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Abstract

This study proposes a numerically efficient technique for computing the far-field scattered by a spherical target placed near the seabed. The
bottom is supposed to be a homogeneous liquid attenuating half-space. The transmitter and receiver are situated at different points of a
homogeneous water half-space. The distances between the transmitter, receiver, and object of interest are assumed to be much larger than the
acoustic wavelength in water. The scattered far-field is ascertained using Hackman and Sammelmann’s general approach. The arising scattering
coefficients of a sphere are assessed using the steepest descent approach. The branch cut contribution is also considered. The obtained formulas
for the form-function can be used for acoustically rigid or soft scatterers, as well as elastic targets or spherical elastic shells. Numerical
simulations are conducted for an acoustically rigid sphere. Asymptotic expressions for the scattering coefficients allow a decrease in the number
of summands in the formula for the target strength and a significant reduction in computational time.

Keywords Scattering of acoustic waves; Spherical scatterer; Attenuating liquid bottom; Later wave; Target strength

1 Introduction

Acoustic scattering by a spherical target located near a
plane boundary is an important concern in various practical
applications. Many publications on this subject can be found
in (Gaunaurd and Huang, 1994; Gaunaurd and Huang,
1995; Huang and Gaunaurd, 1996; Hickling, 1964; Faw-
cett et al., 1998; Zampolli et al., 2008; 2009).

This study is devoted to computing the far-field scat-
tered by a spherical target near the attenuating liquid bot-
tom. This medium model regards such real phenomena as
bottom penetration by the acoustic waves. The scattered
field is ascertained using Hackman and Sammelmann’s
general approach (Hackman and Sammelmann, 1986;
Hackman and Sammelmann, 1988). This approach is based
on the 7-matrix formalism and is applicable for acoustically
rigid or soft scatterers, as well as elastic targets or spheri-
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cal elastic shells. In this study, numerical simulations are
conducted for an acoustically rigid target.

The total field scattered by a spherical target is repre-
sented as the sum of the solution in a medium without a
target and the summand describing the scatterer contribu-
tion. In turn, the scatterer contribution is the sum of sum-
mands—scattering coefficients. Each of these summands is
an integral with an integrand including special functions:
the Hankel spherical functions and the associated Legendre
functions. Along the infinite interval of integration, the
integrand of scattering coefficients is a slowly decreasing
and fast oscillating function. At the frequencies considered
in the numerical example in this study, the scatterer contri-
bution includes O (10°) scattering coefficients. As a result,
the computing of the far-field scattered by a spherical target
near the attenuating seabed becomes rather time consuming.

In this study, the scattering coefficients are assessed
using the steepest descent method (Brekhovskikh, 1980;
Brekhovskikh and Godin, 1990). The branch cut contribu-
tion is considered as well. The use of these asymptotic
expansions for the scattering coefficients and the addition
theorem for the associated Legendre functions enables a
decrease in the number of summands in the formula for
the scatterer contribution by approximately 10 times at the
frequencies considered in the numerical example. After
these transformations, the summands in the formula for
the scatterer contribution only include elementary functions
without their integration.

This numerically efficient technique for computing the
field scattered by a spherical target near the attenuating
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bottom and for the buried scatterer was proposed in (Grig-
orieva et al., 2016; Grigorieva et al., 2023) for the case
of echo-signal. In the present study, this technique is gen-
eralized to the case when the transmitter and receiver are
located at two different points of a homogeneous water
half-space.

An alternative and potentially attractive approach for
computing the scattering coefficients of a sphere is the
method of complex images (Nobile and Hayek, 1985; Faw-
cett, 2000; Fawcett, 2003; Fawcett and Lim, 2003; Och-
mann, 2004; Taraldsen, 2005). The complex image solu-
tion is based on the approximation of the reflection coeffi-
cients via a discrete sum of image point sources with com-
plex source point coordinates. This method offers validity
in the near field and the existance of a simple recursion
relation in frequency (Fawcett, 2003) for computing source
parameters.

This study aims to comprehensively investigate the far-
field scattered by a spherical target close to the attenuating
seabed. Thus, the present study is focused on the steepest
descent approximation of the scattering coefficients of a
sphere.

All computations and plots in this study are performed
using the computer algebra system Wolfram Mathematica.
For special functions, such as the spherical Hankel func-
tions or Legendre polynomials, the built-in functionality is
adopted.

The rest of the paper is organized as follows. In Section
2, we propose a numerically efficient technique for com-
puting the far-field scattered by a spherical target located
close to the seabed. In Section 3, the modeling of the target
strength is conducted and discussed. Section 4 summarizes
the relevant points. Section 5 elaborates on the conclusions.

2 Simulation of the total far-field scattered
by a spherical target located near the seabed

Throughout the entire study, the attention is restricted to
harmonic oscillations of constant frequency f. The com-
plex time dependence exp (iwt), with ¢ representing time,

i=v-1,andw =21 1, is factored out of the equations.

The origin of coordinates is placed at the center of a
spherical scatterer of a radius a. The Oz axis is directed
vertically upwards as shown in Figure 1. The scatterer is
immersed in a water half-space, which has a density p and
sound speed ¢ and occupies the half-space z> — b. The bot-
tom has a density p, and sound speed ¢, and occupies the
half-space z < — b. The weak attenuation in the bottom is
accounted for by introducing the complex sound index of
refraction

=S (1+i9),0>0 (1)

Cp
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Figure 1 Scattering geometry (not to scale)

A point source emitting the spherical wave with a cycli-
cal frequency w is located at the point M, of the water half-
space. The Cartesian and spherical coordinates of the point
M, are (x‘y, 0, 0), x, <0, and (ré, 6,9 ) where 6, = n/2 and
@, = . A receiver is located at the point M of the water
half-space. The Cartesian and spherical coordinates of the
point M are (x,0,z)and (r, 6, ¢ ), respectively, where x > 0
and ¢ = 0.

Using the method proposed by Hackman and Sammel-
mann (1986, 1988), the total scattered field @, can be
found as the sum of the source @, and scatterer @
contributions:

scat

dj = QS + gbscdt (2)

total

If z > z, then the source contribution is defined as

TqT (qlx-x1)

X(eih(z_z\)‘f‘ V(q)eih(z+2b+z\)) (3)

Here, J, is the zero-order Bessel cylindrical function, ¢

and h=h(q)=/k*- ¢* are the horizontal and vertical
components of the incident wave vector in water, and k =
w/c 1s the wave number. The coefficient of reflection from
the bottom ¥ (¢ ) (Brekhovskikh and Godin, 1990) is

_nh—-h,
(a)= @)

hy,=hy(q)=Jki - ¢ k,
wave number in the liquid bottom. The inequalities Im
h(q)=> 0 and Im h,(q) > 0 are assumed to be satisfied on
the complex ¢ plane.

If z, >z, then @ is defined by the equation derived
from Eq. (3) by swapping z and z,.

The scatterer contribution is defined as

scat . iT iAmI(r)Cm/(rs) (5)

m=0

where 1 = p,/p, = wlc, 1s the

In Eq. (5), T, represents the elements of the free-field
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T-matrix for acoustical scattering by the considered target.
These elements are found using the separation of variables
and applying the appropriate boundary conditions to the
spherical harmonics. For the acoustically rigid sphere of a
radius a, we have

"
T,=- 202 ©)
a

A (r)=il-met [ cosmco{ nei[4dq J(qlx|
! J 2 ! h

= cosmp{Al)(r) + A)(r) |

Here, ¢, =1 and ¢,, =2 for m > 1, J,, is the cylindrical
Bessel function of the mth order, and IT}'( x) represents the

normalized Legendre functions of the order / and rank m
(Bateman and Erdélyi, 1953):

17 (x) =

! m
S P

In this study, we use the single-scatter approximation
when Cm,( ) Aml( ) The full multiple scattering solu-
tion modeling the backscattered field from a thin air-filled
spherical elastic shell in a water half-space close to the
seabed was studied in (Sessarego et al., 2012).

If the scattered field is evaluated with the full multiple
scattering, then the coefficients le(rs) in Eq. (5) are found
using a linear system of algebraic equations (Hackman and
Sammelmann, 1986; Hackman and Sammelmann, 1988).
In this system, the coefficients are integrals with slowly
decreasing and rapidly oscillating integrands. As a result,
the computing of the coefficients Cm,( ) becomes rather
time consuming. Therefore, in this study, we consider the
single-scatter approximation.

The trancation level [ in Eq. (5) is set by a rule sug-

max

gested in (Kargl and Marston, 1990)
1
Loax = {ka + 4.05(ka)3} +3 ()

where [x] is the integer part of x. For a =0.3 m, ¢ =
1500 m/s, and f'= 60 kHz, Eq. (8) yields /_,, = 95. Thus,
for computing the scattered field (5), summing up more
than 4 500 summands is necessary.

The integral A'/)(r) (Eq. (7)) can be calculated in explicit
form (Hackman and Sammelmann, 1988):

AD(r) = ik /: AV (k)T (cos 6) )

Using the main term of the asymptotic expansion for

where j,(x) is the spherical Bessel function, A" is the
spherical Hankel function of the first kind, and the prime
marking the spherical functions indicates a derivative with
respect to the entire argument. The 7-matrix for a spheri-
cal elastic shell filled with air can be found in Appendix A
of (Grigorieva and Fridman, 2013).

The scattering coefficients of a sphere A4,,(r) are as
follows:

m h ihz T m h i +z
|)<11; (k) i !qT (qlx)v (q )Hz(;)eh(ﬂ’ )%

(7

1V(kr) as kr > 1, we obtain

(o
,41(,,‘5)(r)~l /%H,’”(cos@)e(k 2) (10)

Vv

The integral 4'%)(r) is calculated in explicit form only if
the reflection coefficient V( ) does not depend on q.

The integral representation of the scattering coefficients
(7) is valid for arbitrary frequencies and distances between
the observation point and the target. At frequencies of
interest of 40—60 kHz and distances of 50—100 m consid-
ered in this study, the integrand in (7) is rapidly oscillating
and slowly decreasing. This condition makes the straight-
forward calculation of the scattering coefficients rather
time consuming. To speed up the computation of the inte-
grals (5), we evaluate them using the steepest descent
method (Brekhovskikh, 1980; Brekhovskikh and Godin,
1999).

Following (Grigorieva et al., 2016), in the main approxi-
mation with respect to kr

AD(p)~(- l)m/ii{ﬂ?(cos@d)U(Hd)ei(k",l-7;) (11)

Here,
ro=Jx*+(2b+z2)°, 0, = arctan ——
d > 2b+z’
+
cosg,= 2L F= (12)
Ta
S — 1+ cod?
Ula)= 12222 molrcosa V(ksina) (13)

neosa +  n* — 1 + cos’a

Asymptotic formula (11) loses its meaning if n® -
sin’0, — 0. The reason is that the steepest descent method
assumes that the reflection coefficient U(a) is a slowly
changing function. Meanwhile, if the angle 6, is close to
the angle of the total internal reflection a. = arcsin c/c,,

@ Springer



1022

Journal of Marine Science and Application

then the first and the second derivatives of U (a) tend to
infinity.

In the region 6, > a., if ¢/c, < 1, then the two-valued-
ness of function U (&) needs to be considered. Owing to
this two-valuedness in the expression for 4'%)(r), an addi-
tional term A'?)(r) appears in the right-hand side of Eq. (11).
It corresponds to the branch cut contribution. The formula
for this term was obtained in (Grigorieva et al., 2016):

)y (gt giHT(cosﬁd)
A~ " (S TS

Xexp{ikrd cos(a. - 0,) -

(a*, Qd)
inl
45} (14)

where

2(a.0,)= 2n - (19)

n cosa*sined[sin(a* - Gd)]i

Formula (14) loses its meaning if 8, — a. and for

Ren — 1 because cosa.= /1 - sin*a, = /1 — (Ren)z.
As discussed in Brekhovskikh (1980), Brekhovskikh and
Godin (1999) for a classical lateral wave, it is possible to

prove that Eq. (14) is valid ifkrd(Hd - a*)z > 1.
For Aml(rS ), formulas similar to (9)—(15) can be obtained.

In this case, the following distances and angles appear:

e = | Xs |5 05:%’ rS,d:'\ x§+(2b)29
N _2
0, = arctan 2p €08 0,4= ", (16)

With the obtained asymptotic expressions for 4,,(r) and
Am,(rs ), the number of summands in Eq. (5) can be essen-

tially reduced with the use of the addition theorem for the
associated Legendre functions (Bateman and Erdélyi, 1953):

LT(l-m+1
P(cosg,)P(cosp,) + 2 z FEI - Z N 1;
m=1

P,’”(cos gol)
xP}'(cos ¢, ) cos mp

=P,(cosq)lcos¢2 + singolsingozcos/)’) (17)
where 0 < ¢, <m,0< ¢, <m, ¢, + ¢, <m, [ is a real num-
ber, P, is the Legendre polynomial of degree /, and I" is the

gamma-function.
For example, if 6, < a..and 8, , > a., then we obtain
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<Al )(r) + 4G () + A |

= A1) 4 f0D) g JUrd) 4 fa1) 4 gldd) 4 fldd) (1g)

Here,

20+ 1
dmrr

s

yen P(cos(0 + es))ei[k(rJrr\)‘nl} (19)

A(/;d)Nﬂ;lpl(cos(g - Gx’d) )U(e.v,d)eik(r+r\~") (20)

47trrx, p

. 20+ 1
A - dnkrr?, Pleos(0 =) )r(e-0..) 1)

X ei[kr +kro, Cos(a‘ B y""/) - 7[1]

2[ + 1 ik(r,+r,
A(d’”~mPl(cos(0d -0,))u(0,)e" ) (22)
21+ 1
) . P(cos(0,+0,,))u(0,)U(0,,)
Xei[k(rd+r\_(,)—nl} (23)
~d. 21+ 1
Alad) mﬂ(cos(ed + a*))x(a*,es’d)U(Qd)
Xei[kr’,-*-kr\“,cos(a.—9\_,,)] (24)
The source contribution (3) is evaluated as
B ] U(w,)e"™ (25)
¢ 4mR 4nR, d
where
R:|MMS = (x—xs)2+zz,
R, = /(x —xs)z +(z+2b)%,
¥, = arctan ;J: ;[; ,cos ¥, = z ;2b (26)
d

If ¥,> a., then the right-hand side of Eq. (25) needs to
be added a summand corresponding to the lateral wave
contribution ((15)):

_ 2nkR§X(a*,5”d)exp[ide cos(a* - S’/d” (27)

In the next section, the technique proposed above is used
for the modeling of the target strength.
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3 Numerical results for the acoustically rigid
sphere

The technique proposed in Section 2 is illustrated here
by considering an acoustically rigid scatterer of a radius
a=0.3 m. It is located in the water half-space z> - b
close to the attenuating liquid seabed z < — b, where b =15 m.
The origin of coordinates O coincides with the sphere cen-
ter (Figure 1).

The water has the following properties: p = 1 000 kg/m’
¢ = 1500 m/s. The bottom has the following properties:
p, = 1800 kg/m’® and ¢, = 1 600 m/s. In this case, the criti-
cal angle of reflection a. = arcsinc/c, = 1.2154 rad. The
receiver is located at the point M. The Cartesian and spher-
ical coordinates of this point are (x,0,z) and (7,6, ¢),
respectively, where ¢ = 0, 6 = 65° = 1.134 5 rad, and y =
50 myield z = 23.32mand » = |OM | = 55.17 m.

The attenuation in the bottom is considered by introduc-
ing the complex sound index of refraction (1) with 6 = 0.01.

A point source emitting a spherical wave with the cycli-
cal frequency o is located at the point M, of the water half-
space. The Cartesian and spherical coordinates of the point
M, are (xs, 0, 0) and (rs, a, gos), respectively, where x, =
- 100m, 0, = n/2, and ¢, = .

The total scatterer field @, is compared with the source
contribution @ (Eq. (2)) over the frequency band 40 < f'<
60 kHz using the technique proposed in Section 2. In this
case, the lateral wave component should be considered in

+
computing @ because ¥, = arctan 2+2b 1.352 2 rad >
d
X
a., and Aml(rs ), where 0, , = arctan |2[; =1.4711rad> a..

The quantities of interest are the source strength

| @src
TSsrc = 20 10g]()

(28)
| ref
and the total strength
| qjtotal
TS o = 2010gy, ‘ (29)
ref
with the effect of the spherical target scattering;
iR,
5 (30)

D .=
ref 41.[ R o

where R ; = ‘xo | = 100 m.

Figure 2 illustrates the scattering from the acoustically
rigid spherical target at x = 50 m. The dashed line corre-
sponds to TS, and the solid line to TS,

Approximate values of the source strength and the total
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Figure 2 Dependence of the source strength TS (dashed line) and

the total strength TS, (solid line) on ka at x = 50 m

total

strength obtained using (11)—(13) and (18)—(24) and the
exact values calculated using (3)—(7) for attenuating sandy
sediment are compared at several frequencies from the
inverval 55 < ka < 60. At all these points, the difference
between them is of the order of 10~°. Thus, the agreement
between the exact and asymptotic formulas is excellent.

To compute integrals 4'“)(r) ((7)) at a fixed point from
the interval 40 < /< 60 kHz, we start with the equality
obtained for the case V' = const in Hackman and Sammel-
man (1988):

A (r) = ik (- 1)“'"’/%Vh(,”(krd)ﬂ}”(cos 6,)

where r, and @, are given by (12). This equality allows
finding the step of integration and the length of the inte-
gration interval to provide the required accuracy. Then,
using these parameters, the integral A(,f,)(r) itself (see (7))
is evaluated.

In Figures 3-5, the coordinates x equal 30, 20, and 10 m,
respectively. Other parameters of the problem including
the angle ¢ and R ;= |x0‘ are the same as before. In all
these cases, the angle ¥, is greater than «.. Thus, in all
these cases, the lateral wave should be considered while
calculating @_.

In all the cases, x = 10, 20, 30, 50 m, the receiver is
located in the illuminated zone. Since the sphere is consid-
ered a rigid body, there is no wave propagating inside the

—~ _05 [ TS!olal """ Tsslc
g-10}

£-15

5-20

73—2.5

2 3.0/

3

27 A
4075658 60 62 64 66 68 70

Dimensionless frequency ka

Figure 3 Dependence of the source strength TS (dashed line) and

the total strength TS, (solid line) on ka at x = 30 m

total
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Figure 4 Dependence of the source strength TS
the total strength TS
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o (s0lid line) on ka atx = 20 m
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Figure 5 Dependence of the source strength TS (dashed line) and
the total strength TS, (solid line) on ka atx = 10 m

sphere (no elastic effects) and scattering problem reduces
to a simple reflection problem in the exterior domain for
the sphere. In this case, the received signal consists of
three components: the direct wave, the wave reflected
from the bottom, and the Franz creeping wave exited at
the sphere boundary between the illuminated and shad-
owed parts of the sphere.

The case of acoustic scattering by an elastic spherical
shell near the seabed was analyzed in detail in (Sessarego
et al., 2012). Herein, computational results are obtained
for a thin air-filled spherical elastic shell immersed in water
close to the seabed or to air/water interface. Computational
results obtained for the full multiple scattering solution are
compared with the model utilizing the single-scatter approxi-

mation in a wide frequency range of 0 < ka < 55. In this
frequency range, for a thin air-filled spherical shell the
main elastic contribution to scattering is due to the lowest-
order compressional wave which is the generalization of
the Lamb symmetric wave of a flat plate and due to the
subsonic mode of the first antisymmetric Lamb wave.
Strong resonance peaks produced by these waves in the
backscattered form-function are identified in numerical
modeling. As observed, when the object is close to the inter-
face, strong interactions due to these resonances can be
observed.

If the target is acoustically rigid, then both strengths
have a shape of oscillation curves. The period of oscilla-
tions decreases as x increases. For the source contribution,
the period of oscillations in ka is calculated as 2ma/ (R = R).

At x = 50 m, the periods obtained by this formula and
from Figure 2 are equal to 1.02 (the difference is less
than 107).

The effect of the target scattered field contribution results
in the shift of maximum values to higher frequencies at x =
10, 20 m and to lower frequencies at x = 30, 50 m. The
amplitude of oscillations TS, is larger than TS at x =
10, 20 m. At x = 30, 50 m, the situation is opposite. The
difference between neighboring maximal and minimal val-
ues of TS, and TS, decreases as x increases.

The computational results are summarized in Table 1.

The dependences TS, (dashed line) and TS, (solid line)
on distance x at ka = 58.4 (f'= 46.47 kHz) and 6 = 65° are
shown in Figure 6. The periods of oscillations of these
curves near x = 50 are the same and equal to 1.77 (the dif-
ference is less than 107°).

The dependencies TS, on ka are calculated at other
angles 6, of the source location: 4, = 30°, §, = 45°, § =
65° r, =100 m, R_; = 100 m, and x = 50 m. The case 6, =
90° is shown in Figure 2. The periods of oscillations of these
curves in ka increase as the angle 6, increases. These periods
are equal to 0.05, 0.06, 0.11. At 8, = 90°, the period of oscil-
lations in ka is equal to 1.02 (Table 1). The maximal val-
ues of TS, decrease as 6, increases.

Table1 Computational results for different locations of the receiver (coordinate x)
Compared parameters Strength x=10 x =20 x =30 x =50
2.16 1.59 1.30 1.02
. o . Source
Period of oscillations, in ka (1716) (1266) (1038) (809)
(in Hz) 2.16 1.60 1.30 1.02
Total
(1721) (1273) (1036) (810)
. . Source 0.46 -0.32 -1.04 -2.34
Maximal value near ka = 60, in dB
Total 1.87 -0.06 -1.10 -2.62
. . Source -2.36 -3.13 -3.84 -5.14
Minimal value near ka = 60, in dB
Total -4.73 -3.48 -3.70 -4.72
Difference between maximal and minimal values Source 2.81 2.81 2.80 2.80
near ka = 60, in dB Total 6.60 342 2.60 2.10
max TS, — max TS near ka = 60, 0.22 0.12 0.09 0.04
in ka (in Hz) (179) 94) (72) (30)
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Figure 6 Dependence of the source strength TS (dashed line) and
the total strength TS, (solid line) on distance x, 10 <x < 50 m at
the frequency /= 46.5 kHz (ka = 58.4); 6 = 65°

In Figure 7, the dependences TS, on ka are shown for
6, = 45° (solid line) and 6, = 65° (dashed line).

800 605 610 615 620
Dimensionless frequency ka

Figure 7 Dependence of the total strength TS, on ka for the
source located at the point MS(rS, 0., rc), where 7, = 100 m and 6, =
45° (solid line), and at the point M, when r =100 m, 0, = 65°
(dashed line). The receiver is located at the point M (7, 6, 0), where

r=55.17mand 0 = 65°

4 Discussion of the obtained results

The efficient method for computing the far-field scat-
tered by a spherical target near the seabed is proposed. The
bottom is supposed to be a homogeneous liquid attenuat-
ing half-space. The transmitter and receiver are situated at
different points of a homogeneous water half-space. The
distances between the transmitter, receiver, and target are
assumed to be much larger than the acoustic wavelength in
water. Reciprocal locations of the transmitter, receiver, and
target are unrestricted. In the computational example, the
source and receiver are located on the different sides from
the scattering sphere.

We follow Hackman and Sammelmann’s general approach
in calculating the far-field. The arising scattering coeffi-
cients of a sphere are evaluated using the steepest descent
method. The use of the obtained asymptotic expressions
also allows a decrease in the number of summands in the
formula for the scatterer contribution to the total scattered
field. For the numerical example investigated in this study
at f'= 60 kHz, the number of summands decreases from 4,
500 to 95 (by 45 times). Moreover, these summands only

include elementary functions without their integration.

The computational examples demonstrate the efficiency
of the presented technique. The total strengths calculated
using the proposed technique and the exact values of total
strengths calculated using (3)—(7) are compared at several
points from the interval 55 < ka < 60. At all these points,
the difference between them is of the order of 107. Thus,
the agreement between the exact and asymptotic formulas
is excellent.

The obtained asymptotic formula for the scatterer contri-
bution can be used for the elastic target or the spherical
elastic shell. In this case, it only requires replacing elements
of the free-field 7-matrix.

The computational examples show that the effect of the
target scattered field contribution results in the shift of
maximum values to higher frequencies. The amplitude of
oscillations TS, is larger than TS, at x = 10, 20, 50 m.
At x = 30, 50 m, the situation is opposite. The period of
oscillations decreases as x increases.

5 Conclusions

This study presents an efficient method for computing
the far-field scattered by a spherical target located near the
seabed. Reciprocal locations of the transmitter, receiver,
and target are unrestricted. In the computational example,
the source and receiver are located on the different sides
from the scattering sphere.

The technique is based on the evaluation of the arising
scattering coefficients of a sphere with the use of the steep-
est descent method. The efficiency arises from the avail-
ability to significantly reduce the number of summands in
the formula for the scatterer contribution to the total scat-
tered field. In addition, the integrals, which have slowly
decreasing and rapidly oscillating integrands, can be sub-
stituted with expressions that involve only elementary
functions.

The obtained formulas for the target strength can be
used for acoustically rigid or soft scatterers, as well as elas-
tic targets or spherical elastic shells. Numerical simula-
tions are conducted for an acoustically rigid sphere. Asymp-
totic expressions for the scattering coefficients allow a
decrease in the number of summands in the formula for
the target strength and a significant reduction in computa-
tional time.
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