
Journal of Marine Science and Application (2025) 24: 682-707
https://doi.org/10.1007/s11804-024-00511-5

RESEARCH ARTICLE

An Axisymmetric Adaptive Multiresolution SPH for Modeling Strongly 
Compressible Multiphase Flows

Lehua Xiao1,2 and Ting Long1,2

Received: 10 March 2024 / Accepted: 10 May 2024
© Harbin Engineering University and Springer-Verlag GmbH Germany, part of Springer Nature 2024

Abstract
Multiphase flows widely exist in various scientific and engineering fields, and strongly compressible multiphase flows commonly occur in 
practical applications, which makes them an important part of computational fluid dynamics. In this study, an axisymmetric adaptive 
multiresolution smooth particle hydrodynamics (SPH) model is proposed to solve various strongly compressible multiphase flow problems. In 
the present model, the governing equations are discretized in cylindrical polar coordinates, and an improved volume adaptive scheme is 
developed to better solve the problem of excessive volume change in strongly compressible multiphase flows. On this basis, combined with the 
adaptive particle refinement technique, an adaptive multiresolution scheme is proposed in this study. In addition, the high-order differential 
operator and diffusion correction term are utilized to improve the accuracy and stability. The effectiveness of the model is verified by testing 
four typical strongly compressible multiphase flow problems. By comparing the results of adaptive multiresolution SPH with other numerical 
results or experimental data, we can conclude that the present SPH method effectively models strongly compressible multiphase flows.

Keywords  Axisymmetric smooth particle hydrodynamics; Adaptive multiresolution scheme; Strongly compressible multiphase flows; Shock 
wave; Underwater explosion

1  Introduction

Multiphase flows are prevalent in numerous applica‐
tions in the scientific and engineering fields. Theoretical 
and experimental methods are important tools for investi‐
gating multiphase flow problems and have achieved con‐
siderable success. Various theoretical and experimental 

research results have been obtained for multiphase flow 
problems. Petalas and Aziz (2000) presented a new mechan‐
ical model applicable to all pipe geometries and fluid prop‐
erties and proposed new empirical correlations for the fric‐
tion coefficients at the liquid/wall and liquid/gas interfaces 
in stratified flows. Nazeer et al. (2021) conducted a theo‐
retical study of the flow of a rheological fluid containing 
two types of nanoparticles in a steep flow channel and 
compared the flow dynamics of Casson multiphase flow 
and Newtonian fluid suspension flow. Marrone et al. (2011b) 
investigated the wave patterns generated by a high-speed 
elongated ship with a sharp stem and verified the reliability 
of the study by comparing its results with the results of a 
series of experiments on the high-speed bow-breaking 
problem based on the Athena model ship conducted at the 
Institute of Marine Engineering-National Research Coun‐
cil Rome (CNR-INSEAN) Towed Pool Laboratory. Cui 
et al. (2016) conducted a series of small-charge underwa‐
ter explosion experiments to investigate the behavior of 
bubbles under gravity and various boundary conditions. 
Zhang et al. (2015) generated bubbles with an enhanced 
buoyancy effect by discharging them in a low-pressure 
tank to analyze the dynamics of large bubbles affected by 
different buoyancy effects. Despite the availability of vari‐
ous theoretical and experimental methods, the continuous 
advancements in computational science and technology 
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have led to the proliferation of computational fluid dynam‐
ics (CFD) solvers. Mesh-based CFD solvers have been 
extensively utilized to tackle a variety of multiphase flow 
problems. However, Eulerian-mesh-based methods track 
and capture these complex free interfaces only by employ‐
ing special numerical techniques when dealing with free 
surfaces or multifluid interfaces. The level-set (Hu et al., 
2009) or volume-of-fluid (Li et al., 2019a) methods to 
capture interfaces in Eulerian-mesh-based methods have 
reached a high level of maturity and have been extensively 
applied to various scientific and engineering problems 
(Gibou et al., 2018). However, their precision and conser‐
vation are constrained by the resolution of the mesh uti‐
lized. Lagrangian-mesh-based methods can capture inter‐
faces by directly tracking the deformation of the mesh (Li 
et al., 2019b). However, when the interface deformation is 
large, such as the undulation or rupture of the free surface 
or the formation of a jet of cavitated bubbles, this tech‐
nique becomes less feasible. Hence, CFD researchers have 
sought alternative techniques for simulating multiphase 
flow. Because of the inherent limitations of grid-based 
methods in simulating such problems and the rapid devel‐
opment of grid-free methods in recent years, an increasing 
number of researchers are utilizing grid-free methods, 
which are not subject to grid constraints, to solve a variety 
of fluid dynamics problems (Gotoh and Khayyer, 2018; 
Khayyer and Gotoh, 2013; Liu and Liu, 2010; Shadloo 
et al., 2016; Sun et al., 2018; Zhang et al., 2017). Among 
them, the meshfree particle method is the most popular 
because it is not limited by the amount of boundary defor‐
mation when simulating large deformation problems owing 
to its natural Lagrangian characteristics and the advantages 
of gradually complete particle approximation theory. The 
smooth particle hydrodynamics (SPH) method is a repre‐
sentative Lagrangian particle technique, which demon‐
strates distinct advantages in addressing issues related to 
free surfaces or multiphase interfaces (Hu and Adams, 2006; 
Luo et al., 2016; Monaghan and Rafiee, 2013; Sun et al., 
2019b; Zhang et al., 2015b).

The Lagrangian meshfree particle method known as SPH 
was initially introduced by Lucy (1977) and Gingold and 
Monaghan (1977) in 1977 to simulate 3D astrophysical 
phenomena. The SPH method has been developed and 
applied to address the fluid dynamics problems (Monaghan, 
1994; Adami et al., 2012; Morris et al., 1997) and large 
deformation problems in solid mechanics (Bui et al., 2008; 
Nonoyama et al., 2015). In recent years, SPH has evolved 
to encompass numerous variants for simulating various 
hydrodynamic problems, including free-surface flows (Zhang 
and Liu, 2018; Kazemi et al., 2020; Antuono et al., 2010; 
Xie et al., 2021), multiphase flows (Colagrossi and Landrini, 
2003; Hammani et al., 2020; Gong et al., 2016; Sun et al., 
2021a), and fluid–structure interactions (Zhang et al., 2017; 
Khayyer et al., 2021b; Yilmaz et al., 2021; Sun et al., 2018; 

Khayyer et al., 2021a). Although SPH has achieved signifi‐
cant success in resolving incompressible (Hu and Adams, 
2007; Lind et al., 2012) or weakly compressible (Colagrossi 
and Landrini, 2003; Monaghan, 2012) multiphase flows, 
only a few SPH models are available for simulating strongly 
compressible multiphase flows. The study of strongly com‐
pressible multiphase flows has always played a crucial 
role in hydrodynamics, as all fluids exhibit some level of 
compressibility in practical engineering applications. There‐
fore, the simulation of strongly compressible multiphase 
flows is practical and relevant. In particular, underwater 
explosions and cavitation bubbles have attracted increas‐
ing attention from CFD scientists. The pressure wave caused 
by the collapse of cavitation bubbles has been widely uti‐
lized in marine exploration (Zhang et al., 2019; Li et al., 
2020b). In ocean and hydraulic engineering applications, 
the impact pressure from high-speed water jets and the 
radiation pressure waves resulting from bubble collapse 
can cause significant damage or erosion to marine struc‐
tures (Lauer et al., 2012). Given that underwater explo‐
sions or cavitation bubbles often occur under axisymmetric 
conditions, the axisymmetric SPH model has been devel‐
oped to enable rapid numerical simulation and accurate 
resolution of these issues.

Because of the substantial computational expense asso‐
ciated with the large number of particles required for a full 
3D simulation, most SPH simulations are limited to the 2D 
Cartesian coordinate system. Nonetheless, SPH has made 
significant advancements in computational acceleration, 
such as through General Processing Unit (GPU) (Crespo 
et al., 2015; Mokos et al., 2015; Chen and Wan, 2019) and 
Message Passing Interface (MPI) (Ferrari et al., 2009; 
Oger et al., 2016). However, achieving 3D simulations of 
practical engineering problems still poses significant chal‐
lenges. Considering this, to avoid the need for full 3D sim‐
ulation in certain problems exhibiting axisymmetric char‐
acteristics, SPH simulations are conducted in a cylindrical 
coordinate system to reduce computational expenses. Axi‐
symmetric SPH models have been widely used in the field 
of modeling and solving strongly compressible multiphase 
flow problems. Omang et al. (2006) constructed new ker‐
nel functions based on the fundamental interpolation theory 
of SPH in both cylindrical and spherical coordinate sys‐
tems and verified the effective capture of excitations by 
this method through excitation tube experiments. Li et al. 
(2020a) proposed a simple, intuitive, and physically mean‐
ingful method to derive the SPH formula in the column 
coordinate system and conducted a simulation study of the 
classic surface tension test and the bubble rise problem 
under different conditions. Huang et al. (2022) utilized the 
axisymmetric SPH model to solve various inlet problems 
with different axisymmetric structures (including spheres 
and cones with different inclination angles). Wang et al. 
(2022) used the axisymmetric Riemann SPH method to 
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simulate high-pressure bubbles near different boundaries. 
Ming et al. (2014) used the axisymmetric SPH method to 
analyze the effects of charge parameters on underwater 
contact explosions and proposed improvements and devel‐
opments based on the axisymmetric SPH methods. The 
precise numerical resolution of the continuity equation is 
important for the SPH method. In recent years, many 
researchers have conducted in-depth studies. Sun et al. 
(2019a) proposed the δ-plus-SPH model by employing par‐
ticle shifting technology (PST) and a diffusion term in the 
continuity equation. Shi and Huang (2022) introduced a 
modified numerical diffusion term and a special shift treat‐
ment near the multiphase interface to the original δ -plus-
SPH model. However, their work did not provide a satis‐
factory solution for the two incompressibility conditions 
corresponding to the invariant density and divergence-free 
velocity conditions. Recently, Khayyer et al. (2023) pro‐
posed two new schemes, namely, the velocity-divergence 
error mitigation scheme and the volume-conserving shift 
scheme. The use of these two schemes improved the reso‐
lution of the continuity equation and satisfied the two incom‐
pressibility conditions more effectively. Khayyer et al. 
(2023) further proposed improvements and developments 
based on the δ-plus-SPH model. However, an urgent prob‐
lem in simulating strongly compressible multiphase flows 
is the significant difference in volume change before and 
after the motion of strongly compressible fluids, which 
presents an urgent challenge to be addressed in the simula‐
tion of strongly compressible fluids.

Recently, the axisymmetric SPH model has been gradu‐
ally developed for strongly compressible multiphase flow. 
Nevertheless, only a few studies have addressed the sub‐
stantial volume change issue in strongly compressible mul‐
tiphase flows, such as those encountered in underwater 
explosion scenarios. In strongly compressible multiphase 
flow problems, the physical process involves one fluid com‐
pressing another fluid. During this process, the volume of 
some fluid particles in the expansion area becomes large, 
whereas the volume of some fluid particles in the compres‐
sion area becomes small. When using the SPH method for 
simulations, the volume of fluid particles will change accord‐
ingly, leading to significant changes in the distance between 
particles. Therefore, to maintain the number of neighbor‐
ing fluid particles within a certain range, some CFD research‐
ers use variable smoothing length technology (Benz, 1990) 
to expand or compress the particle support domain based 
on the density of the particles themselves. Nevertheless, in 
certain extreme scenarios, particles may undergo excessive 
expansion or compression, and simply updating the smooth‐
ing length may not be sufficient to maintain a sufficient 
number of neighboring particles. To address this chal‐
lenge, Sun et al. (2021b) introduced a volume adaptive 
scheme (VAS) to adjust the particle volumes and maintain 
a uniform volume distribution within the context of strongly 

compressible multiphase flow scenarios. However, uneven 
particle distributions near the interface of multiphase flow 
are detected by the VAS. In the present study, an improved 
volume adaptive scheme (IVAS) is developed to further 
enhance the uniformity of particle distribution.

Recently, the multiresolution technique has been rapidly 
developed for both grid-based and particle-based methods. 
To enhance computational efficiency and ensure computa‐
tional accuracy, the adaptive mesh refinement technique 
(Freret et al., 2022; Berger and Oliger, 1984) for Finite 
Element Method (FEM) and the adaptive particle refine‐
ment (APR) technique for SPH have been developed (Yang 
et al., 2023a; Liang et al., 2023). The SPH method utilizes 
APR through different techniques, such as particle splitting 
and coalescing (Alimi et al., 2003; Marsh et al., 2011). Kit‐
sionas and Whitworth (2002) implemented the particle 
splitting technique in astrophysics; subsequently, they made 
some developments and improvements to the particle split‐
ting technique (Kitsionas and Whitworth, 2002; 2007). 
Feldman and Bonet (2007) significantly advanced the devel‐
opment of APR technology, which involves the splitting of 
parent particles into multiple subparticles. In addition, the 
three conservation laws are satisfied by the mass, volume, 
density, velocity, and pressure of the subparticles. This 
approach was further enhanced by Reyes López et al. 
(2013), Omidvar et al. (2012), and Vacondio et al. (2012). 
In the study conducted by Vacondio et al. (2012), one coarse 
particle is divided into seven fine particles, and two fine 
particles are combined into one coarse particle. However, 
in the process of splitting and merging, the thinning and 
coarsening speeds do not match. The particle coarsening 
technology created by Vacondio et al. (2012) was enhanced 
by Barcarolo et al. (2014). In their method, a coarse parti‐
cle is not eliminated when it splits into four fine particles 
but is excluded from the SPH calculation. The fine parti‐
cles are eliminated, and the coarse particles reenter the 
SPH calculation after exiting the refining zone. However, 
pressure or velocity oscillations could occur close to the 
edge of the refining zone. APR was developed by Lyu et al. 
(2022) for use in 3D water entry simulations. In the pres‐
ent study, the IVAS technique is combined with the APR 
technique to further improve the computational accuracy 
for modeling the strongly compressible multiphase flow 
problem.

The excessive variation of fluid particle volume, the 
pressure oscillation at the interface of multiphase flow, and 
the capture of pressure shock waves are key points and diffi‐
culties in simulating strongly compressible multiphase flow 
using the SPH method. This work presents an improved 
adaptive multiresolution SPH model for strongly compress‐
ible multiphase flow. The IVAS technique is developed 
based on VAS to regulate the particle volume and obtain 
more uniform particle distributions near the interface of 
multiphase flows. On this basis, the IVAS technique com‐
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bined with the APR technique (IVAS-APR) is developed 
to further improve computational accuracy and efficiency. 
In the present IVAS-APR technique, first, the IVAS is used 
to regulate the particle volume, and the variation in particle 
volume is controlled within a narrow range. Then, the APR 
is applied, a high resolution is used for the local region 
that covers the front and back of the pressure shock wave 
and near the interface of the multiphase flow, and the other 
computational domains are modeled using coarse particles.

The remainder of this paper is organized as follows: In 
Section 2, the axisymmetric SPH method and numerical 
treatments are introduced. In Section 3, the adaptive multi‐
resolution scheme (AMRS) is described in detail. In Sec‐
tion 4, four numerical examples are investigated to verify 
the effectiveness of the proposed method. Finally, in Sec‐
tion 5, the conclusions are drawn.

2  Strongly compressible multiphase 
axisymmetric SPH model

2.1  Governing equations

Lagrangian meshfree techniques include the SPH method. 
SPH uses a large number of particles to describe the spa‐
tial distribution of a physical field. The weights of nearby 
particles are used to approximate the physical properties of 
each particle. The governing equations of the SPH method 
are derived based on the basic principles of fluid mechan‐
ics and typically include mass, momentum, and energy 
conservation equations. The same applies to the basic prin‐
ciples of the governing equations of the axisymmetric SPH 
model, but they need to be expressed in the polar coordi‐
nate system (Fang et al., 2022) as follows:
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where the terms pressure, density, velocity, gravitational 
acceleration, and internal energy per unit mass are repre‐
sented by the symbols p, ρ, u, g, and e, respectively. The 
coordinates in the axial, circumferential, and radial direc‐
tions are represented by the symbols r, θ, and z, respectively. 
Following the simplified treatment of ∂f/∂θ = 0 ( )f = u, p, e  

and uθ = 0, the fluid problem exhibits rotational symmetry 
when it is axisymmetric, indicating that the properties of 
the fluid are uniform along the circumferential direction and 
do not change with the angle. The governing equations for 
the axisymmetric issue are reduced as follows:
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2.2  Discretization equations

By applying SPH approximations (Liu and Zhang, 2019), 
the discretization equations can be expressed as follows:
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where the terms pressure, density, velocity, gravitational 
acceleration, and internal energy per unit mass are repre‐
sented by the symbols p, ρ, u, g, and e, respectively. The 
coordinates in the axial, circumferential, and radial direc‐
tions are represented by the symbols r, θ, and z, respectively. 
The subscripts i and j are the coordinates of particles, and 
W is the kernel function with a smoothing length h. In this 
study, the B-spline kernel function is adopted (Monaghan 
and Lattanzio, 1985).

Based on Brookshaw’s model (Brookshaw, 2002), the 
axisymmetric adaptive multiresolution SPH method is devel‐
oped in this study. In 2D fluid problems, the initial volume 

of an SPH particle is V0 = ( )Δ x
2
, where Δ x is the initial dis‐

tance between particles. Then, according to the density of 

the fluid itself, the particle mass is calculated as ρ ( )Δ x
2
. 

However, in axisymmetric SPH, the 3D fluid problem 
with axisymmetric characteristics is simplified into a 2D 
fluid problem. Each SPH particle should still represent a 

3D fluid torus with a mass of 2πrρ ( )Δ x
2
. Consequently, the 

torus cross-section of the fluid is considered the particle 
volume, which is calculated as follows, m stands for mass:

Vi =
mi

2πri ρ i

(4)
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2.2.1 Conservative corrected SPH differential operators
The integration of the function is approximated by parti‐

cles, resulting in the following discrete particle approxima‐
tion equation, ( )f = u, p, e :
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where V is the volume of the particle. The term Wij is the 

condensed form of W ( )|| r i − rj ;  hij , and hij = ( )hi + hj /2 

is utilized to ensure particle interaction symmetry and, thus, 
the conservation property of the numerical scheme. The 
initial smoothing length to particle spacing ∆ xi ratio in the 
2D simulation is hi /∆ xi = 2.0. This work applies the SPH 
approach to the strongly compressible multiphase flow prob‐
lem with abrupt changes in particle spacing. To increase 
accuracy and efficiency, the smoothing length should be 
adjusted over time.

To enhance the accuracy of the kernel gradient, kernel 
gradient correction is utilized in this study (Randles and 
Libersky, 1996). Then, the approximations of ∇ f and ∇·f 

( )f = u, p, e  can be expressed as follows:
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where the velocity divergence is discretized using the cor‐
rected divergence operator. However, the antisymmetry of 
the particle pair i and j disappears, making it impossible to 
ensure proper linear momentum conservation when using 
the gradient operator to discretize the pressure gradient.

In this study, the method proposed by Sun et al. (2021b) is 
employed to discretize the pressure gradient. The antisymme‐

try ∇iWij = − ∇jWij arises from the use of hij = ( )hi + hj /2. The 

conventional gradient operator can be rewritten as follows:

∇f
i

=∑
j
( )fi∇iWij − fj∇jWij Vj (7)

Alternatively, another type of variable gradient can be 
created by substituting the modified kernel gradient ∇W C

ij  
for ∇Wij, i.e.,

∇f
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i
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C
ij − fj∇jW

C
ij Vj (8)

The aforementioned equation can be rewritten as follows 
(Sun et al., 2021b):

∇f
L2

i
: =∑

j
( )fiLi + fjLj ∇iWijVj (9)

which ensures the precise conservation of total linear 
momentum.

2.2.2 Discretization equations with diffusive terms
In this work, the pressure and velocity fields for all con‐

servation laws (i.e., mass, momentum, and energy) are sta‐
bilized using the full diffusion term formula created by 
Antuono et al. (2010). The governing equations of the axi‐
symmetric SPH model are expressed as follows:
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where ρ ij = ( )ρ i + ρj /2, uij = uj − ui, rij = rj − ri, and cij =

( )ci + cj /2. In addition, when particles i and j have the 

same phase, φ ij = 1; otherwise, φ ij = 0.
Using the artificial density diffusion method proposed 

by Marrone et al. (2011a) to control the cumulative error 
of the evolution of mass density, Dij can be expressed as 
follows:

Dij =
2rji
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where the fluid particles only interact with other nearby 

particles in the same phase, and the density gradient ∇ρ L
 

is computed using the adjusted spatial gradient in Eq. (6). 
Similarly, ɛij is expressed as follows:
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εij = 2 (ej − ei ) r ji / r ji

2

(12)

The two parameters δ and κ do not need to be modified 
to account for varied problems because they are only capa‐
ble of changing within a certain range, specifically δ = 0.1 
and κ = 0.1. However, the values of the two parameters α 
and β need to be set in artificial viscosity, as their values 
directly impact the quality of the simulation results. The 
results obtained with α = 1 and β = 2, which are relatively 
large values, are the most favorable for simulating explo‐
sion pressure waves and forceful impacts (Monaghan, 
2005). When the artificial viscosity coefficient has a large 
value, the calculation and simulation processes tend to be 
stable because, for high-speed, high-pressure, and instanta‐
neous problems, such as explosions or impacts, the simula‐
tion itself is less stable and often prone to calculation col‐
lapse and numerical divergence. However, for weakly com‐
pressible or incompressible fluids, smaller artificial viscosity 
factors, such as α = 0.02 and β = 0, are typically used (Mar‐
rone et al., 2011). When simulating such problems, the arti‐
ficial viscous force cannot contribute a large proportion 
to the control equation, which would result in significant 
errors in the calculation results and significant numerical 
dissipation.

To prevent the penetration of particles near the multi‐
phase flow interface and maintain the crispness of the inter‐
face, an interface sharpness force F sharpness

i  is typically intro‐
duced to the momentum equation. Where particle j are 
neighboring particles of a phase different from particle i, 
F sharpness

i  can be written as follows:

F sharpness
i = − ε∑

j ∈ χ C
i

( ) pi Li +  pj Lj ⋅ ∇iWijVj (13)

In the current work, ε is set as 0.08.

2.3  Equation of state

The equation of state, denoted as p = fstate( )ρ, e , which 

describes the relationship between the pressure, density, 
and energy of the fluid, must be applied to close the gov‐
erning equations. The ideal gas equation of state (Toro, 
2013) for the fluid simulated in Subsections 4.1, 4.2, and 
4.3 is expressed as follows:

p = ( )γ − 1 ρe (14)

where the value of the adiabatic index, denoted by γ, is 
1.4. The sound speed is calculated using the formula c =

γp/ρ , as per Toro (Toro, 2013).

The energy and physical compressibility of water must 
be considered when solving strongly compressible multi‐
phase flow problems, such as underwater explosions dis‐
cussed in Subsection 4.4. Therefore, water is subjected to 

the Mie–Gruneisen equation of state (Steinberg, 1987). The 
pressure of water during compression is determined using 
the following formula:

p =
ρ0c2
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é
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(15)

The pressure of water when it expands is determined 
using the following formula:

p = ρ0c2
0μ + ( )γ0 + aμ e (16)

In the aforementioned equations, a is the volume correc‐
tion coefficient, c0 is the reference sound, ρ0 is the initial 
density of water, γ0 is the Gruneisen coefficient, and S1, S2, 
and S3 are the linear Hugoniot coefficients. η = ρ/ρ0 with 
ρ0 being the initial mass density of the water. The variable 
μ = η − 1 = ρ/ρ0 − 1, where ρ0 is equal to 1 000 kg/m3. The 
states of compression and expansion of water are denoted 
by μ > 0 and μ < 0, respectively. For the explosive gas gen‐
erated by the TNT charge following the underwater explo‐
sion instance discussed in Subsection 4.4, the widely used 
Jones–Wilkins–Lee (JWL) equation of state (Dobratz, 1981) 
is utilized as follows:

p = A(1 − ωηR1 ) e
− R1

η + B (1 − ωηR2 ) e
− R2

η + ωηρ0e (17)

Herein, η = ρ/ρ0 with ρ0 being the initial mass density of 
the explosive gas and ρ0 = 1 630 kg/m3. The fitting coeffi‐
cients A, B, R1, R2, and ω are 3.712 × 1011, 3.21 × 109, 4.15, 
0.95, and 0.3, respectively. In addition, e = 4.29 × 106 J/kg.

2.4  Numerical treatments for SPH

To increase computational accuracy and stability, PST 
and Extended-SPH (X-SPH) technologies are coupled in 
this work. PST is applied to the interior of the fluid, whereas 
X-SPH is applied close to the multiphase flow interface. In 
addition, computational stability is enhanced using adap‐
tive smoothing lengths.

This study employs the PST developed by Xu et al. 
(2009), which can be expressed as follows:

δxi = CRiumaxΔt (18)

R i =∑
j = 1

N x̂2
i

x 2
ij

nij (19)
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x̂i =
1
N∑ j = 1

N

|| x ij (20)

where x̂i, δxi, umax, and C are the average distance between 
neighboring particles j and i, adjustment distance, current 
maximum velocity, and constant coefficient, respectively. 
N is the number of neighboring particles that surround par‐
ticle i. The unit displacement vector between particles i 
and j is denoted by nij. The proposed adaptive multiresolu‐
tion SPH model only considers the adjustment of the tan‐
gent direction for the particles close to the multiphase flow 
interface. Numerous studies describe in detail the imple‐
mentation of tangential shifting. Khayyer et al. (2019) 
used an optimized PST to maintain the regularity of phase 
interface and free-surface particles. Lyu and Sun (2022) 
used transition PST to prevent disordered particle distribu‐
tion and tensile instability caused by negative pressure. To 
ensure the smoothness of the multiphase flow interface, 
the PST of particles near the interface needs to be modi‐
fied. Only the tangential modified displacement vector is 
retained, the normal vector is set as 0, and the expression 
is written as follows:

δxi = (I −− n i ⊗ ni )CRiumaxΔt (21)

xinew = xi − δxi (22)

in which xinew is the new coordinate, I is an identity matrix, 
and ni is the normal vector along the interface of particle i.

The variables of density, velocity, and pressure are modi‐
fied by the Taylor series, which should be written as follows:

φ inew = φi − ∇φ i ⋅ δxi + O (δx 2
i ) (23)

where φinew is the new speed, density, and pressure.
Monaghan (1989) was the first to propose X-SPH tech‐

nology as a means of enhancing particle dispersion quality. 
X-SPH technology was utilized by Balsara (1995) to adjust 
the velocity and enhance the computational stability. In this 
research, the particle velocity near the multiphase interface 
is smoothed using X-SPH, thereby enhancing the stability 
of the multiphase flow interface calculation, as follows:

δu i = εX- SPH∑
j = 1

N

uijWijVj (24)

where εX- SPH is the coefficient with a value of 0.001, and 
δui is the adjusted velocity vector. The updated velocity 
vector uinew is written as follows:

uinew = ui − δu i (25)

The new velocity vector is represented by uinew.
The proposed adaptive multiresolution SPH model uti‐

lized adaptive smoothing lengths in this study. The particle 

density can be utilized to adjust the smoothing length of 
the particles (Benz, 1990) as follows:

h = h0( ρ0

ρ )
1

dim

(26)

where h0 is the initial value of the smoothing length and 
dim is the dimension of the problem. Benz (1990) derived 
Eq. (26), and by taking the derivative of both sides, the for‐
mula can be transformed into the following expression:

Dh
Dt

= − h
dim·ρ

Dρ
Dt

(27)

2.5  Boundary condition

In axisymmetric SPH algorithms, dealing with symme‐
try axes has been consistently challenging because of the 
absence of neighboring particles in the r < 0 region 
(García-Senz et al., 2009). Moreover, the simulation exhib‐
its a nonphysical penetration phenomenon because the par‐
ticles near the axial symmetry axis have smaller support 
domains than the internal particles. However, when r = 0, 
the 1/r term might appear singular, which would cause the 
simulation to end. A dynamic mirror border is applied to 
the symmetry axis to solve this issue (Joshi et al., 2021). 
Every sub-time step generates a similar mirror particle on 
the opposite side of the symmetry axis for every particle in 
the 0 < r < kh region, the k generation represents a con‐
stant, usually taking the value 2 or 3. The mirror particle 
conveys information, which can be written as follows:

ì

í

î

ïïïï

ïïïï

rw = − rs,    zw = zs,   mw = ms,  hw = hs

ur
w = − ur

s, u
z
w = uz

s

pw = ps,     ew = es,   ρw = ρs

(28)

where the SPH fluid real particle is denoted by the sub‐
script s and the associated dynamic mirror particle that is 
close to the symmetry axis is denoted by the subscript w.

2.6  Time stepping approach

The Navier – Stokes equation is solved by employing 
the leapfrog integral approach. To ensure computational 
stability, the time step must be constrained to meet specific 
requirements.

Given that the changes in internal energy within SPH 
simulations necessitate the careful selection of the time 
step size, the magnitude of time step Δt is obtained using 
the following equation:

Δt ≤ min ( )0.2 h

cmax + ||umax

(29)
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Monaghan et al. (1992) proposed a method to estimate 
the time step ∆tcfl in accordance with the CFL criteria. This 
formula can be expressed as follows:

Δtcfl = min ( h
c ) (30)

The time step estimation formula with viscosity term was 
introduced by Morris et al. (1997), which can be written as 
follows:

Δtμ = min (0.25
h
g ) (31)

The final time step ∆t should be assigned the minimum 
value, which is derived as follows:
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ï

ï

ï
ïï
ï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

   Δt ≤ min ( )0.2 h

cmax + ||umax

                                           

Δt ≤ min ( )h
c

              

Δt ≤ min ( )0.25
h
g

  

(32)

3  AMRS

The axisymmetric adaptive multiresolution SPH model 
of strongly compressible multiphase flow used in this 
study is inspired by the research of Sun et al. (2021a). The 
VAS proposed by Sun et al. (2021a) suffers from particle 
aggregation near the excitation front when simulating 
shock waves. In addition, they only consider the problem 
of excessive differences in particle volume changes in 
strongly compressible multiphase flows. In the simulation 
of strongly compressible multiphase flows, the multiphase 
interface and the pressure shock wave are the core regions 
of the simulation, which should be computed with higher 
resolution. An IVAS has been developed to control the par‐
ticle volume and achieve a more uniform particle distribu‐
tion near the interface of multiphase flows. In addition, we 
propose the AMRS combined with IVAS-APR to further 
enhance the computational accuracy of the pressure shock 
wave and crucial regions of the interface. In the current 
AMRS, first, the change in particle volume is controlled 
within a small range by adjusting the particle volume using 
IVAS. Then, the APR is employed, where coarse particles 
mimic other computational domains, and a high resolution 
is applied to the local region covering the interface of the 
multiphase flow and the front and rear of the pressure 
shock wave.

3.1  IVAS

During the simulation of strongly compressible multi‐
phase flow, the particle volume may vary significantly 
from the initial value, resulting in a notable alteration in the 
particle distance. By adjusting the particle volume using 
the VAS developed by Sun et al. (2021a), all fluid particles 
in the computational domain can maintain a uniform vol‐
ume distribution. However, particle aggregation near the 
front of the shock wave due to VAS is a cause for concern. 
This study proposes IVAS to solve this problem.

3.1.1 VAS
In the VAS, fluid particles are adaptively divided or 

combined based on the volume values of each particle. In 
particular, as shown on Figure 1(a), a particle is divided 
into four daughter particles that are dispersed at the four ver‐
tices of a square when its volume exceeds 1.6V0, where V0 
is the original volume of the particle. The physical details 
of the newly created daughter particles are expressed as 
follows:
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ï

ï
ïï
ï

ï
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ï

ï

ï
ïï
ï
ï
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ï

ï

xd = xm ±
Vm

4
,   yd = ym ±

Vm

4
,   hd = hm  

md =
2πrdVm ρm

4
, Vd =

md

2πrd ρd

ed = em + ∇e
L

m ⋅ ( )rd − rm ,   pd = pm + ∇p
L

m
⋅ ( )rd − rm

ud = um + ∇u
L

m ⋅ ( )rd − rm ,  ρd = F − 1
state( )pd, ed

(33)

where the mother particle is denoted by the subscript m 
and the daughter particle is denoted by the subscript d. 
F −1

state stands for inverse state function. Two particles com‐
bine to form a single mother particle when their respective 
volumes are less than ( )2/3 V0, and their separation is less 

than ( )2/3 V0 , as shown on Figure 1(b). The physical 

details of the mother particle created during the merging 
process are expressed as follows:
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1
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, hm = hd                                                                                                                                                 

(34)

The use of VAS can help maintain a homogeneous parti‐
cle distribution by preventing particle aggregation in the 
compression region and particle sparsity in the expansion 
region. Most significantly, the use of VAS guarantees the 
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conservation of mass, momentum, and energy, which is a 
critical aspect of maintaining high numerical accuracy 
in the simulation of situations involving extremely com‐
pressible multiphase flows. However, in the compression 
region, VAS causes particles to gather near the front of the 
shock wave.

3.1.2 IVAS
To address the problem of particle aggregation at the 

front of the shock wave, this study develops IVAS. In IVAS, 

the PST is utilized to make the particle distributions more 
uniform, and the calculations of particle splitting and 
merging are both conducted before the time integration of 
the SPH calculation of the discrete control equation. When 
using the PST for multiphase flow, the PST developed by 
Xu et al. (2009) should be modified. For particles at the 
interface of multiphase flows, they only move along the 
tangent direction of the interface, and the normal compo‐
nent of the particle shift vector is set as 0. Moreover, to deal 
with different particle sizes, the particle movement vector 
is further modified as follows (Long et al., 2017):

δxi = CRi

mj

mi

umaxΔt (35)

As shown in Figure 2, the particle merging process in 
VAS is placed after the SPH calculation, which allows more 
particles to participate in the SPH calculation. However, a 
large number of particles accumulate at the front edge of 
the compressed fluid region, resulting in an extremely 
uneven particle distribution, which makes the calculation 
highly unstable. The calculation of particle splitting and 
merging is placed before the SPH calculation, and the PST 
is utilized to make the particle distribution more uniform, 
which can prevent calculation instability caused by the 
aggregation of some particles that are not merged in time 
and enable the entire calculation domain to reach a unified 
elementary resolution.

3.2  APR technique

This study employs the APR technique, which was estab‐

Figure 2　Flowchart of the VAS and IVAS

Figure 1　Sketch of particle splitting and merging (Fang et al., 2022)
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lished by Yang et al. (2023a), after the IVAS computation. 
The specific physical variables define the high-resolution 
region. A coarse particle is divided into four smaller parti‐
cles at the four vertices of the square when it enters a high-
resolution refining zone of space. Refining zones can be 
moved over time, locked in place, or dynamically expanded 
and contracted in response to the needs of the computing 
task. The graphic depicting particle splitting is shown in 
Figure 3. In contrast to IVAS particle splitting when a 
coarse particle in APR is refined into four daughter parti‐
cles, the parent particle remains in the system but is no lon‐
ger involved in the computation of the Navier–Stokes gov‐
erning equations or other particles and is referred to as 
inert particles in this study. Conversely, particles that par‐
ticipate in the SPH calculation are referred to as active par‐
ticles. As shown in Figure 4, a transition region must be 
included to ensure high accuracy and stability in the inter‐
action between fine and coarse particles. The fine particles 
produced by splitting become inert particles and do not 
participate in the calculation of the Navier–Stokes govern‐
ing equations, whereas the coarse particles remain active 
in the transition region and are continuously used in the 
computation of the physical parameters of other particles. 
Coarse particles become inert as they pass through the des‐
ignated high-resolution refining zone, whereas fine parti‐
cles become active as they pass through the designated 
high-resolution refining zone.

This study forms a high-resolution area in the computa‐
tional domain using APR technology. However, the unifor‐
mity of particles in this area still needs to be ensured using 
PST. Moreover, the coupling of APR and PST is not a sim‐
ple process. Recently, Yang et al. (2023b) proposed the cou‐
pling of APR and PST to solve the water entry and exit 
problems. In this study, an auxiliary virtual particle tech‐
nology is applied to realize the coupling of APR and PST. 
As shown in Figure 5, a series of auxiliary virtual particles 

are generated with the same resolution as the refined parti‐
cles near the outside boundary of the refined area. The den‐
sity, velocity, pressure, and other physical quantities of the 
auxiliary virtual particles are obtained by interpolation of 
the fluid particles around the auxiliary virtual particles. 
The specific interpolation formula is written as follows:

φ i =
∑

j ∈ fluid

φ jWij

∑
j ∈ fluid

Wij

( )φ = ρ, p, u, e (36)

The auxiliary virtual particles do not participate in the 
calculation of the Navier–Stokes equation, only in PST, as 
the auxiliary particles replace the coarse particles that par‐
ticipate in the displacement correction calculation of refined 
particles.

Figure 6 illustrates the flowchart of the adaptive multi‐
resolution SPH model of the axisymmetric strongly com‐
pressible multiphase flow in this study. In the present 
AMRS, first, IVAS is used to adjust the particle volume, 
ensuring that the change in particle volume is controlled 
within a small range. Subsequently, APR technology is 
applied to improve the calculation accuracy of the core area.

Figure 3　 Schematic of the particle splitting pattern (Yang et al., 
2023)

Figure 4　Schematic of APR technology (Yang et al., 2023a)
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4  Example tests

To verify the accuracy and effectiveness of the proposed 
adaptive multiresolution SPH model for modeling the axi‐
symmetric strongly compressible multiphase flow, four 
numerical examples of typical strongly compressible mul‐
tiphase flow problems are tested.

The first calculation example is the classic Sod shock 
tube problem, which verifies the accuracy and validity of 
the IVAS and ensures that the adaptive multiresolution 
SPH model for axisymmetric strongly compressible multi‐
phase flow can achieve a high resolution at the multiphase 

flow interface. The second calculation example is the blast 
shock wave problem, which further validates the accuracy 
of the adaptive multiresolution SPH model for axisymmet‐
ric strongly compressible multiphase flow and the IVAS in 
the problem of strongly compressible multiphase flow 
with lower compressibility. The third calculation example 
is the Sedov point explosion problem, which verifies the 
effectiveness of the adaptive multiresolution SPH model 
for axisymmetric strongly compressible multiphase flow 
in capturing pressure shock waves with high precision and 
validates the accuracy and effectiveness of IVAS in simu‐
lating strongly compressible multiphase flow problems 
under extremely large compression ratios. The fourth cal‐
culation example is the underwater explosion impact prob‐
lem, which further verifies that the adaptive multiresolu‐
tion SPH model for axisymmetric strongly compressible 
multiphase flow simultaneously performs high-resolution 
calculations at the multiphase flow interface and pressure 
shock waves. The accuracy and effectiveness of the model 
also demonstrate its suitability for the numerical simula‐
tion of practical problems, such as underwater explosion 
shock wave propagation. The model can provide valuable 
reference and assistance in ocean engineering problems 
and serve as a foundation for further research on strongly 
compressible multiphase flows. Scientific researchers have 
contributed their own modest efforts to this issue.

4.1  Sod problem

To verify the effectiveness of the IVAS and the present 
AMRS SPH model for modeling strongly compressible 
multiphase flows, the Sod problem was investigated. The 
Sod test (Sod, 1978) is a typical example of a strongly com‐
pressible multiphase flow problem. Its basic idea involves a 
membrane separating an endlessly long tube. Two distinct 
gases are placed within this tube, i.e., low-density gas on 
one side and high-density gas on the other side. As illus‐
trated in Figure 7, the computational domain of the 2D 
Sod (Toro, 2013) is typically characterized by a circular 
region. Here, F1 stands for Fluid 1, whose initial condition 
is defined as (u, ρ, p, e) = (0, 1 kg/m3, 1 Pa, 2.5 J/kg), and 
F2 stands for Fluid 2, whose initial condition is (u, ρ, p, 
e) = (0, 0.125 kg/m3, 0.1 Pa, 2 J/kg). Redefining the com‐
putational domain is necessary to verify the accuracy of the 
present axisymmetric AMRS SPH model. Figure 8 illus‐
trates the dispersion of the fluid particles in the 2D axisym‐
metric plane. The r-axis has only one layer of fluid parti‐
cles, and these fluid particles are copied up and down at 
each time step to obtain a total of 16 layers of duplicated 
particles. Δ x is the separation between successive layers, 
and the physical properties of the duplicated particles cor‐
respond to those of the fluid particles. Then, dynamic mir‐
ror virtual particles are generated at the left and right edges 
of the computational domain to prevent truncation errors 
in the kernel function. Each fluid particle interacts with 

Figure 6　Flowchart of the AMRS

Figure 5　Auxiliary virtual particle technology
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replicated particles, mirror particles, and other fluid parti‐
cles within the support domain.

Figure 9 illustrates the particle distribution at four differ‐
ent times during the entire simulation process. Notably, 
to enhance clarity in the particle distribution, the particle 
distribution on the r-axis is magnified in the region of 
z ∈ [ − 0.3 m, 0.3 m ]. Under high-pressure and high-density 
conditions, Fluid 1 gradually moves to the left and con‐
stantly compresses Fluid 2. Fluid 2 is also forced to move 
to the left under the influence of Fluid 1. At the same time, 
the interface between the two fluids constantly moves to the 
left. In this process, Fluid 1 expands, and its particle vol‐
ume increases. By contrast, Fluid 2 is continuously com‐
pressed, and its particle volume becomes smaller. This sit‐
uation results in a sparse particle distribution in the expan‐
sion region, a dense particle distribution in the compressed 
region, and an extremely uneven particle distribution 

throughout the entire problem domain. Using IVAS, parti‐
cles in the expansion region are divided in time, whereas 
particles in the compressed region are merged in time. In 
addition, particles are adjusted to suitable positions by an 
improved multiphase PST to maintain a uniform particle 
distribution and further enhance calculation accuracy. The 
particles near the interface of the multiphase fluid are fur‐
ther refined, and the refining zone changes with the move‐
ment of the interface. Throughout the entire simulation 
process, the multiphase interface remains in the high-reso‐
lution calculation region, thereby improving the calcula‐
tion accuracy of particles near the interface and effectively 
reducing the nonphysical shocks caused by discontinuous 
pressure at the interface during the simulation process. At 
the same time, this approach can effectively reduce the 
computational costs.

Figure 10 shows the cloud map of velocity, pressure, 
and density distributions at t = 0.2 s. Notably, the rarefac‐
tion wave propagates to the left and the contact wave 
moves to the right. Figure 11 displays the velocity, pres‐
sure, and density distributions on the z = 0 plane at a reso‐
lution of Δ x =  0.0025 m, comparing them with the refer‐
ence solution (Toro, 2013) and Riemann SPH results 
(Fang et al., 2022). The results indicate that the numerical 
results of this study are consistent with the reference solu‐
tion (Toro, 2013), and the nonphysical oscillations are sig‐
nificantly reduced compared with the Riemann SPH re‐
sults, especially in the regions of r ∈  (0.64 m, 0.8 m ) and 
r ∈ (0.72 m, 0.86 m ), because the particles at the multi‐
phase interface are always in the high-resolution region for 
the AMRS SPH model.

In addition, the present SPH results are compared with 
the 2D Moving-least-squares weighted essentially non-
oscillatory SPH (MWSPH) (Avesani et al., 2014) and Rie‐
mann SPH (Fang et al., 2022) results at a resolution of 
Δ x = 0.01 m, as shown in Figure 12. Notably, the current 
AMRS SPH, Riemann SPH (Fang et al., 2022), and 
MWSPH (Avesani et al., 2014) can handle the discontinu‐
ity problem effectively. However, pressure and density pro‐
duce some small oscillations in the present SPH results. 
The numerical dissipation is small in the region r ∈ (0.6 m, 
0.8 m ), which is consistent with the reference solution 
(Toro, 2013).

Figure 13 presents the history of the number of particles in 
Fluids 1 and 2 over time at a resolution of Δ x = 0.002 5 m. 
As the particles expand, the volume of Fluid 1 becomes 
larger, and the number of particles increases from 12 932 
to 16 226. Conversely, as the particles are compressed, the 
volume of Fluid 2 becomes smaller, and the number of par‐
ticles decreases from 25 132 to 21 533. Figure 14 shows 
the time histories of Fluid 1, Fluid 2, and total fluid parti‐
cles. The use of IVAS resulted in a 25.47% increase in the 
number of particles in Fluid 1 and a 14.32% decrease in 
the number of particles in Fluid 2 at the end of the simula‐

Figure 8　 Sketch of the corresponding particle distribution in 2D 
axisymmetric plane

Figure 7　Sketch of the computational model
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Figure 9　Particle distributions at different times

Figure 10　Density, pressure, and velocity distributions at t = 0.2 s
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Figure 12　Pressure and density distributions on the z = 0 plane with Δ x = 0.01 m

Figure 11　Pressure, density, and velocity distributions on the z = 0 plane with Δ x = 0.002 5 m

Figure 13　Time histories of the number of particles
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tion. However, the total number of particles remains nearly 
constant throughout the simulation process, indicating that 
the average resolution of particles, except in the high-resolu‐
tion region, changes within a limited range under the influ‐
ence of IVAS. Thus, IVAS improves the numerical accuracy 
in strongly compressible multiphase flow simulation.

This case demonstrates that IVAS effectively handles sub‐
stantial volume changes of particles, and the current AMRS 
is effective and robust in forming refined high-resolution 
regions around the multiphase interface to improve compu‐
tational accuracy. The current SPH model is well-suited 
for simulating strongly compressible multiphase flows.

4.2  Blast shock wave problem

To further verify the effectiveness of the present AMRS 
SPH model for simulating strongly compressible multi‐
phase flow with the low compression process, the blast 
shock wave test is utilized. Avesani et al. (2014) intro‐
duced the blast shock wave problem, which serves as the 
second benchmark test. Two different fluids of the same 
density are placed in an airtight space, one of which is in a 
state of high pressure, and the other is in a state of normal 
pressure. The schematic diagram of the computational 
domain of the 2D axisymmetric plane, as well as the related 
particle distribution, is identical to that of the 2D Sod prob‐
lem, as shown in Figures 7 and 8. However, the initial con‐
ditions of the two fluids in the blast shock wave problem 
differ from those of the 2D Sod problem, x and y represent 
the horizontal and vertical coordinates of the particle respec‐
tively, as follows:

( )u, ρ, p, e =
ì
í
î

ïï

ïï

( )0, 1 kg/m3, 2 Pa, 5.0 J/kg ,      if  x2 + y2 ≤ 0.25

( )0,1 kg/m3, 1 Pa, 2.5 J/kg ,        otherwise              

(37)

Figure 15 shows the particle distributions at three differ‐
ent times. Under high-pressure conditions, Fluid 1 gradually 
moves to the left, whereas Fluid 2 is compressed and also 
moves to the left. However, in contrast to the Sod prob‐

Figure 14　Time histories of the number of particles

Figure 15　Particle distributions at different times obtained by the present SPH method
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lem, the movement of the multiphase interface is slow, and 
the degree of fluid compression is low. Similarly, the parti‐
cles near the multiphase interface are refined, and the local 
region near the interface is set as a high-resolution region.

Figure 16 illustrates the velocity, pressure, and density 
distributions derived by the present axisymmetric AMRS 
SPH model. The velocity and pressure distributions are 
similar to those in the Sod problem, with the contact wave 
moving to the right and the rarefaction wave propagating 
to the left. The difference is that a high-density region 
forms near the multiphase interface on the left, whereas a 
low-density region forms on the right.

Figure 17 shows the velocity, pressure, and density dis‐
tributions at a resolution of Δ x = 0.002 5 m, which are com‐
pared with those obtained using the reference (Avesani et al., 
2014) and Riemann SPH (Fang et al., 2022) solutions. The 
results show that the calculated results obtained by the 
present SPH are consistent with those obtained using the 
reference (Avesani et al., 2014) and Riemann SPH (Fang 
et al., 2022) solutions and play a significant role in reduc‐
ing nonphysical vibration.

This case demonstrates that the present AMRS SPH 

model is effective and suitable for modeling strongly com‐
pressible multiphase flow with the low compression process.

4.3  Sedov point explosion problem

To further verify the effectiveness of the present AMRS 
SPH model in addressing high compressibility and accu‐
rately capturing pressure shock waves in explosion prob‐
lems, the Sedov point explosion problem (Sedov, 2018) is 
employed. The sketch of the Sedov point explosion prob‐

Figure 17　 Pressure, density, and velocity distribution with Δ x = 
0.002 5 mFigure 16　Density, pressure, and velocity distributions at t = 0.2 s
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lem is shown in Figure 18. The Sedov point explosion prob‐
lem can be explained as follows: Under the initial pressure 
disturbance, cylindrical explosion waves propagate in a 
self-similar manner with a large impact force and low den‐
sity. The extreme discontinuity and approaching vacuum 
conditions coexist in this problem, making the SPH simu‐
lation extremely challenging. The initial particle distribu‐
tion is shown in Figure 19. With r = 0.025 m, Fluid 1 repre‐
sents a cylindrical explosion point, and its initial condition 

is set as ( )u, ρ, p, e = ( )0, 1 kg/m3, ( )γ − 1 e0

πr2
Pa, 0 , where 

e0 = 1 J/kg is the specific internal energy and γ = 1.4 is the 
adiabatic constant. The remaining computational domain 
is occupied by Fluid 2, with the initial condition set as (u, 
ρ, p, e ) = (0, 1 kg/m3, 10− 5 Pa, 0 ) and a particle resolution 
of Δ x = r/8 m.

Figure 20 depicts the particle distributions at four differ‐
ent moments, illustrating the propagation process of a pres‐
sure shock wave. Notably, to make the propagation process 
of the pressure shock wave clearer, the particle distribu‐
tion on the r-axis is enlarged in the region of z ∈ [− 0.06 m, 
0.06 m]. The explosion shock wave spreads swiftly to the 
left during the initial pressure disturbance, and the adaptive 
multiresolution SPH accurately captures the pressure wave, 
resulting in a high-resolution region in front of and behind 
the wave. However, because of the high compression ratio 
and significant deformation, the overall particle distribu‐
tion is not particularly uniform. Moreover, the particle spac‐
ing at the interface is large because of the secondary reflec‐
tion of the pressure wave at the multiphase interface.

Figure 21 shows the velocity, pressure, and density distri‐
butions at t = 0.05 s. As shown in Figure 22, the velocity, 
pressure, and density distributions on the z = 0 plane 
obtained by the present axisymmetric AMRS SPH model 
are compared with the results obtained by Sedov et al. 
(2018), Sigalotti et al. (2006), Fu and Ji (2019), and Fang 
et al. (2022). The results obtained by the present AMRS 
SPH model have a certain error compared with the results 
obtained using the reference solution (Sedov, 2018), espe‐
cially in terms of pressure, where the interface pressure 
oscillations are obvious. The reason for this finding is that, 
for the strong compressible multiphase flow with strong 
impact, a larger artificial viscosity coefficient is usually 
used to stabilize the numerical method and prevent particle 
penetration, resulting in numerical dissipation. In addition, 
this study does not use a method similar to Riemann SPH to 
deal with the interface pressure. We will conduct an in-depth 
discussion and analysis on this in subsequent research.

Figure 23 shows the time histories of the number of par‐
ticles in Fluids 1 and 2 with time. The number of particles 
increases from 492 to 1 353 as Fluid 1 expands. However, 
in the region t ∈ [ ]0, 0.01 s , the increase is modest because 
the high-resolution region of the pressure shock wave is 
transferred from Fluid 1 to Fluid 2. At the same time, the 
number of particles in Fluid 2 decreases from 3 608 to 2 173 
because of compression. However, in the region t ∈ [0, 

]0.01 s , the high-resolution region of the pressure shock 
wave shifts from Fluid 1 to Fluid 2, resulting in a gradual 
reduction in the number of particles. Figure 24 shows the 
time histories of Fluid 1, Fluid 2, and the total number of 
particles. For the total number of particles, the variation 
range is relatively small throughout the simulation pro‐
cess. The maximum number of particles is 4 100, and the 
minimum number of particles is 3 526.

This scenario demonstrates that the current AMRS effec‐
tively forms refined high resolutions in the local region 
surrounding a pressure shock wave and that the current 
axisymmetric AMRS SPH accurately and effectively deals 
with significant discontinuity challenges.

Figure 18　Sketch of the computational model

Figure 19　Sketch of the corresponding particle distribution in the 
2D axisymmetric plane
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Figure 20　Particle distributions and pressure waves at different times

Figure 21　Pressure, density, and velocity distributions at t = 0.05 s
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4.4  Underwater explosion problem

To further verify the effectiveness and accuracy of the 
present AMRS SPH model in handling multiple specific 
high-resolution regions, the underwater explosion test is 
utilized. The local regions of the multiphase interface and 
pressure shock wave are set as high-resolution regions. 
Underwater explosions are widely used in practical engi‐
neering and have always been a focal point in the field of 
marine engineering research. However, experimental inves‐

tigation and numerical modeling are extremely challenging 
because of the complexity of the nonlinear properties of 
underwater explosions, which include massive deforma‐
tion and extreme discontinuities. The SPH approach has 
been proven to be a viable solution for this issue. However, 
current SPH simulations of underwater explosions are 
mostly conducted in a 2D framework because of the high 
computational cost of 3D models. Establishing a 2D axisym‐
metric underwater explosion model significantly reduces 
the computational expense of 3D simulation. The widely 
utilized empirical solution of Zamyshlyaev and Yakovlev

Figure 23　Time histories of the number of particles

Figure 24　Time histories of the number of particles
Figure 22　Pressure, density, and velocity distributions on the z = 0 
plane
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(1973) is compared with the simulation results.
The computer model for underwater explosions is illus‐

trated in Figure 25. The detonation radius of cylindrical 
TNT explosive is r = 0.018 m, and Δ x = 0.000 9 m is the 
particle resolution setting at the center of the cylindrical 
water tank, which has a height of H = 0.18 m and a radius 
of R = 0.45 m. Two monitoring stations are placed at 6r 
and 8r radians away from the explosive. In this test, the 
explosive gas created by the TNT explosion is solved using 
the JWL equation of state, whereas the water pressure is 
solved using the Mie–Gruneisen equation of state.

Figure 26 shows the particle distributions and the changes 
of the multiphase flow interface at four different times dur‐
ing underwater explosions. Notably, the high-pressure 
explosive gas rapidly spreads outward after the explosion, 

constantly squeezing the surrounding water particles. 
Because of the low compressibility of water, the high-pres‐
sure explosive gas encounters significant resistance when 

Figure 25　 Sketch of the computational model of underwater 
explosions

Figure 26　Particle distributions at different times
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expanding outward, causing the interface to move slowly. 
Under the action of the adaptive multiresolution method, a 
high-resolution region is formed near the interface of mul‐
tiphase flow, and this region changes continuously with 
the movement of the multiphase interface. Figure 27 shows 
the particle pressure distributions at four different times 
during underwater explosions, illustrating the propagation 
process of the pressure shock wave produced by the explo‐
sion. After the explosion, the pressure shock wave produced 
by the explosion propagates rapidly to the left. Under the 
action of the adaptive multiresolution SPH technology, the 
pressure wave is accurately and dynamically captured, 
forming a high-resolution region at the front of and behind 
the wave.

The pressure distributions of underwater explosions 

obtained by the present SPH method are shown in Figure 28. 
Notably, the pressure shock wave propagates rapidly to the 
left. However, because of rapid attenuation under the hin‐
drance of water, the peak pressure decreases rapidly. The 
change in pressure at the detection point over time is shown 
in Figure 29. The results obtained by the present AMRS 
SPH model have a certain error compared with the results 
obtained using the empirical solution of Zamyshlyaev and 
Yakovlev (1973), especially in terms of pressure attenua‐
tion and increase. The reason for this finding is that, for 
the strong compressible multiphase flow with strong impact, 
a larger artificial viscosity coefficient is usually used to 
stabilize the numerical method and prevent particle pene‐
tration, resulting in numerical dissipation. In addition, this 
study does not use a method similar to Riemann SPH to 

Figure 27　Pressure waves at different times
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deal with the interface pressure. We will conduct an in-depth 
discussion and analysis on this in subsequent research. 
The temporal histories of the particle counts of water and 
TNT are shown in Figure 30.

This case further demonstrates that the present AMRS 
SPH effectively forms multiple local high-resolution regions 
for the multiphase interface and pressure shock wave to 
improve computational accuracy. The present axisymmet‐
ric AMRS SPH accurately and effectively deals with large 
discontinuity problems.

In this study, some classic strongly compressible multi‐
phase flow problems are simulated based on the AMRS 

SPH model. Bubble dynamics has always been the focus 
of most scholars in multiphase flow. Plesset and Prosperetti 
(1977) provided a detailed introduction to the principle of 
bubble dynamics. Recently, Zhang et al. (2023) established 
a new oscillating bubble dynamics theory and proposed the 
bubble dynamics equation for the first time. The SPH has 
special advantages for simulating the bubble dynamics. 
The AMRS SPH model developed in this study is also suit‐
able for simulating bubble dynamics, and a high-resolution 
region at the bubble interface can be formed to improve 

Figure 29　Pressure versus time of the measuring points

Figure 28　Pressure distributions at different times

Figure 30　Time histories of the number of particles
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the computational accuracy of the interface. Moreover, the 
bubble dynamics will be investigated using the AMRS 
SPH model in our future work.

5  Conclusion

In this study, an axisymmetric adaptive multiresolution 
SPH model is developed to solve the strongly compress‐
ible multiphase flow problem. The difference in fluid vol‐
ume for the strongly compressible multiphase flow prob‐
lem is significant, which leads to an uneven particle distri‐
bution. In the axisymmetric AMRS SPH model, an IVAS 
is proposed to maintain the stability of particle volume and 
the uniformity of particle distribution. Moreover, an AMRS, 
the IVAS technique combined with the APR technique, for 
strongly compressible multiphase flow is developed, which 
realizes high-precision calculation by dynamic forming 
high-resolution local regions in the problem domain.

Four typical strongly compressible multiphase flow prob‐
lems are investigated. Comparing the SPH results with the 
results from other resources, we can conclude that the 
IVAS is suitable for solving the problem of uneven parti‐
cle distribution caused by excessive differences in particle 
volume. The AMRS, the IVAS technique combined with 
the APR technique, effectively and dynamically forms a 
high-resolution local region to improve the computational 
accuracy, which effectively reduces some nonphysical 
oscillations in simulating strongly compressible multiphase 
flow problems. The adaptive multiresolution SPH model 
effectively models strongly compressible multiphase flows.

However, the present AMRS SPH model still has cer‐
tain flaws in dealing with strongly compressible multi‐
phase flow problems with high compression ratios and 
strong impact properties. The present AMRS SPH model 
also has the problem of numerical dissipation, which causes 
certain errors in the results. The present AMRS SPH model 
will be combined with Riemann SPH to improve the com‐
putational accuracy and efficiency in future work.
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