation, wave manip‐
ulation in the transformed space can be realized by distrib‐
uting an anisotropic medium, which includes permeability 
and permittivity, in the original space. Although such an 
anisotropic medium does not naturally exist, it can still be 
realized using metamaterials (Schurig et al., 2006a). The 
STM has since been extended to other physical waves, 
including acoustic (Cummer and Schurig, 2007), seismic 
(Brule et al., 2014), and thermal (Xu et al., 2014) waves.

For liquid surface waves, Farhat et al. (2008) first intro‐
duced the STM to cloak a cylinder in methoxynonafluoro‐
butane. Since then, various novel STM-based applications 
have been proposed for water waves, including rotators 
(Chen et al., 2009), shifters (Berraquero et al., 2013), invis‐
ibility carpets (Dupont et al., 2015; Wang et al., 2017), cloaks 
(Zareei and Alam, 2015; Iida and Kashiwagi, 2018; Zhang 
et al., 2024), and waveguides (Iida and Kashiwagi, 2017). 
These applications are primarily focused on controlling the 
wave path. In addition to wave path control, Zhang et al. 
(2023) proposed and investigated a wavelength modulator 
that manipulates the wavelength of water waves using 
the STM. The STM-based wavelength modulator has been 
theoretically and numerically validated for its capability to 
reduce or amplify the wavelength of water waves. However, 
some aspects of the wavelength modulator remain unclear, 
particularly the scattering performance of the structure in 
the modulated wave fields.

This study investigates three key aspects of the STM-

based wavelength modulator: 1) the control method for the 
wavelength scaling ratio using the modulators, 2) the appli‐
cation of the wavelength modulator to control the wave‐
length of cylindrical waves, and 3) the hydrodynamic per‐
formance of a vertical cylinder within the modulator. The 
remainder of this paper is organized as follows. Section 2 
introduces the theory behind the STM and the design of 
annular wavelength modulators. Section 3.1 examines the 

wave distribution in the modulation space with various 
wavelength scaling ratios. Section 3.2 calculates and dis‐
cusses the modulated wave fields of cylindrical waves. 
Section 3.3 explores the interactions between structures 
and modulated water waves. Section 4 presents the conclu‐
sions and remarks on future work.

2  Theory

2.1  STM of the water-wave governing equation

Assuming an incompressible, inviscid fluid with irrota‐
tional motion, the governing equation for harmonic shal‐
low-water waves can be expressed as the Helmholtz equa‐
tion (Mei et al., 2005):

∇ ⋅ ( )h0∇η +
ω2

g0

η = 0 (1)

where η ( )x1, x2  represents the spatial wave elevation, h0 is 

the water depth, g0 is the gravity acceleration, ω is the 
angular frequency that satisfies the linear dispersion rela‐
tion ω2 = g0h0k 2, and k is the wave number.

The Helmholtz equation has been shown to be form-
invariant under a coordinate transformation (Farhat et al., 
2008; Chen et al., 2009; Berraquero et al., 2013; Dupont 
et al., 2015; Zareei and Alam, 2015; Wang et al., 2017; Iida 
and Kashiwagi, 2017; Iida and Kashiwagi, 2018; Zhang 
et al., 2023; Zhang et al., 2024). By integrating Eq. (1) over 
an arbitrary volume Ω ( )x1, x2 , whose surface is denoted 

by ∂Ω, as shown in Figure 1(a), the waves propagate along 
a straight line. Using the divergence theorem, the follow‐
ing is obtained:

∫∂Ωh0∇η ⋅ ndS + ∫∂Ω ω2

g0

ηdV = 0 (2)

Figure 1　Space design of wavelength modulators
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Considering a space transformation Ω* = f ( )Ω  of orthog‐
onal coordinates with the Jacobian Matrix J = ∂x*

i ∂xj, 

where Ω*( )x*
1, x

*
2  is the transformed space, as shown in 

Figure 1(b), the wave propagates along the curved line due 
to the deformed space. Under this transformation, the 
above equation turns into the following:

∫∂Ω*

h0

JJ T

|| J
∇*η ⋅ n*dS* + ∫

Ω*

1
|| J
ω2

g0

ηdV * = 0 (3)

Using the divergence theorem, the following can be 
obtained:

∇* ⋅ ( )h͂h0∇*η +
ω2

gg0

η = 0 (4)

where h͂ and g are the transformation coefficients, and h͂ is 
a matrix tensor:

h͂ =
JJ T

|| J
=

|

|

|

|
||
|

||

|

|

|
||
|

| h͂x1 x1
h͂x1 x2

h͂x2 x1
h͂x2 x2

, g = | J | (5)

where J is the Jacobian Matrix, J = ∂x*
i /∂xj.

Based on Eqs. (1) and (4), the form of the new Helm‐
holtz equation in Eq. (4) is the same as that in Eq. (1). This 
similarity implies that the wave field obtained through 
space transformation ( )Ω* = f ( )Ω  can be equivalently 

realized by redistributing the medium parameters ( )h͂ h0, gg0  

in the original space Ω.

2.2  Design of the annular wavelength modulator

Annular-shaped wavelength modulators, including a 
wavelength reducer and a wavelength amplifier, are pro‐
posed to accommodate different incident wave directions. 
For convenience, the cylindrical coordinate system is used 
in the space transformation. First, the transformed space of 
the wavelength modulator must be designed. Figure 1(a) 
represents the original space Ω ( )r, θ  as a reference for com‐
parison, with three circle lines marked at r = a, r = b, and 
r = c ( )a, b, c ∈ R+, c > b > a . Figures 1(b) and (c) show 

the transformed spaces Ω*( )r*, θ*  for the reducer and the 

amplifier, respectively. The transformed space of the 
reducer, shown in Figure 1(b), is obtained by compressing 
the original space r < b into r < a, while the space b < r < c 
is stretched into a < r < c. In contrast, the transformed space 
of the amplifier shown in Figure 1(c) can be obtained by 
stretching the original space r < a into r < b, while the space 
a < r < c is compressed into b < r < c.

Assuming c = ma, b = na (m, n ∈ R+, m > n > 1.0), the 
coordinate transformation relationship of the wavelength 
reducer can be expressed as follows:

ì

í

î

ïïïï

ïïïï

r* =
1
n

r, θ* = θ ;  0 ≤ r ≤ b

r* =
m − 1
m − n

r − (n − 1)m
m − n

a, θ* = θ ;  b ≤ r ≤ c
(6)

The coordinate transformation relationship of the wave‐
length amplifier can be expressed as follows:

ì
í
î

ïï

ïïïï

r* = nr, θ* = θ ;  0 ≤ r ≤ a

r* =
m − n
m − 1

r +
(n − 1)m

m − 1
a, θ* = θ ;  a ≤ r ≤ c

(7)

According to the STM, the wave field obtained through 
space transformation, as shown in Figure 1, can be equiva‐
lently realized by redistributing the medium parameters 
(h͂ h0, gg0) in the original space Ω. The transformation coef‐
ficients (h͂, g) for the reducer can be calculated using Eq. (5).

h͂ =
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í
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ï

ï
ïïï
ï

ï

ï

ï

ï
ï
ïï
ï

ï

ï

é
ë
êêêê ù

û
úúúú1 0

0 1
, r* ≤ a

é

ë

ê

ê

ê

êê
ê
ê

ê

ê

ê ù

û

ú

ú

ú

úú
ú
ú

ú

ú

ú1 +
ma
r*

n − 1
m − n

0

0
1
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, a < r* ≤ c
(8a)

g =

ì

í

î

ï
ïï
ï

ï
ïï
ï

1
n2

, r* ≤ a

( )m − 1
m − n

2
1

1 + ma
r*

n − 1
m − n

, a < r* ≤ c
(8b)

Similarly, the transformation coefficients (h͂, g) of the 
amplifier can be obtained as follows:

h͂ =

ì

í

î

ï
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(9a)

g =

ì

í

î

ïïïï

ïïïï

n2, r* ≤ b

( )m − n
m − 1

2
1

1 − ma
r*

n − 1
m − 1

, b < r* ≤ c
(9b)

Notably, h͂rr ≠ h͂θθ; therefore, the medium is anisotropic. 
Furthermore, the anisotropic medium must be distributed 
in the original space. Therefore, the asterisk of r* in Eqs. (8) 
and (9) can be removed (Schurig et al., 2006b). The wave‐
length can be modified based on this anisotropic medium. 
The sketch of the wavelength modulator (wavelength 
amplifier) is shown in Figure 2. The wavelength can be 
either reduced or amplified when the water waves propa‐
gate through the modulator.
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3  Results and discussion

3.1  Validation of the modulator and the control 
of scaling ratio

The wave distributions (Re[η]/A) of the modulators with 
different wavelength scaling ratios were investigated. The 
model setups for the reducer and the amplifier are shown 
in Figures 3(a) and (b), respectively. Notably, the distribu‐
tion of the anisotropic medium (h͂ h0, gg0) can be obtained 
using Eqs. (8) and (9). A square domain with a side length 
l (= 10.0 m) was adopted, where the boundaries were defined 
as S−∞, S∞, and S0.

A finite element method, based on the COMSOL Multi‐
physics software, was used to solve the Helmholtz equation 
with an anisotropic medium, as shown in Eq. 10(a). The 
boundaries S0 satisfies the no-flux boundary condition, while 
the scattered boundary condition is applied at S−∞ and S∞ . 
Additionally, the incident plane wave (η0 = Ae− ik0 x) is gener‐
ated at S−∞, with A representing the wave amplitude. The 
wavelength λ0 and the amplitude A of the incident waves 
are set to 1.0 and 0.1 m, respectively. The overall scopes 
of the reducer and the amplifier are both r < c, while their 
operating scopes are r < a and r < b, respectively.

∇ ⋅ ( )h͂∇η + ( )k 2
0 g η = 0,     at   xoy (10a)

∂η
∂n = 0,                                on  S0 (10b)

 
∂η
∂n = − ikη + 2ikη0,         on  S−∞ (10c)

∂η
∂n = − ikη,                         on  S∞ (10d)

According to Eqs. (6) and (7), the scaling ratios of the 
wavelength are determined by n (= b/a). The wavelength λ 
(= 2π/k) at r < a for the reducer can be reduced to 1/n of 
the incident wavelength λ0. In contrast, the wavelength λ at 
r < b for the amplifier can be amplified to n times the inci‐
dent wavelength λ0.

First, the wave distributions (Re[η]/A) of the reducer 
were investigated. Herein, a is 1.0 m, and c is 3.0 m (m = 

3.0). The scaling ratios n (= b/a) can be controlled by vary‐
ing the values of b. Three scaling ratios, n = 1.5 (b = 1.5 m), 
2.0 (b = 2.0 m), and 2.5 (b = 2.5 m), were considered to 
investigate the reduced wavelength. The wave distribu‐
tions for n = 1.5, 2.0, and 2.5 are shown in Figures 4(a), 
(b), and 4(c), respectively. The reduced wavelength in the 
operating spaces of the three reducers varies, indicating 
that the control method for scaling the wavelength ratios is 
efficient. Figure 5 shows the wave profile along y = 0 for 
the three reducers. As expected, the wavelength in the 
operating spaces is reduced to 2/3 m, 1/2 m, and 2/5 m of 
n = 1.5 (b = 1.5 m), 2.0 (b = 2.0 m), and 2.5 (b = 2.5 m), 
respectively.

Next, the wave distributions (Re[η]/A) of the amplifier 
were investigated. In this case, b is 2.0, and c is 3.0 m 
(m = 3.0). The scaling ratio n (= b/a) can be controlled by 
changing the value of a. Three different scaling ratios, n = 
4.0 (a = 0.5 m), 2.0 (a = 1.0 m), and 4/3 (a = 1.5 m), were 
considered to investigate the amplified wavelength. The 
wave distributions for n = 4.0, 2.0, and 1.5 are shown in 
Figures 6(a), 6(b) and 6(c), respectively. Notably, the reduced 
wavelength in the operating spaces of the three reducers 
is different. Figure 7 shows the wave profile along y = 0 

Figure 2　Sketch of the wavelength modulator (wavelength amplifier)

Figure 3　Model setup
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for the three amplifiers. As expected, the wavelength at the 
operating spaces is amplified to 4.0, 2.0, and 4/3 m of n = 
4.0 (a = 0.5 m), 2.0 (a = 1.0 m), and 4/3 (a = 1.5 m), respec‐

tively. Notably, the anisotropic media for the three reduc‐
ers and three amplifiers are different and can be derived 
using Eqs. (8) and (9), respectively.

Figure 4　Wave distributions of the wavelength reducer against

Figure 5　Wave profile along y = 0 of three reducers

Figure 6　Wave distributions of the wavelength amplifier against

Figure 7　Wave profile along y = 0 of three amplifiers
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3.2  Wavelength manipulation of cylindrical waves

In addition to plane waves, the manipulation of cylin‐
drical waves using the proposed wavelength modulators 
was also investigated. The model setups for the original 
wave field, the reducer, and the amplifier are shown in 
Figures 8(a), 8(b), and 8(c), respectively. A small rectangu‐
lar domain and a semicircle domain were adopted. The 
boundary conditions are similar to those in Figure 3. The 
geometrical dimensions were set as u = 12.0 m, w = 0.1 m, 
and v = 2.0 m. Cylindrical waves were generated by the 
diffraction of water waves. A plane wave ( )η0 = Ae− ik0 x  is 

generated by S−∞ and propagates to the right. When the 
plane wave reaches the semicircle domain from the small 
rectangular domain, cylindrical waves are generated due to 
diffraction. The wavelength λ0 and the amplitude A of the 
incident waves were set to 0.5 and 4.0 m, respectively. In 
Eqs. (6) and (7), the parameters c = 3.0 m, b = 2.0 m, and 
a = 1.0 m (n = 2.0) were adopted to construct the wave‐
length modulators. Theoretically, the wavelength can be 
reduced to 0.25 m (λ0/n) by the reducer in the operating 
space, while the wavelength can be amplified to 1.0 m 
(nλ0) by the amplifier in the operating space. The distribu‐
tion of the anisotropic medium (h͂ h0, gg0) can be derived 
using Eqs. (8) and (9). In Figure 8, the density of the dot‐
ted lines indicates the expected wavelength distribution.

The wave distributions (Re[η]) modulated by the reducer 
and the amplifier were calculated, as illustrated in Figure 9. 
Herein, only the wave fields within the semicircle domain 
are presented. For comparison, the original wave field 
without any modulators is shown in Figure 9(a), where the 
cylindrical wave field is successfully generated. The wave 
distributions modulated by the reducer and the amplifier are 
demonstrated in Figures 9(b) and 9(c), respectively. The 
results indicate that the wavelength in the operating spaces 
of the reducer and the amplifier can be successfully reduced 
or amplified as expected. Therefore, the cylindrical waves 
can also be manipulated by the proposed wavelength mod‐
ulators. Additionally, within the modulation space, the 
wavelength manipulation inside the operating space differs 
from that outside this space. Specifically, for the reducer 

in Figure 9(b), the wavelength inside the operating space 
(r < a) is reduced to 1/2λ0, while that outside the operating 
space (a < r < c) is amplified to 2λ0 (= (c−a)λ0/(c−b)). For 
the amplifier in Figure 9(c), the wavelength inside the oper‐
ating space (r < b) is amplified to 2λ0, while that outside 
the operating space (a < r < c) is reduced to 1/2λ0 (= (c−b)
λ0/(c−a)). Therefore, a single modulator can function as a 
reducer and an amplifier simultaneously. Notably, the wave‐
length scaling ratios of the cylindrical waves can be con‐
trolled by the dimensional parameters a and b.

3.3  Scattering performance of the structure 
inside the modulated wave fields

The aim of wavelength manipulation of water waves is 
to achieve the target hydrodynamic performance of offshore 
structures. Therefore, the interactions between structures 
and the modulated waves must be investigated. In this study, 
the wave fields around a vertical cylinder with a radius of 
0.25 m, placed inside the modulators, were calculated.

First, the vertical cylinder arranged at the center of the 
wave field of the reducer, as shown in Figure 4(b), was 
considered. Notably, the no-flux boundary condition (∂η/
∂n = 0) is satisfied on the surface of the cylinder. In this 
case, the incident wavelength λ0 is 1.0 m. As shown in 
Figure 4 (b), using the reducer, the wavelength λ in the 
operating space (r < 1.0 m) is reduced to 0.5 m. Thus, the 
wavelength λ around the cylinder is 0.5 m. Figure 10(a) 
shows apparent scattering by the vertical cylinder. As shown 
in Figure 10(b), the wave distribution of the vertical cylin‐
der in an ordinary wave field was calculated to validate the 
manipulation of hydrodynamic performance by the reducer. 
The incident wavelength is set at λ0 = 0.5 m. Notably, the 
scattering wave field at r < 1.0 m (inside the black circle) 
is the same as that in Figure 10(a) despite varying wave 
fields outside the black circle. Assume that the wave field 
of λ = 0.5 m shown in Figure 10(b) is the target wave 
field, where the structure can effectively reach hydrody‐
namic performance. Therefore, the reducer can be used to 
modify the original wave fields (λ = 1.0 m) to the target 
wave fields (λ = 0.5 m) to reach good hydrodynamic per‐

Figure 8　Model set
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formance of the structure. Figure 10(c) represents the com‐
parison between the wave distribution of the vertical cylin‐
der in the modulated wave field and the ordinary (target) 
wave field. The upper and lower parts are the wave distri‐
butions of the reduced and the original fields, respectively. 
The scattering wave fields around the cylinder are the same. 
Based on energy conservation, the hydrodynamic charac‐
teristics of the cylinder in the two wave fields are the same.

Next, the vertical cylinder arranged at the center of the 
wave field of the amplifier, as shown in Figure 6(b), was 
considered. In this case, the incident wavelength λ0 is 1.0 m. 
As shown in Figure 6(b), using the amplifier, the wave‐

length λ in the operating space (r < 1.0 m) is amplified to 
2.0 m. Thus, the wavelength λ around the cylinder is 2.0 m, 
as shown in Figure 11(a). The wave distribution of the ver‐
tical cylinder in an ordinary wave field with λ0 = 2.0 m was 
also calculated, as shown in Figure 11(b). Figure 11(c) pres‐
ents a comparison between the wave distribution of the 
vertical cylinder in the modulated wave field and the ordi‐
nary wave field. Similar to Figure 10, the scattering wave 
fields around the cylinder are the same. Therefore, the pro‐
posed modulators can manipulate the water-wave wave‐
length to achieve the hydrodynamic performance of the 
offshore structure in the target wave fields.

Figure 9　Wave distributions of the following

Figure 10　Wave distributions of the cylinder

Figure 11　Wave distributions of the cylinder
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4  Conclusions

Manipulating the wavelength of water waves can help 
achieve the target hydrodynamic performance of offshore 
structures exposed to wave fields. In this study, annular 
wavelength modulators, including a reducer and an ampli‐
fier, were designed using the STM. A control method for 
the wavelength scaling ratios was proposed. The wave‐
length modulator and the control method for the scaling 
ratios were validated by investigating the wave distribu‐
tion (Re[η]/A). Subsequently, the manipulation of cylindri‐
cal waves by the modulators was investigated. Finally, the 
interactions between a vertical cylinder and the modulated 
waves were analyzed to demonstrate the hydrodynamic 
manipulation effects. The main conclusions of this study 
are as follows:

1) A wavelength reducer and a wavelength amplifier 
were designed using the anisotropic medium based on the 
STM. The dimensional parameters (a, b) were used to con‐
trol the scaling ratios n (= b/a) of the modulators. The wave‐
length λ (= 2π/k) at r < a for the reducer can be reduced to 
1/n of the incident wavelength λ0. Conversely, the wave‐
length λ at r < b for the amplifier can be amplified to n 
times the incident wavelength λ0. The wave distribution of 
the reducer and amplifier was calculated for three different 
scaling ratios. Notably, the wavelength can be arbitrarily 
reduced or amplified by adjusting the scaling ratios.

2) The wavelength manipulation of cylindrical waves 
by the annular modulators was investigated. A cylindrical 
wave was generated through the diffraction of plane waves. 
The modulator can also manipulate the cylindrical waves 
based on the wave distribution calculations of the modu‐
lated wave fields. Furthermore, for cylindrical waves, a 
single modulator can function as a reducer and an amplifier 
simultaneously.

3) The interactions between a vertical cylinder and mod‐
ulated water waves were analyzed. The wave distributions 
around the cylinder in the modulated wave fields and the 
equivalent ordinary wave fields were calculated. The results 
demonstrate that the scattering characteristics of the cylin‐
der in the modulated wave fields are similar to those in the 
equivalent ordinary wave fields. Based on energy conser‐
vation, the modulators can manipulate the wavelength to 
achieve the target hydrodynamic performance of the off‐
shore structure.

The proposed modulator can be used to reduce wave 
loads or structural motion and improve the power genera‐
tion of wave energy converters in ocean engineering. Addi‐
tionally, although the anisotropic medium required for the 
wavelength modulators does not naturally exist, an under‐
water artificial metamaterial will be constructed using 
homogenization theory to approximate the anisotropic 
medium in further studies.
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