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Abstract

This study investigates the effects of radiation force due to the rotational pitch motion of a wave energy device, which comprises a coaxial
bottom-mounted cylindrical caisson in a two-layer fluid, along with a submerged cylindrical buoy. The system is modeled as a two-layer fluid
with infinite horizontal extent and finite depth. The radiation problem is analyzed in the context of linear water waves. The fluid domain is
divided into outer and inner zones, and mathematical solutions for the pitch radiating potential are derived for the corresponding boundary valve
problem in these zones using the separation of variables approach. Using the matching eigenfunction expansion method, the unknown
coefficients in the analytical expression of the radiation potentials are evaluated. The resulting radiation potential is then used to compute the
added mass and damping coefficients. Several numerical results for the added mass and damping coefficients are investigated for numerous
parameters, particularly the effects of the cylinder radius, the draft of the submerged cylinder, and the density proportion between the two fluid
layers across different frequency ranges. The major findings are presented and discussed.
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1 Introduction

The dynamics of a two-layer fluid system, where one
fluid layer is separated from another by the density differ-
ence, are crucial for understanding complex phenomena
such as stratified turbulence and density-driven flows in
shallow water. This system frequently simulates environ-
ments such as estuaries, river deltas, and coastal regions,
where a denser fluid (seawater) is covered by a lighter, less
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» Here, we consider a two-layer fluid system with a cylindrical buoy
floating vertically in the upper layer and a cylindrical plate coaxi-
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dense fluid (freshwater). Researchers can gain insights
into wave propagation, pollutant dispersion, and mixing pro-
cesses by examining the wave interaction among these lay-
ers. Mathematical modeling and simulations of two-layer
fluids are crucial for predicting interactions between these
layers, which is necessary for effective environmental man-
agement, infrastructure design, and assessing the impacts
of climate change on coastal systems.

The study of pitch motion in a floating cylinder within a
two-layer fluid system is driven by a wide range of practi-
cal and theoretical interests. This phenomenon is essential
for enhancing the stability and design of marine structures,
such as floating wind turbines and offshore platforms,
which frequently interact with layered fluid environments.
The pitch motion refers to how the cylinder tilts and oscil-
lates around its y-axis in response to waves, offering valu-
able information on energy transfer efficiency and the
potential for resonance or instability. Furthermore, this
research contributes to the behavior prediction of such struc-
tures in real-world scenarios, where wave patterns and
fluid densities may vary. Thus, this research is crucial for
improving the performance and safety of marine engineer-
ing structures.

Providing considerable attention to hydrodynamic param-
eters when constructing offshore building projects is crucial
to ensure safety. Over the past few decades, most experi-
ments on wave loads and hydrodynamic properties for off-
shore buildings have focused on homogeneous fluid. How-
ever, due to variations in water depth, temperature, and
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salt saturation, the ocean often exhibits stratification with
layers of fluid of different densities. This stacking effect
may substantially affect how deep-sea platform devices are
used. Density stratification in aquatic environments can be
effectively modeled as a two-layer fluid system. Consider-
ing its uniform shape, the cylindrical floating body is a
structural form that is frequently used on different offshore
buildings. The separation of variables and eigenfunction
expansion methods can be applied to derive the analytical
solution for the hydrodynamic forces acting on such oscil-
lating structures using potential theory. Most previous
research on water wave problems has focused on homoge-
neous fluids.

Bhatta and Rahman (2003) provided a mathematical der-
ivation of the scattering and radiation phenomena associated
with a cylinder in water of finite depth. Wu et al. (2004)
introduced a wave energy apparatus comprising a floating
buoy attached to a base-mounted caisson. They also used
the separation of variables to generate mathematical solu-
tions for different hydrodynamic forces. Using the same
methodology, Wu et al. (2006) examined a different
wave energy apparatus comprising two vertical cylinders
with a common axis and varying radii. They employed
scattering and radiation potentials, acquired through the
eigenfunction expansion approach, to assess the exciting
forces/moments, as well as the hydrodynamic coefficients.
Shen et al. (2005) investigated a rectangular structure float-
ing on a free surface using a semi-analytical method to
explore the effects of a bottom sill on hydrodynamic coef-
ficients, wave forces, and reflection and transmission coef-
ficients. Martha and Bora (2007) conducted a detailed
investigation on the reflection and transmission coefficient,
focusing on the scattering caused by a seabed with tiny
undulations. Mohapatra et al. (2024) investigated a three-
dimensional mathematical hydrodynamic model connected
with surface wave radiation from a floating rectangular
box-type structure. Their study was based on small-ampli-
tude water wave theory and linear structural response in
finite water depths.

In contrast to studies on homogeneous fluids, investiga-
tions on two-layer fluids and their effects on wave forces
and hydrodynamic properties are still in their early stages.
Baines (1995) investigated the behavior of topographic
impacts on fluids with density layers in his work. Within a
stratified system, internal waves propagate through the
interface between fluid layers when disrupted. These inter-
nal waves have been observed to occasionally exert con-
siderable hydrodynamic forces on offshore buildings. Lin-
ton and Mclver (1995) examined the two-dimensional radi-
ation and diffraction problem in a two-layer fluid with an
infinite lower layer and a finite top layer. They found that
when a cylindrical object is positioned in the lower fluid
layer, no wave reflection of any frequency exists in such a
system. Cadby and Linton (2000) used the multipole expan-

sion method to address the wave scattering and radiation
problem of a sinking spherical object in a two-layer fluid
system with an infinite bottom layer. They found that two
different wave modes, namely surface and internal-wave
modes, are produced by water waves in a two-layer fluid.
Sturova (1999) studied the dense fluid motion induced by
an oscillating circular cylinder by applying the multipole
expansion technique. The multipole expansion approach
was applied in that study to address the scattering and radi-
ation problem of the internal wave arising from a mounted
cylinder to the movement of dense fluid. Du et al. (2001)
performed a comprehensive study on the development and
propagation of internal waves, which are common in the
ocean. Sherief et al. (2003) used a permeable wavemaker,
vertically immersed in a two-layer fluid with a free surface
on top, to compute a BVP for velocity potential based on
Taylor’s wavemaker theory. Using the boundary integral-
equation approach, Ten and Kashiwagi (2004) obtained
quantitatively conclusive results on the hydrodynamics of
a floating body in a two-layer fluid with restricted depth.
You et al. (2005) demonstrated the influence of density
stratification on the hydrodynamic characteristics of a large-
diameter cylinder.

You et al. (2005) examined the loads of reflection and
transmission waves using a narrow vertical barrier in a
two-layer fluid. They found that stratification drastically
affects reflection and transmission forces, especially when
the barrier is positioned in the interface. Shi et al. (2006)
used analytical calculations to determine the wave loads
and moments on a submerged rectangular box, demonstrat-
ing density stratification effects in a two-layer fluid. In a
two-layer fluid framework, where the upper fluid layer is
bounded by a free surface, and the lower fluid layer is
enclosed by an impermeable stiff bed, a cylindrical struc-
ture mounted at the bottom generates scattering waves of
only the corresponding mode of the incident wave. In con-
trast, the structure itself generates radiation waves of both
modes. Using the multipole expansion method, Das and
Mandal (2007) investigated wave scattering by a horizon-
tal circular cylinder in a two-layer fluid system, where the
upper layer is finite and covered by ice, while the lower
layer is infinite. They presented numerous effects of the
ice cover on reflection and transmission coefficients. You
et al. (2007) provided a theoretical model that had mathe-
matical formulas for calculating the added mass and damp-
ing coefficients, as well as the wave exciting forces acting
on a bottom-mounted circular cylinder. Shi et al. (2008)
calculated the hydrodynamic loads operating on a vertical
cylindrical structure submerged in a two-layer fluid sys-
tem. They found that the exciting forces on a cylinder
immersed vertically in a two-layer fluid also comprise the
hydrodynamic loads generated by incident waves of inter-
nal and surface wave modes. Shi et al. (2009) presented a
theory indicating that the oscillating movement of a sub-
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merged cylinder in a two-layer fluid generates two sepa-
rate modes of wave numbers: the surface wave and inter-
nal wave modes. Das and Mandal (2010) examined the
radiation problem for the sway and heave motions of a
submerged sphere in a two-layer fluid system comprising
a finite upper layer with an ice cover and an infinite lower
layer of salt water. They presented graphical results for
the hydrodynamic coefficients associated with this setup.
Mohapatra and Bora (2010) investigated the water wave
radiation problem by immersing a spherical object in a
two-layer, ice-covered fluid at a finite depth. Xu and Lu
(2010) introduced series solutions based on matching ei-
genfunction expansion to model the hydro-elastic interac-
tion of gravity waves associated with finite and semi-infi-
nite plates submerged horizontally in a two-layer fluid sys-
tem at finite depth. Koo (2010) developed a numerical
wave tank, which generated varying proportions of ampli-
tudes corresponding to the top and bottom elevations
across a range of parameters. The numerical wave tank
was based on the boundary element technique and was de-
signed to represent a two-layer fluid with an open surface
in the time domain. Mohapatra and Bora (2011) explored
water waves through a channel in a two-layer fluid with an
undulating bottom, investigating the reflection and trans-
mission coefficient associated with this setup. Mondal and
Sahoo (2012) found that the presence of floating ice sheets
does not influence the internal wave mode properties in a
two-layer fluid. However, the condensing force affects
the surface wave mode wave features in deep water. In
terms of higher-order boundary conditions derived from a
second-order PDE, Das (2015) considered a general prob-
lems involving density-stratified two-layer fluids with
ice covers. Abbas et al. (2021) studied the rotating flow
of a two-layer fluid comprising one viscous layer and a
magnetite-water ferrofluid in a channel using the perturba-
tion technique. Considering natural and industrial phenom-
ena involving the interactions of two fluid layers, Shah et
al. (2021) conducted a theoretical and experimental study
on the dynamics of two-layer viscous fluid flows over in-
clined surfaces. Barman et al. (2024) established a math-
ematical model to study gravity wave scattering in a two-
layer fluid using the matching eigenfunction expansion
method. Using the solution of the diffraction problem,
Neog and Hassan (2023) calculated the wave exciting
force and moment of a floating cylinder in a two-layer flu-
id within a bottom-fitted cylinder. They also examined the
impact of hydrodynamic forces on the surge radiation of
a submerged buoy in a two-layer fluid with an installed
second cylinder in Neog and Hassan (2024).

This study focuses on two coaxial cylinders in a two-
layer fluid system with a finite depth: one cylinder is bot-
tom-mounted, and the other is floating rotationally around
the y-axis. The authors believe that studies on two coaxial
vertical cylinders in a two-layer fluid with a finite depth
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using the applied methodology have not yet been con-
ducted. Wu et al. (2004) examined the diffraction and radi-
ation problems on such devices in a homogeneous fluid
only. The present study aims to provide contributions to
the understanding of wave phenomena, focusing on hydro-
dynamic coefficients associated with the pitch motion of
the device, in relation to various physical parameters.

Section 1 presents an overview of the importance and the
relevant literature of fluid structure interaction. Section 2
formulates the boundary value problem along with the
boundary conditions associated with the pitch motion of
the device in the two-layer fluid system. The entire fluid
domain is divided into two zones: interior and exterior
zones. Section 3 derives the analytical expressions of the
pitch radiating potential in both zones using the variable
separation method. The next step is to determine the values
of the unknown coefficients arising in the radiating poten-
tial using the matched eigenfunction expansion method.
Section 4 evaluates the added mass and damping coeffi-
cient related to pitch motion using linearized Bernoulli’s
equation to determine the forces on the device. Section 5
graphically presents their behavior for different sets of
parameters across a specific frequency range. Section 6
presents the conclusion, which discusses the results, impor-
tance, and future prospects of the present work.

2 Governing equation and applicable boundary
constraints

This study focuses on a two-layer fluid system, where
the upper fluid layer is bounded by an open surface on the
top, and the lower layer is confined by a hard, impenetra-
ble base at the bottom. The horizontal breadth of the fluid
layer is infinite. An interface separates the fluid layers. The
fluid densities of the top and bottom layers are denoted by
P P and hy, h,, respectively, corresponding to the respec-
tive depths. The ratio of the density p, /p, between the two

fluid layers is y, and the total depth from the open surface
to the hard base is 4, i.e., h = h, + h,.

This study explores the radiation problem caused by
small rotational pitch oscillations of a vertically submerged
cylinder that extends through the open surface, with a bot-
tom-mounted coaxial cylinder placed in the lower fluid
layer. Assume the presence of minute rotational pitch oscil-
lations at frequency w in the floating cylinder. The Carte-
sian system (x, », z) shows that the (x, y)-plane is aligned
with the unperturbed open surface and the z-axis is aligned
with the cylinder’s axis in an upward direction, as pre-
sented in Figure 1. Each fluid layer exhibits infinitely in
the horizontal directions of the x- and y-axes, whereas the
negative z-axis determines the depth of the considered
fluid system. The cylindrical coordinates (7, 6,z ) are con-
sidered, as illustrated in Figure 2, and determined as x =
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rcos#, y = rsinf and z = z. The radii of cylinders are rep-
resented as b, the draft of the upper cylinder is d,, and the
distance between the top of the mounted cylinder and the
open surface is denoted as d,. It is considered that the fluid
in both layers is inviscidand flows irrotationally, with grav-
ity inducing surface and internal waves with sufficiently
small amplitudes.

Figure 1
layers

Diagrammatic presentation of the device in both fluid

i 4

Figure 2 Consideration of polar and Cartesian coordinate systems

This study aims to investigate the rotating pitch motion
of the submerged cylinder. The pitch radiation potential is
depicted as follows:

(1 0,2.0) = Re[ gy (r,0.2)™] (1)

where i = /-1, and the sign Re denotes the real compo-
nent of the associated function. The superscripts s = 1,2
denote the upper and bottom fluid layers, respectively. The
function ¢}, s(r, 6, z) satisfies Laplace’s formula:

V2¢fad,5(r» 9,2) =0 2

That is,

i a2¢§ad,5 + 82¢iad,5

=0
r 06* 922

10 s
a( or )*

The aforementioned is the governing equation of the
suggested pitch radiation problem.

As stated by Wu et al. (2006), if the device under con-
sideration undergoes small pitch oscillation, then the radia-
tion velocity potential along with amplitude y{*) can be
divided as follows:

¢fad,5(ra 9,2) = _in(lx)(/”rvad,s(”:Z)COSH (3)

where ¢, 5(7,z) is the spatial radiation potential gener-
ated by the pitch oscillation motion of the floating cylin-
der. This BVP can be inverted into free from 6 by substi-
tuting Eq. (2) with Eq. (3); that is,

2 2
l a¢iad,5 + a (ols'ad,S + a (pls'ad,i _ (oiad,S

= 4
roor ar 0z r 0 @

Furthermore, the linearized boundary constraints can be
depicted as follows (Neog and Hassan (2024)):
* Open surface condition:

a(”:ad, 5

25 = Kl on 2= 0 )

» Hard-based bottom condition:
——==0,onz=-h (6)

* Interface conditions:

1 2
agprad,S — a(orad,S o
b

. P nz= -h, 7
a¢:ad awfad
y(aZS - ¢’rlad,5 = TS - Kq)fad,sv onz= —h; (8)

* Far-field condition:

a s
lim /r (Zr . iksoiad,s) =0 ©)

where g represents the acceleration caused by gravity, and
K = »’/g. Equations (7) and (8) denote the continuity of
pressure and normal velocity at the interface, respectively.
The problem domain is partitioned into two zones, as pre-
sented in Figure 1;

& ={(r0.2)]r>b,0e[0,21), ~h <z< 0} (10)

&={(rn0.2)|r<b,0e[0,2n), -d, <z <-d,} (11)
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(s, ext s, int

Consider ¢, ) and go(ra“) as the pitch radiated velocity
potentials that correspond to the exterior region &, and inte-
rior region ¢&,, respectively. These velocity potentials satisfy
the following body boundary conditions for the device,
particularly for the pitch rotational motion of the sub-
merged cylinder:

s, ext)

3(/’(rd5 ;
#:z,onr:b,m -d, <z<0 (12)
F (s, ext)

%=0,onr=b,in “h<z<-d, (13)

Along the z-direction in the interior region of the sub-
merged cylinder, two different kinds of body boundary
conditions are available, namely homogeneous and particu-
lar conditions, in terms of rotational pitch motion. The
homogeneous condition is given by:

and the particular conditions are given by the following:

s _ o

————=-r,on0<r<bh, inz=-d (15)
0z

a (S,int)

%:o,onosrsb,inz:—ar2 (16)

The rotational pitch motion of the submerged cylinder
yields two distinct wave numbers, namely k" and k{*,
which correspond to the surface wave and internal wave
modes, respectively, in the two-layer fluid system under
investigation. k" and k{* can be calculated by consider-
ing the positive roots of the subsequent dispersion rela-
tions (Neog and Hassan (2024)):

2
2£(1 + yrlrz)= 7, +t7,+ ,\/(rl + 12)2 - 461’11'2(1 + yrlr2)

gk
(17)

2
2%(1 + 77172): Tt - \/(Tl + 72)2 - 487172(1 + 77172)
(18)

where, 7, = tanh(khl),r1 = tanh (khl),andg =1-y

3 Rotational pitch potential
The separation of variables approach provides a mathe-

matical solution for pitch radiating velocity potentials in
either of the fluid layers in the relevant zones. The analyti-
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cal formulations of the pitch radiating potentials, namely
9V and ¢, are derived for the exterior region ¢, and
the interior region &,, respectively. The rotational pitch of
a two-layer fluid can be developed through two modes: the
internal wave mode and the surface wave mode. Thus, for
every fluid layer (s = 1,5 = 2) in the outer zone ¢, the
mathematical expression of the pitch radiating potentials
93 s analytically obtained as follows:

(ﬂ(r;&,e?)(”az) = Co,lgl(k(()])a ”)Z(S)(k(()l),z) +
Co  H (KD, r) 29k, z) +
C,.

K (KD, P) 200, 2) + (19

(=)

Nk

3

n

Cm’zlzl(k(z) r)Z“)(IE,(n”, z)

m 2
1

M

m

where the vertical eigenfunctions can be expressed as
follows:

2
%sinh(kz)+ cosh (kz)
Z0(kz)=—8 p (20)
cosh (kh, ){1 — £ tanh (kh, )
w

ZO(kz)=—2  cosh(k(z+h 21
(k2) gksinh(khz)cos (k(z+m) @b
~ HO(

and the radial eigenfunctions are (k" r):M,

H(k{",b)

()
I?l(k,(n’),r)=m, t=1,2,m=1,2,3,--- HY is the
Kl(kr(n[)ab)

first kind of Hankel function of order 1, and K, is the Mac-
donald function of order 1. k! = ik'", where k" and k»
can be computed from the subsequent dispersion relations:

CUZ

ZQ(I - yaloz) =

—{al +o,+ /(01 + 02)2 - 480'10'2(1 - yalaz)}
(22)

COZ

2&“ - yolaz) =

2
o, + 0, - ,/(01 + 02) - 480‘10'2(1 - yalaz)}
(23)
where o, = tan(khl), o, = tan(khz). In Eq. (19), radiating
waves are represented by the first two terms, while the

remaining terms represent the disturbing potentials of the
surface- and internal-wave mode modes, respectively.
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The velocity potential in the interior zone of the rota-
tional pitch motion comprises two parts: the homogeneous
solution and the particular solution, that is:

Pras) = Pis” T Prals”) (24)

Using the boundary condition given by Eq. (14), the

homogeneous part of the pitch radiated velocity potential
s, hom)

g™ is also derived through the same method in the inte-
rior region &,, which takes the following form:

Pl i () P9(02)  (25)

Using the corresponding boundary conditions mentioned
in (15) and (16), the particular solution is determined as
follows:

D|:r3— (z+d2)2r

8 2

- (1 - y)hzzr:I,

for the region -/, <z<-d,

D[’ﬁ_wﬁ_(l_},)

o5, z) =

8 2

for the region —d, <z<-h,

1
(dz - dl) - (1 - V)hz.

The vertical eigenfunctions Y ('g)( A, z) of Eq. (25) for the
respective fluid layers, i.e., s = 1 in the upper layer fluid
(-h,<z<-d,)and s = 2 in the lower fluid layer (-d, <
z<—h, ), can be respectively expressed as follows:

where D =

Y(”(k,,,z)=
1, n=0
sinh (1, (d, - ,))

h(A d)), n=1
COSh(xndz)smh(kn(dl_hl))cos ( n(z+ )) n
cos()»n(erdl)), nx=2

27)
YO(h,,z)=
), n=0
Sinh(k"(dl_hl)) cosh(X,,(z+d2))7 n=1
cosh(xndl)sinh(ln(dz‘hl))
MCOS(M(H@)) n>2
sin(k,,(dz—h]))
(28)

The radial eigenfunction R, (kn, r) can be expressed as:

r
3, n=20
Jl(an) n=1
R\, r)= 7(0b)’ (29)
Il(x"r) n=?2
1,(x,b)

where J, is the first kind of Bessel function of order 1, and
1, is the first kind of modified Bessel function of order 1.
Moreover, A, = 0, A, is the positive real root of the follow-
ing equation:

_ eghtanh(X(d, - h,))tanh (1 (d, - h,))
*tanh(%(d, - 4,)) - ytanh (r(d, - h,))

(30)
and for n = 2, A, is calculated by solving the dispersion
relation provided below:

_ sghtan(A(d, - h,))tan(r(d, = h,))
tan(A(d, = h,)) - ytan(1(d, - h,))

G

3.1 Matching conditions

The unknown coefficients in the rotational pitch poten-
tial are computed by applying matching criteria, which may
be derived from the continuity behavior of pressure and
velocity at the imaginary borders of the two zones defined
by Egs. (10) and (11). The imaginary borderline separating
the two zones is shown in Figure 1. In the imaginary bound-

(s, exl

ary line of the zones ¢, and ¢&,, either potentials ¢;75 and

.S mt

@15 fulfill these matching conditions as depicted below:

vcxt — vmt —
¢rad5 (pmdS H ln _dZ Sz S_dl’ r= b (32)

0, (-d, <z<0)
094y e
ol T e | o (Pdszsod) 63
r=>b r=b
Oa (_thg—dz)

3.2 Unknown coefficients

The observation indicates that the unknown coefficients
are C,,, and W, in the derived pitch radiating potentials in
exterlor and interior regions, the matching criteria provided
by Egs. (32) and (33) are used to compute these unknown

coefficients. Using the rotating pitch velocity potentials in
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the appropriate zones satisfying the matching requirements,
the following equations are obtained:

©

i Cm,IZ“’(kTm”,z) + > C,,2

m=0

(79.)-

Z (h,02) + ol (b,2),

\Zg_dl

(34
in the region —d,

and,

KC (K 6) 2. )
kPCo L H, (K, 0) 20K, 2) +

m 2

K0S, K (kD b)Z kD, 2) +

m=1

k<2>zcm K (K2 0) 20 (KD 2) =

0, -d, <z<0

(35)

ix W,R,' (A, b)Y (N,,z)+

2 lokr(r,2)]

r==b

=
[
=
n
N
n
[
U
8]

where &, = 1.

The values obtained throughout the relevant regions of
the matched boundary are integrated by multiplying orthog-
onal functions to Egs. (34) and (35). Additionally, series
summations are truncated to M + 1 and N + 1 items for
the left-hand and right-hand series, respectively. More-
over, 7(z) is defined as

(36)

First, 7(z)Y"(%,,z) (n=0,1,2,+++,N) is multiplied
on both sides of Eq. (34), and then integration is conducted

over the zone —d, < z < —d,. Once the series summations

are truncated, all the unknowns are shifted to the left side
of the equation, yielding the following:

o { } + e { } -
[C"’"](N+1)<M+1> Cotfara [c"’”](NH)(MH) Cn2fys,

{W”}NH - {e”}N+1

(37)
where
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]17 : 7,2 YW\, z)dz
J (z)Z“(k” )(J( )

o) = -d
" i 2 (38)
[n) [¥9(0n,.2)]
~d,
W = KL HD = &)
form=0,1,2,3,:--, M, and
_d‘
[ ()Y, 2) (b, 2) dz
e, =" (39)
2
fn(z)[Y(”(k ,z)} dz
-d,

2) () 29D, 2} n(z)
290k, 2), n(2)2(kD,z), and (m=1,2,3,+-,M) on

both side of Eq. (35) and operating integration over —/ <
z < 0, the second truncated series can be obtained as follows:

{Cm"}MH - [W(r;’)l}(M-v- (N + I){W"}N+1 - { "St)}M+l (40)

where t = 1, 2, and,

By multiplying #(z) Z' S)(k

[0 29k 2) 2 o2 e
1o)== ; S o))

KOH (k. B) [ ()] 29k, 2)]

-h

o j{in(z)zm(@’ ) 9 [go(rjdpgn)(r,z)] ’_:bdz
k»(nt)K ,,, , fﬂ(z)[ 7 k(t )j|2dZ (42)

—h

m=1,2,3, M

-d,
MR/ (0, [ () 2050, 2) 71, 2) e

(1) — -4
wy, = — (43)
’ kSH (K, B) N

-d,

MRy () [ () 20k, 2) 701, 2) e
(1) = s 44
o KK (KD, b) NG @

m=1,2,3,-M

0

N = [n(2) 20k, 2 )] dz,m =0,1,2,3, -+,

~h

M (45)
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(s, ext) s, int)

The pitch radiating potentials ¢ ;"5 and (prad 5’ in the cor-

responding zones may be completely obtained by solving
the matrices given by Egs. (37) and (40).

4 Evaluation of hydrodynamics coefficients

The hydrodynamic coefficients associated with rotation-
al pitch motion, such as the added mass and damping coef-
ficients, can be derived using a linearized Bernoulli’s equa-
tion, which is based on hydrodynamic pressure and radiat-
ing force, as indicated below (Shi et al. (2009)):

0 2n
o+ %5 = b ff 2p,(2) @l (b, z)(~cos’0) dOdz -
v 46
b 2n ( )
p.(d, )f f o (1, —d, ) r*cos*0d6dr
where,
P, —h<z<0
= 47
P.Y(Z) {Pz, Ch<z<-h 47)

The notation u,; and A, represent the additional mass
and damping coefficient, respectively, generated by the
rotational pitch oscillation of the submerged cylinder. By
substituting the values of ¢%(b,2) and ¢\5")(r, -d, ),

and evaluating the integrals, the following is provided:

0

A
Mss + lf: _nbplf

-d,

Z%Co,lzwksw,zw

CorZV(k, 2

zc Z(”( 1)’)

m=1

b

Semt z>}dz-npl -

0

sinh(1,(d, - h,)) . (48)

P (dy-d)r
s 2

that is,

Uss + i% = _nbpl[C(),]D*(k(()l)) + C(),zD*(k(()Z)) +

S () 3 a0 (i9)] -

m=1

3 sinh(A,(d, — &
Sl st
104 lcosh(k]dz)sinh(xl(dl—h]))

2 b (b v 1,(b),) 2
=7 + S w, +
(xf MJ( 2 (k 1,(b1,) xz)
b4(12(1 - y)h2d1 ~6(dy-d,) + bz)

b 48
(49)
where,
D (k)=
K K (K §
{(k—l)dlk—(k+1)}e”“+(k+1)(d1k+1)ed*"_
2k K

cosh (kh,) l—ktanhkhl
et - e |

and J, is the first-kind zero-order Bessel function, and 7, is
the first-kind zero-order Modified Bessel function.

Furthermore, the study on wave quantity, i.e., the reflec-
tion and transmission coefficients, must consider the scat-
tering problem of the device. The incident wave potential
is taken as shown below to consider the scattering problem
(Neog and Hassan (2023)):

ial k9 o

¢1nc( ) _Za(a()))gZ(S)(k(()t)»Z)zg/illll(k(()t)r)cos 10
=0

(50)

where g,=1,¢,=2 for /> 1,and J,(/ = 0, 1,2, --+) are the

Bessel functions of the first kind of order /, and a(k{") is
given by

a(ké’)):

1 gk(l)
a (k" )cosh (k" h, )1 - ="—tanh (k{"h,){, fort=1

w

a%”(kéz)), forz=2
(51
where a((k{") and a{( k") are the amplitudes of the free
surface and interface, respectively, due to the incident wave
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of mode ¢. Eq. (50) can be rewritten as mentioned in Lin-
ton and Maclver (2001):

; (1)
gt -2V 2o e o

The total potential of the outer zone ¢&,, which is the sum-
mation of incident potential ¢!} and diffracted potential

¢, is denoted by ¢:) and defined as follows:

¢£gt)%il(r’ 6’ Z) =

i (1) w
_7“1(]‘0 )g &' cos lH{J,(ké’)r)Z(“)(ké’),z) +

S

)2k, 2) +
)Z("’( k2, Z) + (53)

injt’ ”]?,(k;”, r)Z(S)(Ejm, z) +
S P4 )2 (.|

where H" (1=0,1,2,3,--+) are the Hankel functions of
the first kind of order /, and K, (1=0,1,2,3, -+-) are the
modified Bessel functions of the second kind of order /.
When the wave train passes through the structure, then one
part is reflected, and the other part is transmitted. The
ratios of the amplitude of the reflected and transmitted
wave to that of the incident wave are termed reflection and
transmission coefficients, respectively. Shen et al. (2005)
and Mohapatra et al. (2024) found that the reflected wave
is equal to the diffracted wave along the direction x — — oo,
while transmitted wave is equal to the diffraction wave
along the direction x — o plus that of the incident wave.
Notably, two modes of diffraction potential corresponding
to two wave numbers, namely k" and k{*, are available.
The reflection and transmission coefficients due to the dif-
fraction wave of mode ¢ are denoted by Rt and Tt, respec-
tively. Thus, reflection and transmission coefficients for
the wave mode k(" can be obtained due to the incident
wave of surface wave mode as

2
RI=| 2w (54)
Hy(k{Va)
(1,1)
Ti=|1+-Ffw (55)
Hy(k{"a)

Similarly, the reflection and transmission coefficients
for the wave mode k{* due to the incident wave of surface
wave mode can be obtained as follows:

@ Springer

(1,2) ) _ gkél) )
P cosh (k{"h, )11 " tanh (k"h, )

RD = w
H (k@ ) gky” )
o(kPa)cosh (ki) l—7tanh(k0 h,)
(56)
(1.2) (1) gky” (1)
Py cosh(k0 hl) 1—7tanh(k0 hl)
T2=|1+

(2)
Ho(kgﬂa)cosh(k(gﬂhl){l —&tanh(kg”hl )}

CO2

(57)

5 Numerical results

(s, ext

The expressions of the radiating potentials (¢, ) and

s, int

(0(rad,5>) obtained in the exterior and interior zones reveal
that the effects of various parameters on the added mass
(us5) and damping coefficient (1) can be investigated using
Eq. (46). The effects on xs and 1.5 due to parameters, such
as radii of the contemplated cylinders (b), the draft of the
submerged cylinder (d,), and the density proportion, on
both fluid layers (y), are observed. Herein, some numeri-
cal findings for uss and A5 with respect to the mentioned
parameters over a frequency range are presented. In each
of the cases, np,b*h* and newp,b*h* are used to nondimen-
sionalize correspondingly the added mass and damping
coefficients, respectively, while nondimensionalizes the
angular frequency.

5.1 Convergence study

Notably, the linear system in Eqs. (37) and (40) was
truncated during the solution process. The computation
results for nondimensionalized added mass and damping
coefficients corresponding to different angular frequencies
with a certain number of truncated terms on the base of
obtained mathematical solutions are displayed in Tables 1
and 2. The tables indicate that this solution trend is
approaching convergence. Truncation of up to 30 items
reveals an accuracy of up to seven digits after decimal.

5.2 Validation

The findings of this study are compared with results
previously established by Shi et al. (2009), where the lower
cylinder was absent, for validation. Consequently, the
model measurements must be re-computed to obtain the
same geometrical structure. The new parameters that are
considered are as follows: b =(5/10)h, d, =(5/10)h,
d, =(9.999999 9/10)h, y = 0.97. Using this set of values,
Figures 3 and 4 compare the results of the present work
with the established outcomes of Shi et al. (2009). The
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Table 1
(40), where i,:h,=7:3,y=0.97,b:h=1:2,and d,:d,=5:8

Convergence analysis of the nondimensionalized added mass x5 due to pitch oscillation for various iteration counts in Egs. (37) and

o[t (M+1,N+1) s o 2 (M+1,N+1) fss
Jg V8

(5. 5) 0.479 863 42 (5.5) 0.017 639 63
(8, 8) 0.485 923 85 (8. 8) 0.016 432 57
0.06 (12, 12) 0.493 466 01 025 (12, 12) 0.015 593 48
: (16, 16) 0.493 518 74 ‘ (16, 16) 0.015 589 53
(22,22) 0.493 518 76 (22,22) 0.015 589 56
(30, 30) 0.493 518 76 (30, 30) 0.015 589 56
(5, 5) 0.015 778 45 (5.5) 0.016 537 83
(8, 8) 0.016 345 86 (8. 8) 0.018 485 62
0.53 (12, 12) 0.016 554 67 0.7 (12, 12) 0.019 645 73
: (16, 16) 0.016 555 11 ' (16, 16) 0.019 626 38
(22,22) 0.016 555 23 (22,22) 0.019 626 45
(30, 30) 0.016 555 24 (30, 30) 0.019 626 45
(5,5) 0.027 658 39 (5.5) 0.034 945 38
(8, 8) 0.024 587 36 (8. 8) 0.032 547 68
106 (12, 12) 0.023 264 95 |50 (12, 12) 0.030 549 53
: (16, 16) 0.023 265 86 ' (16, 16) 0.030 548 74
(22,22) 0.023 265 75 (22,22) 0.030 548 68
(30, 30) 0.023 265 75 (30, 30) 0.030 548 67
(5.5) 0.010 385 64 (5.5) 0.008 534 80
(8, 8) 0.009 564 37 (8.8) 0.008 197 20
- (12, 12) 0.006 359 33 538 (12, 12) 0.006 491 01
: (16, 16) 0.006 361 23 ' (16, 16) 0.006 473 44
(22,22) 0.006 360 58 (22,22) 0.006 473 46
(30, 30) 0.006 360 58 (30, 30) 0.006 473 46
(5. 5) 0.006 174 82 (5.5) 0.009 215 26
(8, 8) 0.006 729 57 (8.8) 0.008 863 27
564 (12, 12) 0.007 468 67 317 (12, 12) 0.008 637 08
: (16, 16) 0.007 466 38 ‘ (16, 16) 0.008 636 57
(22,22) 0.007 466 34 (22,22) 0.008 636 49
(30, 30) 0.007 466 34 (30, 30) 0.008 636 48

added mass and damping coefficient show good agreement,
validating the current findings.

The quantitative findings of added mass and damping
coefficients considering a range of cylinder radii, such as
b/h =5/10,4.8/10, 4.6/10, are displayed in Figures 5 and 6.
As shown in Figure 5, added mass is substantially larger in
initial frequencies, but a steep decline is observed near the
0.5 point. A high radius exhibits a large added mass. The
cross-sectional area exposed to the water and the pressure
force distribution is affected by the radius of the cylinder.
A large radius results in the displacement of additional fluid
when the cylinder undergoes pitch motion, which increases
the added mass. This phenomenon is due to a large radius,
which generally indicates a large wetted area. In contrast, as
shown in Figure 6, the damping coefficient initially increases
sharply with frequency and then oscillates and gradually
diminishes as the frequency continues to rise. The wave
patterns produced by the pitch motion are influenced by a
large radius because it increases the wetted surface. An
increase in hydrodynamic damping may be attributed to this

condition. The wave-making resistance acting on the cylin-
der determines the effect of damping coefficients. A large
radius enables the use of additional surfaces for energy dis-
sipation, thereby enhancing the damping coefficient.
Figures 7 and 8 demonstrate the graphical behavior of
added mass and damping coefficient, respectively, in terms
of multiple values of the draft of the floating cylinder, that
is, d,/h = 5/10,4.5/10,4/10. In this case, added mass and
damping coefficient demonstrate a similar trend, but a
greater draft notably possesses greater added mass and
damping coefficient. The volume of the submerged portion
of the cylinder is influenced by the draft. The added mass
due to pitch motion is related to the amount of displaced
water volume surrounding the cylinder, thereby requiring
acceleration. With an increased draft, a larger portion of the
cylinder is submerged, causing the acceleration of addition-
al fluid due to the cylinder motion, generally resulting in an
increase in the added mass. Similarly, a larger submerged ar-
ea of the cylinder increases its contact with the surrounding
water, leading to more energy dissipation. Therefore, a
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Table 2 Convergence analysis of the nondimensionalized damping coefficient 155 due to pitch oscillation for various iteration counts in Egs. (37)

and (40), where 4, :h,=7:3,y =097, b:h=1:2,and d,:d,=5:8

7 7
® /ﬁ (M+1,N+1) Jss ® “/‘ﬁ (M+1,N+1) Ass
N g A g
(5,5) 0.014 778 94 ,5) 0.029 679 32
(8, 8) 0.015 765 38 (8, 8) 0.031 563 28
0.06 (12, 12) 0.016 201 03 025 (12, 12) 0.032 503 58
: (16, 16) 0.016 235 83 ' (16, 16) 0.032 504 73
(22,22) 0.016 235 67 (22,22) 0.032 504 65
(30, 30) 0.016 235 67 (30, 30) 0.032 504 65
(5,5) 0.025 498 32 ,5) 0.010 538 74
(8, 8) 0.022 379 84 (8, 8) 0.009 275 63
0.53 (12, 12) 0.021 207 72 0.7 (12, 12) 0.008 716 22
: (16, 16) 0.021 208 37 ‘ (16, 16) 0.008 714 76
(22,22) 0.021 208 53 (22,22) 0.008 714 68
(30, 30) 0.021 208 53 (30, 30) 0.008 714 68
(5,5) 0.011 975 37 ,5) 0.012 664 87
(8, 8) 0.010 861 26 (8, 8) 0.014 512 98
o6 (12, 12) 0.010 564 66 Lo (12, 12) 0.014 995 66
: (16, 16) 0.010 563 93 : (16, 16) 0.014 996 14
(22,22) 0.010 563 91 (22,22) 0.014 996 21
(30, 30) 0.010 563 91 (30, 30) 0.0149 96 21
(5, 5) 0.012 264 83 ,5) 0.007 154 96
(8, 8) 0.011 136 59 (8, 8) 0.005 659 41
)1 (12, 12) 0.010 38797 538 (12, 12) 0.004 379 69
: (16, 16) 0.010 388 42 ‘ (16, 16) 0.004 380 27
(22,22) 0.010 388 38 (22,22) 0.004 380 16
(30, 30) 0.010 388 39 (30, 30) 0.004 380 16
(5,5) 0.002 734 61 ,5) 0.000 768 44
(8, 8) 0.001 963 95 (8, 8) 0.000 437 51
564 (12,12) 0.001 619 42 . (12, 12) 0.000 347 25
: (16, 16) 0.001 618 78 ‘ (16, 16) 0.000 347 63
(22,22) 0.001 618 92 (22,22) 0.000 347 72
(30, 30) 0.001 618 93 (30, 30) 0.000 347 72
0.0, = 0067
I o I, = gl
£008} i Mk < oo f y
3 ! o IR
3 i o i
2 ! £ 004§ 3
<006 & i
s ¢ k= i3
: [ 5003k}
20041 e N %
g a T, : o002} 3
g T 2
Z0.02 1 5 B e
) ) ) ) ) ) 5 San
0 05 10 15 20 25 30 “ T

Nondimensionalized angular frequency

Figure 3 Comparison between the added mass calculated in this
study and the SHI et al. (2009) result at b = (5/10) h, h;: h, = 7:3,
d, =(5/10) h, d, =(9.999 999 9/10) h, and y = 0.97

deeper draft generally leads to greater hydrodynamic damp-
ing. Additional fluid is involved in the motion; thus, a large
draft might eventually result in large damping.

The visual findings of added mass and damping coeffi-
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0 0j5 le 115 2f0 2j5 3.0
Nondimensionalized angular frequency
Figure 4 Comparison between the damping coefficient calculated
in this study and the SHI et al. (2009) result at b = (5/10) h, h,*h, =

7:3,d,=(5/10) h,d, =(9.999 999 9/10) h, and y = 0.97

cient in terms of different proportions among the fluid lay-
ers, such as y =0.97,0.95,0.93, are shown in Figures 9
and 10. Figure 9 reveals that added mass is slightly larger
when the upper layer, where the cylinder undergoes oscilla-
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Figure 5 Added mass against angular frequency considering different
cylinder radius values (y = 0.97, h,:h,=7:3,d,:d,=5:8)
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Figure 6 Damping coefficient against angular frequency considering
different cylinder radius values (y = 0.97, h,:h,=7:3,d,:d,=5:8)
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Figure 7 Added mass against angular frequency considering different
draft (d,) values (y = 0.97, b= (5/10) h, h,:h,="7:3, d, = (8/10) h)

tion in pitch motion, has a higher density; that is, the value
of y is higher. The added mass exhibits high values at low
frequencies and small density ratios, especially when the
cylinder encounters additional water. However, Figure 10
shows that the damping coefficient is substantial when the

0.04r
..... d /h=5.0/10
o ——d,/h=4.5/10
0.03+ :; N d,/h=4.0/10

0.02}i:

0.01}

Nondimensionalized damping coefficient

0 05 10 15 20 25 30 35
Nondimensionalized angular frequency

Figure 8 Damping coefficient against angular frequency considering
different draft (d,) values (y = 0.97, b = (5/10) h, b, h,=7:3,d, =
(8/10) h)

0.10
0.08
0.06
0.04+

0.02+

Nondimensionalized added mass

0 05 10 15 20 25 30 35
Nondimensionalized angular frequency

Figure9 Added mass against angular frequency considering different
density ratio () values (d,:d,=5:8,b=(5/10) h, h,*h,=17:3)

0.04
0.03} i \\:

0.021

0.01}

Nondimensionalized damping coefficient

0 0.5 1.0 15 20 25 30 35
Nondimensionalized angular frequency

Figure 10 Damping coefficient against angular frequency taking into
account different density ratio (y) values (d,:d,=5:8, b = (5/10) h,
h,thy,=17:3)

density proportion is minimal, and increased disturbance oc-
curs in the flow.
All studies discussed thus far have observed that added

@ Springer



996

Journal of Marine Science and Application

mass is high at low frequencies and decreases at high fre-
quencies. At low frequencies, the damping coefficient shows
a sharp oscillatory tendency; at high frequencies, this coef-
ficient approaches zero.

Eqgs. (54)—(57) enables the graphical presentation of
reflection and transmission coefficients in terms of certain
parameters. Figure 11 shows the reflection and transmis-
sion coefficients with respect to the wave mode corre-
sponding to k" due to the incident wave of surface wave
mode. In contrast, Figure 12 represents the same with
respect to the wave mode corresponding to k(> against non-
dimensionalized frequency for different draft (d,) values,
that is, d,/h = 5/10,4.5/10,4/10. In both cases, the other
parameters are considered: y = 0.97,b = (5/10)h, h,:h, =
7:3 and d, =(8/10) Ah. Figures 11 and 12 indicate that reflec-
tion coefficients increase for structures with larger drafts,
whereas transmission coefficients follow an opposite trend.

0.2}

1.0, S
3 \
< 0.8+
8
5 ——d /h=5.0/10
2061 == d /h=4.5/10
- d,/h=4.0/10
g
504}
k=]
E
=}
=
E
=
Q
[

0 05 10 15 20 25 30 35
Nondimensionalized angular frequency

Figure 11 Reflection (R,) and transmission coefficients (7)) against
angular frequency for wave mode k" due to the incident wave of
surface wave mode with different drafts (y = 0.97, b = (5/10) h, h,: h, =
7:3,d,=(8/10) )
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2
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Figure 12 Reflection (R,) and transmission coefficients (7,) against
angular frequency for wave mode k{* due to the incident wave of
surface wave mode with different drafts (y = 0.97, b = (5/10) h, h,: h, =
7:3,d,=(8/10) h)

@ Springer

6 Conclusion

This study focused on a two-layer fluid system compris-
ing a rigid bottom and an open surface on top. Two geo-
metrical structures are considered: one is a bottom-mounted
cylinder positioned in the lower fluid layer, and the other
is a submerged cylinder in the upper fluid layer. The pitch
radiation wave is produced by the rotating pitch oscillations
of the submerged cylinder around the y-axis. The mathe-
matical solution for the pitch radiating potential is derived
by conducting the separation of variables and the eigen-
function expansion approach. These methods have two pri-
mary limitations: i) these methods can be applied only in
the linear and homogeneous partial differential equations;
ii) these methods are optimal only for simple geometrical
structures. The pitch oscillatory motion in this type of two-
layer fluid system results in two separate radiation wave
modes, namely, the surface- and internal-wave modes on
the open surface and interface, respectively. The effects of
density proportion between the fluid layers are discussed,
and numerical results of hydrodynamic coefficients, that is,
added mass and damping coefficient, are graphically illus-
trated for numerous values throughout a frequency range.
These findings demonstrate that density stratification in a
two-layer fluid system affects the damping coefficient and
added mass of an oscillatory body. The hydrodynamic
forces influence the movement of the floating cylinder.
The device investigated in this study can be regarded as a
point absorber, which comprises a cylindrical buoyant sec-
tion that moves relative to a mounted caisson. The hydro-
dynamic forces also induce movement to the buoyant sec-
tion. This movement relative to the base is converted to
mechanical energy using hydraulic pumps or mechanical
linkages. Mechanical energy is transferred to a generator
or hydraulic system. In hydraulic systems, the movement
drives a hydraulic pump, and the pressure of the hydraulic
fluid can be used to drive a turbine or generator. These
hydraulic cylinders or generators are employed for electric
energy production. Therefore, the physical factors exam-
ined in this study should be considered when creating or
designing an efficient wave energy device that can extract
the maximum amount of power. Several promising direc-
tions are presented for future development of this work:

i) The present study could be extended by considering
different radii for both cylinders, introducing a new research
problem.

ii) The solid cylinders investigated in this study could
be replaced with porous structures.

iii) The entire study is based on linear water wave theory.
Thus, future research could explore the nonlinear case.
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