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Abstract

At present, the measurement of the near wave field of ships mostly relies on shipborne radar. The commonly used shipborne radar is incoherent
and cannot obtain information on wave surface velocity. Therefore, the mathematical model of wave reconstruction is remarkably complex. As
a new type of radar, coherent radar can obtain the radial velocity of the wave surface. Most wave surface reconstruction methods that use wave
velocity are currently based on velocity potential. The difficulty of these methods lies in determining the initial value of the velocity integral.
This paper proposes a wave surface reconstruction method based on an artificial boundary matrix. Numerical simulation data of regular and
short-crest waves are used to verify the accuracy of this method. Simultaneously, the reconstruction stability under different wave velocity
measurement errors is analyzed. The calculation results show that the proposed method can effectively realize the reconstruction of wave field.

Keywords Coherent radar; Wave velocity field; Artificial boundary matrix; Wave surface reconstruction; Calculation stability

1 Introduction

When ships sail on the sea, the six-degree-of-freedom (6-
DOF) motion of the ships has considerable effects on their
safety and operation. The wave is one of the main environ-
mental factors that cause the 6-DOF motion of ships. There-
fore, obtaining the near wave field of ships is crucial to
ensure their safety.

Obtaining wave field measurements of the ship’s loca-
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tion by deploying buoys or Acoustic doppler current profiler
(ADCP) when the ship is sailing in the sea is not feasible.
Additionally, shipborne radars experience shadowing effects
in the vicinity of the ship, preventing direct measurement of
wave field data in the ship’s near field. Two methods used
to obtain the near wave field of ships are currently avail-
able. The first method involves reconstructing the wave
according to the time series of ship motion using the Kal-
man filter (Nielsen, 2019) and neural network (Dug, 2019).
However, the limitation of this method lies in obtaining only
the wave at the ship position and failing to measure the
wave at a distance from the ship.

The second method involves reconstructing the wave sur-
face according to the wave surface radar image of shipborne
radar. This reconstruction uses radar to sweep waves in a
large area to obtain wave information. At present, incoher-
ent radar is widely used. Radar image sequencing is the most
commonly used method in the wave surface reconstruction
method based on incoherent radar. First, the three-dimen-
sional fast Fourier transform (3D-FFT) is utilized to convert
the image sequence into an image spectrum, and the disper-
sion relationship is used to filter the image spectrum to
extract related wave information. The modulation transfer
function (MTF) determined by experience is then utilized
to convert the filtering spectrum into a wave spectrum.
Nieto-Borge et al. (2004) proposed the method of using
3D-FFT to obtain the wave information from the radar im-
age sequence information. Dankert et al. (2004) eliminated
the influence of the angle on the imaging by comparing the
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angle of each pixel in the image with respect to the shoot-
ing angle of view. However, their wave surface reconstruc-
tion based on the MTF method has low credibility due to
the influence of multiple factors such as radar and sea sur-
face noise. Meanwhile, when the radar sweep angle is low,
the occlusion of the wave crest to the trough area will fur-
ther complicate the process of pushing the MTF based on
the physical method. Barstow et al. (2005) compared the
wave height retrieved from the radar image with that mea-
sured by the wave finder. They found that the wave phases
between the two are relatively consistent, but a certain differ-
ence exists between the wave heights. Aragh et al. (2008)
proposed a method to realize wave height inversion through
the conversion function between the wave model to be pre-
dicted and the radar image information. Based on the least-
square method, Wang et al. (2009) used the fitting method
of radar image information and experimental data measured
by buoys to invert the wave field. Li (2013) used the Laplace
operator to preprocess the noise in ocean radar images,
eliminated the abnormal point data, and used the least
squares method for fitting, which effectively improved the
inversion accuracy of wave surface elevation.

Compared with incoherent radar, the best feature of coher-
ent radar lies in its capability to obtain wave surface velocity
field. Nwogu and Lyzenga (2010) integrated the radial
velocity of the coherent radar to reconstruct the numerical
solution of the wave surface velocity potential and then
calculated the wave surface accordingly. Serafino et al.
(2009) used the radial Doppler velocity obtained by the
coherent radar to directly reconstruct the wave surface and
verified the feasibility of this method under deep water con-
ditions. Carrasco et al. (2017) proposed a semiempirical
method for estimating the effective wave height. After a
large amount of data analysis, the results revealed that the
effective wave height has a linear relationship with the root
mean square of the Doppler velocity. This method directly
acquires the effective wave height from the velocity infor-
mation. The method also avoids the use of MTF and obtains
an accurate wave height estimate.

When integrating the velocity to obtain the velocity po-
tential, determining the initial value of the integral is diffi-
cult. In practical engineering applications, directly obtaining
#(r;,) through actual measurements is difficult. This difficulty
has a crucial impact on the accuracy of the wave surface
reconstruction. This paper proposes a wave surface recon-
struction method based on an artificial boundary matrix to
achieve wave surface reconstruction, which avoids the deter-
mination of integral initial values. The numerical simulation
data are used to verify this method. Section 2 explains the
basic theory of the reconstruction method. Section 3 de-
scribes the wave conditions of the numerical simulation.
Section 4 analyzes the reconstruction results of regular and
short-crest waves. Section 5 examines the influence of mea-
surement error on velocity.
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2 Theory of reconstruction method

The difference between coherent and incoherent radars
lies in the variation of the magnetron system in the equip-
ment. The phase of the electromagnetic wave signal gener-
ated by the incoherent radar is irrelevant, and the Doppler
frequency shift information of the moving object cannot
be obtained. Meanwhile, accurate Doppler frequency shift
information can be obtained when the phase of the electro-
magnetic wave signal generated by the coherent radar is rel-
evant. Coherent radar can obtain the velocity information
of the wave surface through the Doppler frequency shift in-
formation of the wave echo signal.

In the potential flow theory, the first-order linear definite
solution condition of fluid velocity potential ¢ can be ex-
pressed as follows:

A¢g =0, in the fluid domain

2—? =gy, onz=0

(?T’t] = Z—(ﬁ, onz=0 @
z—f =0, onz=-h

where h is the water depth, g is the gravity acceleration,
and 7 is the fluid-free surface. Assuming the periodic waves
in time and space, the following analytical Airy solution is
obtained for the free surface elevation and velocity potential.

n=Acos (k- r - wt) 2

_Ag . cosh[k(z + h)]
¢—?sm(k- r_m)—cosh(kh) 3)
where A is the wave amplitude, k= (kcosd, ksiné) is the
wave number vector, @ is the direction angle, w is the
wave frequency and r = (X, y) is the spatial location.

In this paper, the water depth is assumed to be infinite,
and the wave satisfies the dispersion relation of infinite water
depth.

o’ = gk 4)

The basic assumption for the wave field generally indi-
cates that irregular waves are superimposed by multiple
regular waves of different frequencies, amplitudes, and
phases ¢. Based on the linear superposition of waves, Mo-
hapatra et al. (2019) added the influence of the second-
order term to realize the simulation of second-order internal
waves. This paper uses only the linear wave theory.

N

4= z%sin [k (xcosd; +ysing,) - ot + g1 (5)

i=1 i
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i i
5 = zzai cos [k;(xcos @, +ysing;) — w;t + ;] (8)
]

When the spatial position is expressed in polar coordi-
nates, the linear velocity potential and wave surface equa-
tion at the free surface (z=0) can be expressed as follows:

¢:z%sin [k;(rcospcos@,+rsingsing,)—w;t+¢,]1(9)

;7=zai cos [k; (rcospcosé, +rsingsing,)-w;t+¢;] (10)

or

33

cos [k;(rcospcosd;+rsingsing,)—wt+¢;]

(11)
22 cos [k; (rcosfcos 6, +rsinfsing;)-wt+g;]
(12)

where a, w, k;, 6, and ¢, represent the wave amplitude,
frequency, wave number, direction angle, and phase angle
of each cosine wave, respectively, r is the radius in polar
coordinates, and f is the angle in polar coordinates.

The two short-crest wave generation methods are single
and double superposition methods. The main difference lies
in whether the direction angle is connected to the frequency.

Simultaneously, the corresponding velocity field of the
wave surface can be obtained. Considering the radial velocity
field that can only be obtained by coherent radar, only the
expression of the radial velocity field is written. Herein, only
the single superposition method is taken as an example:

_ 99 _
T oor 2
XCO0S [ki(rcos/icosé)i +rsingsing,) - ot + ¢;]

u 49

(cospcosd; + sinfsing,) (13)

The radial velocity and the inverted velocity potential

[- 25
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are obtained by the coherent radar and integration, respec-
tively, and the inverted wavefront is then obtained (Nwogu
and Lyzenga, 2010).

#(r) = [ urdr+ ()

min

(14)

where r is the radial distance. The above-mentioned integral
formula for inverting the velocity potential (Eq. (14)) is
theoretically feasible. However, in actual operation, this in-
tegral formula has several problems, such as the determi-
nation of the initial value ¢(r,;) of the integral. There-
fore, another method can be used to calculate the velocity
potential.

The velocity is the derivative of the velocity potential,
and the derivative can be approximated by the difference
method. Thus, this research uses the idea of deriving the
velocity potential difference to perform the inversion. The
five-point difference is used as a method of numerical deri-
vation as follows:

f (X)) = o 12A [ - 25f (x,) + 48f (x,)
— 36f (x,) + 16f (x3) - 3f (X,)]

(15)

f(x,)= o 12AX [ - 3f (x,) - 10f (x,) + 18f (x,)
- 6f (x5) +f(x,)]

(16)

f(x) = T [ (X0) =8 () + 8 () = f (x,)] (A7)
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— 48 (x;) + 25 (x,)]

The edge difference scheme is used for the two grid
points near the boundary, and the central difference scheme
is used for the other grid points. Therefore, the entire re-
construction process can be written as Eq. (21).

C g [ ur
a1 %o
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¢3 ur3r3
O el (20)
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where u, represents the radial velocity field measured by a
coherent radar, ¢ represents the reconstruction velocity po-
tential obtained, and N is the number of radial velocities in
the numerical calculation process, which is taken as 300 in
this paper. The index i=0, 1, ---, N corresponds to the radar
selection range of 100—-400 m, where i=0 is the closest,
and i=N is the furthest. The wave surface can be calculated
using the free surface condition after obtaining the velocity
potential.

Notably, the coefficient matrix in the formula is obtained
by the five-point difference formula. This matrix is normal
when calculating the speed in the forward direction through
the velocity potential. However, calculating the velocity
potential through the velocity inverse can lead to problems.
The main problem lies in the smaller rank of the difference

1 0 0 0 0
-3 -10 18 -6 1
1 -8 0 8§ -1
1 -8 O 8§ -1
1 -8 0 8
1 -8 0
-1 6
L 3 -16

3 Inversion condition

The method is verified by numerical simulations due to
the lack of measured data. Considering computational effi-
ciency, a linear model is selected as the wave model for
numerical simulation. The velocity direction measured by
the coherent radar is radial; thus, only the radial velocity
field information is necessary in the simulation.

In this paper, regular and short-crest waves are consid-
ered, and the working conditions used in the numerical sim-
ulation verification of coherent radar wave measurement are
shown in Table 1.
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coefficient matrix than the number of rows of the matrix,
thus making it impossible to find the inverse matrix of the
coefficient matrix. This coefficient matrix cannot change
the rank by varying the combination of differences in the
rows of the matrix (for example, the first, second, and third
rows use five-, four-, and three-point differences, respec-
tively). During the differential solution, one row of miss-
ing data is observed in the differential calculation com-
pared to the original result due to the limited boundary.
Considering that the boundary is limited when the velocity
potential of the innermost layer is solved, the first row (the
innermost layer) is taken as the artificial boundary, and its
coefficient is changed to 1. That is, the velocity potential in
this layer is equal to the velocity; therefore, the matrix can-
not be inverted.

-1 uI’D rO ¢0
ur1r1 ¢1
ur2r2 ¢2
ur3r3 ¢3
_| - 22)
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Table 1 Numerical simulation conditions
Wave Ocean wave Sea state Significant Chara_cterlstlc
spectra wave (m) period (s)
Regular 35 8.5
wave - - 5.5 95
75 10.5
Short-crest 5 35 8.5
waves ITTC 55 95
spectrum
7 75 10.5




X. L. Liu et al.: Artificial Boundary Condition Processing Technique for Phased-Resolved Wave Surface Reconstruction 105

4 Analysis of reconstruction results
4.1 Regular wave reconstruction results

Under the framework of linear theory, irregular waves
are usually considered to be formed by the linear superpo-
sition of a series of regular waves of different frequencies
and amplitudes. Numerical simulation under regular wave
conditions can intuitively reflect and verify the performance
of the method.

First, the regular wave with a wave height of 3.5 m is re-
constructed. Figures 1(a) and 1(c) below show the theoreti-
cal wave surface and reconstructed velocity potentials, re-
spectively. The figures reveal that the reconstructed results
of the velocity potential are highly consistent with the the-
oretical results. The theoretical wave surface and the re-
constructed wave corresponding to the velocity potential
are shown in Figures 1(c) and 1(d), respectively.

The inversion error of 3.5 m wave height is shown in
Figure 1(e) to intuitively compare the error of the wave in-
version method of coherent radar images. The figures reveal
that in the case of a 3.5 m regular wave, the reconstructed
model has high accuracy, and the absolute error of the wave
surface is controlled within 10~~10"° m, which verifies the
accuracy of the reconstructed model.

Figures 2(a) and 2(c) show the wave surface and inver-
sion velocity potentials of regular waves with a wave height
of 5.5 m, respectively. The figures reveal that the inversion
result image of velocity potential is almost consistent with
the theoretical result image. The theoretical wave surface
corresponding to the velocity potential and the inversion
wave is shown in Figures 2(b) and 2(d), respectively, and the
accuracy of the reconstructed wave surface is also excellent.

The absolute error in Figure 2(e) shows that the overall
error of the inversion effect at 5.5 m is only slightly different
from that at 3.5 m, which is controlled within 10“-107° m,
which verifies the accuracy of the inversion model.

Figures 3(a) and 3(c) depict the theoretical and inversion
velocity potentials, respectively, for a regular wave with a
wave height of 7.5 m. The inversion results of the velocity
potential closely match the theoretical results. The correspond-
ing theoretical wave surface to the velocity potential and
the inversion wave are presented in Figures 3(b) and 3(d),
respectively.

The absolute error of the wave surface is examined, as
shown in Figure 3(e), to further evaluate the inversion per-
formance. The reconstruction error is assessed for a wave
height of 7.5 m, and the error magnitude is on the order of
10™. These findings demonstrate that the reconstruction
model exhibits high accuracy, thereby confirming the validity
of the reconstruction approach.

The above numerical results (Figures 1, 2 and 3) under the
condition of regular waves with different amplitudes are con-
sistent, which shows that the numerical algorithm developed

in this paper is correct and feasible. This study provides a
research basis for the subsequent validation of coherent ra-
dar algorithms under short-crest wave conditions.

(e) Reconstruction error

Figure 1 Reconstruction result of regular wave (H = 3.5)
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(c) Reconstructed velocity potential

(c) Reconstructed velocity potential
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(e) Reconstruction error (e) Reconstruction error

Figure2 Reconstruction result of regular wave (H = 5.5) Figure 3 Reconstruction result of regular wave (H = 7.5)
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4.2 Short-crest reconstruction results

The short-crest wave is the wave in the actual ocean;
therefore, conducting the inversion simulation of the short-
crest wave is necessary. Considering the computational effi-
ciency, the linear wave model is used to generate the short-
crest wave surface. The velocity potential, wave surface, and
r-direction velocity field are respectively shown as follows:

¢ :zzaa‘)—gcos [k, (rcospcos 6, +rsinfsing)-ot+¢;]
(23)
n:_zzai cos [k; (rcospcos 6, +rsinfsing;)-w;t+¢;](24)

_ 0 _ &g i i
U = g = 27, (cospcosd; +sinpsin6) (25)

xcos [k, (rcosfcosd; + rsingsing,) — ot + ¢,]

The velocity potentials of the theoretical wave surface
and the inversion results under sea state 5 are presented in
Figures 4(a) and 4(c), respectively. Notably, the reconstruct-
ed velocity potentials exhibit remarkable agreement with
the theoretical counterparts. The corresponding theoretical
wave surfaces corresponding to the velocity potential and
the reconstructed waves are illustrated in Figures 4(b) and
4(d), respectively, displaying strong consistency with the
velocity potential outcomes. The absolute error of the wave
surface is examined in Figure 4(e) to further assess the ef-
fectiveness of the reconstruction approach. Assessment re-
sults revealed that the reconstruction error under sea state 5
is consistently on the order of 10™, emphasizing the high
accuracy of the reconstruction model. These results further
validate the accuracy and reliability of the proposed recon-
struction model.

Figures 5(a) and 5(c) show the theoretical wave surface
and reconstructed velocity potentials under sea state 6, re-
spectively. The figures show almost no difference in the
velocity potential between the two. Figures 5(b) and 5(d)
are the theoretical wave surface and the reconstructed wave,
respectively. The comparison results agree with the theoreti-
cal results.

The absolute error of the inversion method under sea
state 6 is illustrated in Figure 5(e) to facilitate a comprehen-
sive comparison of the wave inversion error using coher-
ent radar imagery. Notably, the figure demonstrates the
high accuracy of the inversion algorithm, especially under
sea state 6.

The theoretical wave surface velocity potential (Figure 6(a))
and the reconstructed velocity potential (Figure 6(c)) under
sea state 7 exhibit minimal discrepancies, exhibiting a high
degree of similarity between the two velocity potentials.
Figures 6(b) and 6(d) show the theoretical and reconstructed
wave surfaces, respectively. Notably, the comparison reveals
a significant degree of concordance between the images

of the theoretical and reconstructed wave surfaces, which
closely aligns with the results obtained from the velocity
potential analysis.

z(m)

-200

x(m)

—400 —300
(e) Reconstruction error

Figure 4 Reconstruction result of short-crest wave (sea state 5)
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(e) Reconstruction error (e) Reconstruction error
Figure 5 Reconstruction result of short-crest wave (sea state 6) Figure 6 Reconstruction result of short-crest wave (sea state 7)
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Figure 6(e) intuitively shows the effect of the wave in-
version method through the absolute error of the wave sur-
face. The figure reveals that the overall wave surface error
remains within the range of 10“-10"°m under sea state 7,
and the error is substantially small. These findings prove
that the wave surface elevation inversion algorithm proposed
in this paper has high inversion accuracy.

The root mean square statistics of inversion error under
sea states 5—7 are given in Table 2 to further analyze the
accuracy of the wave reconstruction algorithm under dif-
ferent sea states. Regardless of the influence of measure-
ment errors, the table shows that the algorithm proposed
in this paper demonstrates a high level of inversion accu-
racy, with error magnitudes controlled within the range of
10 m. The aforementioned results validate the feasibility
and accuracy of the algorithm for inverting the elevation
of deterministic irregular wave surfaces.

Table 2 Reconstructed error of short-crest wave

Sea state Root mean square error (m)
5 1.42x10°°
6 1.78x10°°
7 2.00x10°°

5 Stability analysis

Some measurement errors are encountered when coher-
ent radar is used to measure the wave surface velocity field
in practice, which requires the accuracy and stability of the
reconstruction model. Therefore, discussing the influence of
velocity error on the performance of reconstructed results is
necessary.

This paper selects sea state 7 as the calculation sea state
to observe the influence of velocity error on the recon-
structed accuracy and takes a series of velocity measurement
errors (0.1%, 0.5%, 1.0%, and 2.0%) to analyze the recon-
structed results under different errors and study the accuracy
stability of the reconstruction model. In the process of nu-
merical simulation, the velocity error is considered by the
following methods

u'=u x(1+e),e'e(-eg te) (26)

where u,' represents the velocity with error and &' repre-
sents the relative error of velocity at a certain point, which
is a random number within the selected error range (¢, +¢).

Figures 7(a) and 7(c) show the original and reconstructed
velocity potentials, respectively, when the error of measure-
ment velocity is 0.1%. The reconstructed velocity potential
is accurate, and the figures of the original and inversion
velocity potentials are almost the same. The comparison of
the theoretical and reconstructed waves in Figures 7(b) and
7(d), respectively, is highly consistent.

(m)

z(m)

(e) Reconstruction error

Figure 7 Reconstruction result with 0.1% velocity measurement
error
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Figure 7(e) shows that the absolute error of the recon-
structed wave is controlled within 0.2 m, and the root mean
square error is only 0.038 m, accounting for 0.5% of the sig-
nificant wave height (7.5 m). The reconstructed result of the
wave surface has high accuracy under this velocity error,
which can meet the accuracy requirements of engineering.

When the error of the measured velocity is 0.5%,
Figures 8(a) and 8(c) show that the reconstructed velocity
potential is accurate, and the graph of the original velocity
potential is more consistent with that of the reconstructed
velocity potential. However, the result of the reconstructed
wave surface (Figure 8(d)) is different from that of the
original result (Figure 8(b)), which is manifested by some
“jitters” in the adjacent radial direction. Compared with the
reconstructed result of 0.1% velocity error, the wave surface
becomes rough.

Figure 8(e) shows the absolute error chart of the wave sur-
face. The figure reveals that the absolute error is controlled
within 1 m. The root mean square error is only 0.218 m, ac-
counting for 2.9% of the significant wave height (7.5 m),
which indicates that highly accurate reconstructed results
can still be obtained in most areas.

Figures 9(a)—9(d) show the theoretical velocity potential,
reconstructed velocity potential, theoretical wave surface,
and reconstructed wave surface when the error of measure-
ment velocity is 1.0%. The wave surface and velocity po-
tential are consistent with the theoretical velocity poten-
tial, and the original velocity potential is consistent with the
inversion velocity potential.

The chart of wave surface inversion reveals that “jitters”
still appear in the reconstructed result (Figure 9(d)) com-
pared with the original wave surface (Figure 9(b)), and the
roughness of the entire wave surface is further increased
compared with the reconstructed result of 0.1% and 0.5%
velocity errors. However, the root mean square error is
0.433 m, accounting for 5.8% of the significant wave height
(7.5 m), which is still in a low range, and the reconstructed
results remain acceptable.

The comparison between Figures 10(a) and 10(c) shows
that the accuracy of the reconstructed velocity potential is
further reduced when the error of the measured velocity
is 2%.

In terms of wave reconstruction, the reconstructed results
(Figure 10(d)) are in good agreement with the theoretical
results (Figure 10(b)). As shown in Figure 10(e), the root
mean square error of wave reconstruction is 0.857 m, ac-
counting for 11.4% of the significant wave height (7.5 m).
However, when the boundary is forced, the artificial bound-
ary will distribute its influence to the global when solving
the reconstruction matrix, resulting in the deviation between
the reconstructed and theoretical wave surfaces in the local
region, and this deviation is consistent in the same radial
direction. The maximum absolute error of the wave surface
is close to 1.5 m, and the relative error is more than 20%.
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Figure 8 Reconstruction result with 0.5% velocity measurement
error
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(e) Reconstruction error (e) Reconstruction error

Figure 9 Reconstruction result with 1.0% velocity measurement Figure 10 Reconstruction result with 2.0% velocity measurement
error error
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This finding also reflects that the difference matrix method
has high requirements for the accuracy of the measurement
speed, and the increase of the measurement error will lead to
a rise in the wave surface inversion error.

1% =

=]

Relative error (%)

0 05 10 15 20
Velocity error £ (%)

Figure 11 Reconstructed error with different velocity errors

6 Conclusions

In this paper, a study on the accurate inversion of wave
field elevation based on coherent radar images is conducted.
The traditional method of wave surface reconstruction using
coherent radar involves the integration of the radial velocity.
However, in the actual operation process, determining the
initial value of the integral is difficult when obtaining the
velocity potential. Therefore, this paper proposes a novel
inversion approach that addresses the issue of initial values
by employing a difference matrix method that does not re-
quire their determination. The inversion is performed through
the difference of the velocity potential using the difference
matrix approach.

The numerical simulation data of regular and short-crest
waves are used to verify the model, and stability analysis
with different velocity measurement errors is discussed.
The conclusions are presented as follows:

1) For regular waves, when the wave heights are 3.5,
5.5 and 7.5 m, the reconstructed results have good agree-
ment with the theoretical results, and the absolute errors
are between 10~ and 10~ m, which verifies the feasibility
of the inversion method.

2) In the context of short-crest waves, the performance
of the inversion algorithm is evaluated for three sea states
ranging from levels 5 to 7. The results show that the algo-
rithm achieves high precision in inverting the irregular
wave surface and the corresponding velocity potential under
these representative sea conditions. The absolute errors of
the wave surface are consistently within the range of 10—
10°m, providing compelling evidence for the accuracy of
the inversion algorithm.

3) Considering the influence of the measurement error
of velocity, four measurement error values of 0.1%, 0.5%,
1.0%, and 2.0% are selected to analyze the stability of the
reconstruction algorithm. When the measurement error in-
creases, the wave surface reconstruction accuracy decreases,
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and the root mean square error increases with the measure-
ment error. The velocity potential reconstructed result is in-
sensitive to the measurement error and is consistent with the
original velocity potential image. The reconstructed results
of wave surface and velocity potential of the reconstruc-
tion algorithm in the case of four kinds of measurement er-
rors are generally consistent, and the reconstructed results
are satisfactory.
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