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Abstract
For active wave absorbers in force-control mode, the optimal feedback (control) force provided by the control system depends on the 
hydrodynamic forces. This work investigates a piston-type wave absorber with different draft-to-water depth ratios, focusing on the frequency-
dependent hydrodynamic coefficients, wave absorption efficiency, wave absorber displacement and velocity, and control force. Analytical 
results were derived based on potential flow theory, confirming that regular incident waves can be fully absorbed by the piston-type active wave 
absorber at any draft ratio by optimizing the control force. The results for the wave tank with a typical water depth of 3 m were studied in detail. 
The draft ratio has a strong influence on the hydrodynamic coefficients. At the maximum wave absorption efficiency, the displacement and 
velocity amplitudes are sensitive to the draft ratio in the low-frequency region, increase with decreasing draft ratio, and are independent of the 
mass of the wave absorber. The control force required can be extremely large for a draft ratio greater than 1/3. The control force increases 
significantly as the draft ratio increases. The mass of the wave absorber has a weak influence on the control force. A time-domain numerical 
method based on the boundary element method was developed to verify the analytical solutions. Perfect agreements between the analytical 
solutions and the numerical results were obtained.
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1  Introduction

Since the construction of the first wave tank in the Neth‐
erlands in 1956, many wave tanks have been built world‐
wide for the experiments of wave–body interactions. Com‐
pared with that of the open sea environment, the space of 
the wave tanks is limited, and the tank walls can negatively 
influence the experiments. For example, the reflected 

waves from the tank walls can travel back to the working 
zone and interfere with the experiments. Therefore, the 
waves reaching the tank walls should be absorbed to avoid 
reflection.

Two methods of absorbing waves are widely used in the 
wave tank: using a passive absorber or an active absorber. 
A passive absorber, such as a beach usually located at the 
end of the wave tank, can partially absorb incoming 
waves. An active absorber is a body with an external dy‐
namic system that can perfectly absorb regular waves over 
a wide range of frequencies by tuning the external dynamic 
system. The active wave absorber was pioneered by Ursell 
et al. (1960). Based on the wave generation theory of 
Havelock (1929), they conducted an experiment and 
showed that 2D waves with small amplitudes can be ab‐
sorbed by moving the termination at the end of the wave 
tank. Milgram (1970) called such devices “active water-
wave absorbers” and proposed a self-actuating wave-ab‐
sorbing system by determining the motion of the termina‐
tion in the form of a linear operation on the measured sur‐
face elevation at a fixed point. Several different techniques 
have been developed for the optimal control of the active 
wave absorbers. They can be classified into two catego‐
ries: position-control mode and force-control mode. Tech‐
niques of wave absorption can be integrated into a conven‐
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tional wave maker to develop the so-called “absorbing 
wave maker”, which can simultaneously make waves and 
absorb reflected waves (Hirakuchi et al., 1990).

In the position-control mode, the free surface elevations 
in front of the wave absorber or maker are measured to ob‐
tain incoming waves. The wave absorber or maker is 
moved in a manner that cancels out the incoming waves 
(Milgram, 1970; Christensen and Frigaard, 1994; Schäffer, 
1996; Mahjouri et al., 2020). In the force-control mode, 
force is used as the hydrodynamic feedback mechanism. 
One of its advantages is that the hydrodynamic force is an 
integral quantity measured over the wetted body surface, 
thus minimizing the errors encountered with single-point 
measurements (Salter, 1981). Clément and Maisondieu 
(1993) investigated the piston wave absorber in force-con‐
trol mode and first derived a frequency-dependent transfer 
function between the optimal velocity of the piston and 
the total force for the case of steady harmonic incident 
waves. The time-domain piston velocity leading to the 
complete absorption of the incident wave train was ob‐
tained by convoluting the inverse Fourier transform of the 
transfer function with the measured hydrodynamic force. 
However, the derived impulse response function of the 
ideal absorber is not causal and thus cannot be used as the 
control loop of a physical absorbing device. Therefore, 
they proposed two causal non-ideal approximations of 
this ideal noncausal controller: the Purely Unsteady Feed‐
back-Feedforward causal approximation and the Frequency-
Dependent Feedback-Feedforward causal approximation. 
Sub-optimal realizable controllers work remarkably well 
when the incident wave frequency is known. Chatry et al. 
(1998) proposed a self-adaptive feedback-feedforward 
wave absorption controller that gives good results over a 
broad frequency range. Other works on wave absorbers in 
the force-control mode were performed by Naito (2006), 
Spinneken and Swan (2009a, 2009b, 2009c), and Yang et 
al. (2015).

For the wave absorber in force-control mode, the opti‐
mal feedback force provided by the control system is de‐
pendent on the hydrodynamic forces. Therefore, the de‐
sign of the wave absorber can be improved by modifying 
its hydrodynamic properties. For example, a reduced feed‐
back force can lower the requirements of a mechanical 
system. In physical wave tanks, piston-type and flap-type 
wave absorbers and makers are widely used. The traditional 
piston-type wave absorber or maker has a draft-to-water 
depth ratio of 1. A feasible approach to modifying the hy‐
drodynamic properties is to change the draft ratio. This 
work investigates piston-type wave absorbers with differ‐
ent draft ratios by focusing on the frequency-dependent hy‐
drodynamic coefficients, the frequency-dependent transfer 
function between the amplitude of the optimal feedback 
(control) force and that of the incident regular wave, and 
wave absorption efficiency.

2  Governing equations and definition of wave 
energy absorption efficiency

The hydrodynamics of 2D piston-type active wave ab‐
sorbers are investigated, and the physical model is shown 
in Figure 1. The depth of the wave tank is H. The piston-
type active wave absorber, with a draft of l, is located at 
the right end of the tank. An incident wave propagating to 
the right (along the positive x-axis) will interact with the 
wave absorber and the right tank wall, resulting in the 
movement of the wave absorber and a wave system propa‐
gating to the left. In linear theory, the resulting wave system 
can be decomposed into radiation and reflected waves. The 
reflected wave is due to the presence of fixed obstacles. 
Here, the obstacles are the wave absorber and the right tank 
wall. The radiation wave is due to the movement of the 
wave absorber. The control system of the active wave ab‐
sorber provides an external force (feedback or control 
force), modifying the motion of the wave absorber and, 
therefore, the radiation wave. The radiation wave should 
counteract the reflected wave. Ideally, the reflected wave 
is fully counteracted by the radiation wave, i.e., perfect ab‐
sorption is achieved.

2.1  Governing equations for fluid flow

Assuming that the flow is irrotational and the water is 
incompressible and inviscid, the water flow can be repre‐
sented by the potential-flow model. The velocity potential 
satisfying the Laplace equation, i.e., Eq. (1), is introduced. 
The velocity of fluid particles is given by u = ∇ϕ.

∇2ϕ = 0, in fluid domain (1)

∂η
∂t

=
∂ϕ
∂z

   and   
∂ϕ
∂t

=  − gη, at z=0 (2)

∂ϕ
∂n

=  − η̇1, at x=0 and − l < z < 0 (3)

∂ϕ
∂n

= 0, at z =  − H or on fixed walls (4)

On the free surface, the kinematic and dynamic free-sur‐
face boundary conditions are satisfied: the fluid particles 

Figure 1　Schematic of the physical model; the horizontal dashed line 
denotes the undisturbed free surface. The control system provides a 
feedback force that influences the motion of the water-wave absorber
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on the free surface always stay on the free surface, and the 
pressure on the free surface is equal to the atmospheric 
pressure. The linearized free-surface conditions are repre‐
sented by Eq. (2), where η denotes the wave elevation and 
g the acceleration of gravity. On the wetted body surface, 
the impenetrable boundary condition given by Eq. (3) is 
satisfied; that is, the normal velocity of the fluid is equal to 
the normal velocity of the body. In Eq. (3), η1 denotes the 
horizontal displacement of the piston, and n is the interior 
normal to the boundary of the water. Similarly, Eq. (4) is 
satisfied on the bottom or fixed tank walls.

The total velocity potential ϕ can be decomposed into 
the velocity potential of the incident wave ϕI, the velocity 
potential of the reflected wave ϕs, and the radiation veloci‐
ty potential due to the motion of the wave absorber ϕ1, i.e.,

ϕ = ϕI + ϕs + ϕ1 (5)

Ideally, ϕs + ϕ1 is equal to zero, i. e., the incident wave 
is completely absorbed. The velocity potential of a linear 
regular wave propagating along the positive x-axis can be 
expressed as

ϕI =
Ag
ω

cosh [ ]k ( )z + H
cosh (kH )

cos (kx − ωt ) (6)

where ω, A, k and H represent the wave frequency, wave 
amplitude, wave number, and water depth, respectively. 
According to the linear wave theory, the dispersion rela‐
tion, ω2 = kg tanhkH, should be satisfied.

2.2  Motion of water-wave absorber

The wave force Fw, which results in the body motion, is 
obtained by integrating the water pressure along the wetted 

body surface, i. e., Fw = ∫− l

0

pdz. According to Bernoulli’s 

equation, the linearized pressure is expressed as p =  − ρ ∂ϕ
∂t

. 

The wave force can be decomposed into the radiation 
force induced by the radiation wave and the diffraction 
force by the incident and reflected waves. In the steady 
state, the radiation force can be expressed as − A11(ω) η̈1 −
B11(ω) η̇1, where A11(ω) is the frequency-dependent added 
mass coefficient and B11(ω) is the wave damping coeffi‐
cient. The control force, provided by the control system ac‐
cording to body motion, also acts on the wave absorber. 
For regular incident waves, the control force can be set to 
a damping force proportional to the body velocity plus a 
restoring force proportional to the body displacement, i. e., 
Fc =  − n ( )ω η̇1 − c ( )ω η1. Here, n (ω) and c (ω) are the 
damping and restoring force coefficients, respectively. Pos‐
itive damping coefficients dissipate the wave energy; 
therefore, the incident waves are (partially) absorbed. The 

wave absorption efficiency can be improved by optimizing 
the damping and restoring the force coefficients. Accord‐
ing to Newton’s second law, the equation of motion of the 
wave absorber is written as

[ ]M + A11( )ω η̈1 +[ ]n ( )ω + B11( )ω η̇1 +c( )ω η1 =FD  (7)

where M represents the mass of the active wave absorber, 
and FD is the diffraction force (also called “wave excitation 
force”).

2.3  Wave absorption efficiency

The wave propagating to the left consists of reflected 
and radiation waves. The ratio between the amplitude of 
the left-traveling wave and that of the incident wave, ε =
A−/A, is called the reflection coefficient (Milgram, 1970). 
When the piston is stationary, no radiation wave is present, 
and the piston behaves similarly to a vertical wall. Without 
energy loss, the amplitude of the reflected wave is equal to 
that of the incident wave, i. e., the total reflection. Thus, it 
corresponds to ε = 1. The moving piston generates a radia‐
tion wave. For positive n (ω), the radiation wave tends to 
offset the reflected wave, and wave absorption occurs. In 
such a situation, the amplitude of the left-traveling wave is 
smaller than that of the incident wave, resulting in ε < 1. 
Ideally, the incident wave is completely absorbed, corre‐
sponding to ε = 0. The average power of the control force 

over a wave period is W̄ =
1
T

= ∫
0

T

Fcη̇1dt =
1
2
ω2n ( )ω η2

1a, 

where η1a is the amplitude of the horizontal displacement 
of the piston. The power of the incident wave is the wave 
energy density multiplied by the group velocity of the 

wave expressed as Q̄ =
1
4
ρgA2ω

k (1 +
2kH

sinh ( )2kH ). The 

ratio between W̄ and Q̄ can represent the wave absorption 
efficiency.

E =
W̄
Q̄

=
2ωkn ( )ω

ρg ( )1 +
2kH

sinh ( )2kH

( η1a

A ) 2

(8)

Eq. (8) is applicable to any water depth and is the gener‐
alization of the formula given by Naito (2006) for infinite 
water depth. The complete wave absorption corresponds 
to E = 1.

3  Analytical method of piston-type wave 
absorber

The radiation velocity potential and the motion of the 
wave absorber are investigated analytically by focusing on 

437



Journal of Marine Science and Application 

the hydrodynamic coefficients, control force, and wave ab‐
sorption efficiency.

3.1  Radiation wave

Assuming that the piston has harmonic motion in the 
horizontal direction, η1 = η1a cosωt. The radiation velocity 
potential can be expressed as (Havelock, 1929)

ϕ1( x, z, t ) = A0 cos h[ k0( z + H ) ]cos (k0 x + ωt )
+∑n = 1

∞ An exp (kn x ) cos [ ]kn( )z + H sinωt (9)

The first term on the right-hand side of the above equa‐
tion represents the left-traveling wave. The second term 
represents the local wave system, attenuating exponentially 
with increasing the distance to the piston. To satisfy the 
free surface condition, i. e., Eq. (2), k0 and kn should follow

ω2 = gk0 tanhk0 H   and   ω2 =  − gkn tankn H (10)

The boundary conditions on the piston and the right 
tank wall can be rewritten as

∂ϕ1∂x
=  − f ( z )sinωt   with

f ( )z = {ωη1a − l ≤ z ≤ 0

0 − H < z <  − l
 , at  x = 0 (11)

Through the above equation, coefficients A0 and An can be 
determined

A0 =
4 ∫− H

0

f ( )z cosh [ ]k0( )z + H dz

sinh ( )2k0 H + 2k0 H

An =  − 4 ∫− H

0

f ( )z cos[ ]kn( )z + H dz

sin ( )2kn H + 2kn H
 for n ≥ 1 (12)

Integrating the pressure p =  − ρ ∂ϕ1∂t
 along the wetted 

surface of the piston gives the radiation force − A11(ω) η̈1 −
B11(ω) η̇1, which consists of an added mass force propor‐
tional to the body acceleration and a wave damping force 
proportional to the body velocity. The added mass and 
wave damping coefficients can be expressed as

A11 = ρ∑
n = 1

∞ 4
kn

2

{ }sin ( )kn H − sin [ ]kn( )H − l
2

sin ( )2kn H + 2kn H
 and

B11 =
4ρω
k0

2

{ }sinh ( )k0 H − sinh [ ]k0( )H − l
2

sinh ( )2k0 H + 2k0 H
(13)

Let D=l/H denote the draft (to water depth) ratio. The di‐

mensionless added mass and wave damping coefficients at 
a typical water depth of 3 m with draft ratios of 1/12, 1/6, 
1/3, 2/3, and 1 are presented in Figures 2 and 3. For small 
draft ratios, the added mass coefficient decreases rapidly 
with increasing frequency in the low-frequency region. 
Meanwhile, the wave damping coefficient increases dra‐
matically. The smallest value of the added mass coeffi‐

cients is obtained at  
-
ω = ω (l/g ) 1/2

= 1.2. In the high-fre‐

quency region, the added mass coefficient varies slowly 
and can be approximated by the value of infinite frequency. 
The wave damping coefficient is extremely small.

3.2  Control force and wave absorption efficiency

The right wall and the piston reflect the incident wave. 
On the right boundary, the normal velocity induced by the 
incident wave is opposite to that induced by the reflected 
wave. Therefore, the velocity potential of the reflected 
wave can be written as

ϕS =
Ag
ω

cos h[ ]k ( )z + H

cos h ( )kH
cos ( )kx + ωt (14)

Figure 2　 Nondimensional added mass coefficients of piston-type 
wave absorber. D denotes the ratio between the draft of the piston 
and the water depth

Figure 3　Nondimensional wave damping coefficients of piston-type 
wave absorber. D denotes the ratio between the draft of the piston 
and the water depth
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By integrating the pressure along the wetted surface, the 
diffraction force acting on the piston is expressed as

FD = ∫− l

0 − ρ ∂( )ϕI + ϕs∂t
dz

=
2ρAg

k
sinh ( )kH − sinh [ ]k ( )H − l

cosh ( )kH
sinωt

(15)

Substituting Eq. (15) into Eq. (7), we obtain the hori‐
zontal displacement of the piston η1 = η1a sin (ωt − β ), 
where the amplitude and phase angle can be expressed as

η1a =

2ρAg
k

sinh ( )kH − sinh [ ]k ( )H − l

cosh ( )kH

{ }c ( )ω −ω2[ ]M + A11( )ω 2
+{ }ω[ ]B11 (ω ) + n ( )ω 2

(16)

and

β = arctan
ì
í
î

ïï

ïï

ω[ ]n ( )ω + B11( )ω
c ( )ω − ω2[ ]M + A11( )ω

ü
ý
þ

ïïïï

ïï
(17)

Hence, the radiation velocity potential given by Eq. 
(9) becomes known. Substituting Eq. (16) into Eq. (8), 
we obtain

E = 
W̄
Q̄

 = 
2ωkn ( )ω

ρg
é

ë

ê
êê
ê ù

û

ú
úú
ú1+

2kh
sinh ( )2kh

æ

è

ç

ç

ç

ç
ç
çç
ç

ç

ç

ç

ç 2ρg
k

sinh ( )kH −sinh [ ]k ( )H−l

cosh ( )kH

{ }c ( )ω −ω2[ ]M+A11( )ω 2
+{ }ω[ ]B11 (ω )+n ( )ω 2

ö

ø

÷

÷

÷

÷
÷
÷÷
÷
÷

÷

÷

÷
2

(18)

Figure 4 illustrates the wave absorption efficiency as a 
function of the damping coefficient n (ω) and restoring co‐
efficient c (ω), where M = 100 kg/m, l = 0.5 m, H = 3.0 m 
and ω = 5.0 rad/s.

Following the approach by Bessho (1973), we obtain 
the maximum wave absorption efficiency at

n (ω) = B11(ω) and c (ω) = ω2[M + A11(ω) ] (19)

and expresses it as

Emax =
2gk 2∫− H

0

cosh2[ ]k ( )z + H dz

( )1 +
2kH

sinh ( )2kH
ω2cosh2( )kH

= 1 (20)

Eq. (20) indicates that perfect wave absorption can be 
achieved for regular incident waves. This finding corre‐
sponds to Skourup’s numerical results (Skourup, 1996).

When the maximum wave absorption efficiency is 
achieved, the amplitude of the horizontal displacement η1a 
and the phase angle β are expressed as Eq. (21). Therefore, 
the amplitude of the horizontal velocity is ωη1a. Figure 5 
shows the amplitudes of the horizontal displacement and 
velocity at the wave tank with a typical water depth of 3 m. 
The wave frequencies correspond to the wavelengths from 
0.5 m to 6 m. With a decreasing draft ratio, the displace‐
ment and velocity amplitudes increase.

η1a =
Agk [ ]2kH + sinh ( )2kH

4ω2 cosh ( )kH { }sinh ( )kH − sinh [ ]k ( )H − l

and   β =
π
2

+ nπ (21)

The radiation potential can be expressed as

ϕ1 =  − Ag
ω

cosh [ ]k0( )z + H

cosh ( )k0 H
cos (k0 x + ωt )

+∑n = 1

∞
Agk0[ ]2k0 H + sinh ( )2k0 H { }sin ( )kn H − sin [ ]kn( )H − l

[ ]sin ( )2kn H + 2kn H { }sinh ( )k0 H − sinh [ ]k0( )H − l knω cosh ( )k0 H

exp (kn x ) cos[ kn( z + H ) ]sinωt

(22)

Figure 4　Dependence of the wave absorption efficiency (E) on the 
damping coefficient n (ω) and restoring coefficient c (ω) of the 
control force. Here, M = 100 kg/m, l = 0.5 m, H = 3.0 m and ω =
5.0 rad/s are adopted. At the vertical orange line, a maximum wave 
absorption efficiency of 100% is achieved
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The first term on the right-hand side of the above equa‐
tion represents the left-traveling wave, which completely 
counteracts the left-going reflected wave. This finding is 
consistent with Eq. (20). The corresponding control 
force is

Fc =  − B11( )ω η̇1 − ω2[ ]M + A11( )ω η1 (23)

The amplitude of the control force is an interesting pa‐
rameter for the design of the control system and can be 
represented by the transfer function given by Eq. (24).

G (ω) =
Fca

A
= ( )B11 gk [ ]2kH + sinh ( )2kH

4ω cosh ( )kH { }sinh ( )kH − sinh [ ]k ( )H − l

2

+ ( )( )M + A11 gk [ ]2kH + sinh ( )2kH

4cosh ( )kH { }sinh ( )kH − sinh [ ]k ( )H − l

2

(24)

Figure 6(a) shows the transfer function for the piston 
with a mass of 60 kg/m at the wave tank with a water 
depth of 3 m. The results for the draft ratios of D = 1/12, 
1/6, 1/3, 2/3 and 1 are presented. With an increasing draft 
ratio, the transfer function increases significantly. For a 
draft ratio greater than 1/3, the required control force can be 
extremely large. For example, at ω̄ = 6 (corresponding to 
the wavelength of 0.52 m), the required control force for 
the draft ratio of 1/3 is larger than 25 000 N/m2. Therefore, 
the required control force acting on the piston is greater 
than 2 500 N per unit length for an incident wave with an 
amplitude of 0.1 m. For the draft ratios of 2/3 and 1, the re‐
quired control force at ω̄ = 6 becomes extremely high and 
thus seems infeasible for application in practical wave ab‐
sorbers. Figure 6(b) shows the transfer function for the 
draft ratios of D = 1/12, 1/6, and 1/3. The transfer function 
for the draft ratios of D = 1/6 and 1/12 is relatively low. 
The required control force acting on the piston is less than 
750 N per unit length for an incident wave with an ampli‐
tude of 0.1 m in the wave frequencies of 1 ≤ ω̄ ≤ 6 (includ‐
ing the interested wavelengths from 0.5 m to 6 m). This 
value is acceptable for the mechanical system of the wave 
absorbers. Reducing the draft ratio decreases the required 
control force but increases the amplitude of the displace‐
ment. Figure 5(a) shows that in the low-frequency region, 
the displacement amplitude is highly sensitive to the draft 
ratio and can become extremely large for a small draft ratio. 
The maximum displacement limits the usage of the wave ab‐
sorbers with small draft ratios. Let us consider the incident 

wave with a wave amplitude of 0.1 m and a wavelength of 
6 m (corresponding to ω̄ = 1.77). From Figure 5(a), we 
found that the required displacement for D = 1/12 is about 
0.22 m and that for D = 1/6 is less than 0.13 m. Assuming a 
maximum available displacement of 0.2 m, the draft ratio of 
1/12 becomes unacceptable. For a given mechanical system 
of the wave absorber, small displacement amplitudes mean 
that waves with high amplitudes can be well absorbed. 
Therefore, we conclude that 1/6 can be regarded as the opti‐
mized draft ratio. Figures 6(c) and 6(d) present the results 
for the piston with mass M = 20 kg/m and M = 100 kg/m, 
respectively. The images show that the transfer function is 
not sensitive to the mass of the piston.

4  Numerical simulations of piston-type wave 
absorber

A time-domain numerical method is developed for the 
solutions of the hydrodynamic coefficients, control force, 
and wave absorption efficiency. The numerical results are 
compared with those obtained from theoretical analysis.

4.1  Numerical methods

The velocity potential ϕ satisfies Eq. (1), the Laplace 
equation. By applying Green’s second identity, we can 
transform the Laplace equation (Eq. (1)) into the boundary 
integral equation (Wang et al., 2015):

Figure 5　Displacement and velocity amplitudes of pistons for the maximum wave absorption efficiency at the wave tank with a water depth of 
H = 3 m. η1a is the amplitude of the horizontal velocity, A is the wave amplitude, ω the wave frequency, and D is the draft ratio of the pistons
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αϕ ( )x0, z0 = ∫
S

é
ë
êêêê ù

û
úúúúln r

∂ϕ
∂n

− ϕ ∂ ln r
∂n

dS

with r = ( )x − x0

2
+ ( )z − z0

2
(25)

where ( x0, z0 ) is a field point in the fluid domain, ( x, z ) 
represents the point on the boundary, α denotes the interior 
angle of the boundary, and n is the normal vector positive 

inwards the fluid. On the free surface, ϕ is known but 
∂ϕ
∂n

 is 

unknown. On the other boundaries, 
∂ϕ
∂n

 is known through 

boundary conditions but ϕ is unknown. The boundary inte‐
gral equation can be solved numerically by the panel method 
(Faltinsen, 1993).

The velocity potential ϕ can be decomposed into the inci‐
dent wave ϕI , reflected wave, and radiation wave ϕ1, i. e., 
ϕ = ϕI + ϕs + ϕ1. The incident wave is known. In the nu‐
merical analysis, only the residual velocity potential ϕR =
ϕs + ϕ1 needs to be solved. ϕR involves a left-traveling wave 
system. When the wave system reaches the left boundary of 
the numerical tank, a reflected wave propagating toward the 
right is generated. For minimization of the right-traveling 
reflected wave, a damping zone is placed on the left end of 
the numerical tank, as shown in Figure 7.

The residual velocity potential ϕR is obtained by solving 
the boundary integral equation, which corresponds to the 

following boundary conditions: on the left wall and the 

bottom of the numerical wave tank, 
∂ϕR∂n

= 0 is imposed; 

on the piston, 
∂ϕR∂n

=  − η̇1 − ∂ϕI∂n
 must be satisfied; on the 

right wall, 
∂ϕR∂n

=  − ∂ϕI∂n
; on the free surface, ϕR is speci‐

fied by solving the kinematic and dynamic free surface 
conditions represented by

∂ηR∂t
=  − ∂ηI∂t

+
∂ϕI∂z

+
∂ϕR∂z

− γηR   and

∂ϕR∂t
=  − ∂ϕI∂t

− g (ηR + ηI ) − γϕR   at z=0 (26)

In Eq. (26), γ is the artificial damping coefficient. In the 
damping zone,

Figure 7　Numerical wave tank

Figure 6　Control-force transfer functions of the piston-type wave absorber at the wave tank with a water depth of H = 3 m. M is the mass of 
the piston, ω the wave frequency, and D is the draft ratio of the piston
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γ =
ì
í
î

ïïïï

ïïïï

ω − L ≤ x ≤  − L + 0.5λ

ω cos é
ë
êêêê ù

û
úúúúπ

2λ ( )x − 0.5λ + L 0.5λ − L ≤ x ≤ 1.5λ − L

(27)

In other regions, γ = 0. For the calculation of the hydro‐

dynamic force, the pressure p =  − ρ ( ∂ϕR∂t
+

∂ϕI∂t ) is evalu‐

ated. 
∂ϕR∂t

 is unknown and needs to be solved separately. 

Let ψ =
∂ϕR∂t

. This satisfies the Laplace equation

∇2ψ = 0 in the fluid domain (28)

and the following boundary conditions

ψ =  − ∂ϕI∂t
− g (ηR + ηI ) − γϕR on the free surface  (29)

∂ψ
∂n

=  − η̈1 − ∂
∂n ( ∂ϕI∂t ) on the piston (30)

∂ψ
∂n

=  − ∂
∂n ( ∂ϕI∂t ) on the right wall (31)

∂ψ
∂n

= 0 on the left and bottom walls (32)

Integrating the pressure along the wetted surface of the 

piston yields Fw =  − ρ ∫− l

0 ( )∂ϕR∂t
+

∂ϕI∂t
dz. According to 

Newton’s second law, the equation of motion of the piston 
can be expressed as

Mη̈1 + n ( )ω η̇1 + c ( )ω η1 = Fw (33)

The detailed procedure for solving Eqs. (25), (26), and 
(33) refers to Wang and Faltinsen (2013) and Wang et al. 
(2015).

To obtain the added mass and wave damping coeffi‐
cients of the piston, we can solve the radiation problem by 
neglecting the incident wave and forcing the piston to os‐
cillate harmonically.

4.2  Numerical results

First, we solve the radiation problem by forcing η1 =
η1a cosωt. In the steady state, the wave force acting on the 
piston can be expressed as Fw(t ) =  − A11(ω) η̈1 −
B11(ω) η̇1. Through Fourier analysis, the added mass coef‐
ficient A11(ω) and wave damping coefficient B11(ω) at a 
typical water depth of 3 m are obtained. Figures 8 and 9 
show the comparison of the numerical added mass and 
wave damping coefficients with the analytical solutions 

for D = 1/12 and 1. The numerical results are in good 
agreement with the analytical solutions.

Once the added mass and wave damping coefficients 
become known, the optimized control force correspond‐
ing to the maximum wave absorption efficiency can be 
determined by Eq. (19). In the numerical calculation, the 
water depth H = 3 m, the mass of the active wave absorber 
M = 100 kg/m, and the dimensionless draft of the piston 
D = 1/6. Figure 10 shows the time history of the dimen‐
sionless wave elevations at x =  − λ and x =  − 2λ for the 
cases of A = 0.1 m and ω = 1.77 rad/s, 5.0 rad/s. The am‐
plitude of the wave elevation corresponds to the reflection 
coefficient. After a few cycles, the wave elevations become 
negligible. This finding is consistent with the theoretical re‐
sult of perfect absorption.

Table 1 shows the wave absorption efficiency of the ac‐
tive wave absorber in the steady state, where the optimal 
damping and restoring coefficients given by Eq. (19) are 
adopted. The wave absorption efficiency obtained by the 
numerical method is close to the theoretical value of 1 (the 
maximum deviation is 4.3%). Figure 11 shows the transfer 
function between the amplitude of the optimal control 
force and that of the incident regular wave. The numerical 
solutions agree perfectly with the analytical solutions.

Figure 8　 Comparison between the numerical and analytical 
solutions of the added mass coefficients of the piston-type wave 
absorber. D = l/h denotes the draft ratio

Figure 9　Comparison between the numerical and analytical solutions 
of the wave damping coefficients of the piston-type wave absorber
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5  Conclusions

In this work, we investigated a piston-type wave absorber 
with different draft ratios by focusing on the frequency-de‐
pendent hydrodynamic coefficients, wave absorption effi‐
ciency, motion of the wave absorber, and control force. 
The analytical results were derived within the framework 
of the potential flow based on the linearized free-surface 
conditions. Results confirmed that perfect wave absorption 
can be achieved for regular incident waves. The draft ratio 
of the piston-type wave absorber strongly influences the 

Figure 10　Time history of the wave elevation. The water depth is 3 m, the amplitude of the incident wave is 0.1 m, the frequencies of the 
incident wave are 1.771 rad/s and 5.0 rad/s, the mass of the wave absorber is 100 kg/m, and the draft of the piston is 0.5 m

Table 1　Numerical results of absorption efficiency

Wave frequency 
-
ω = ω l/g

0.587 25

0.632 42

0.677 59

0.722 77

0.767 94

0.813 11

0.858 29

0.903 46

0.948 63

0.993 81

1.038 98

1.084 15

1.129 32

1.174 5

1.219 67

1.252 42

1.310 02

1.355 19

1.400 36

Wave absorption 
efficiency E

1.000 3

1.011 5

1.009 4

1.003 1

0.994 1

0.984 4

0.975 5

0.968 1

0.962 4

0.958 7

0.956 9

0.957 1

0.959 5

0.963 9

0.968 5

0.970 7

0.972

0.971 5

0.999 9

Relative error 
ε = | E − 1|

0.000 3

0.011 5

0.009 4

0.003 1

0.005 9

0.015 6

0.024 5

0.031 9

0.037 6

0.041 3

0.043 1

0.042 9

0.040 5

0.036 1

0.031 5

0.029 3

0.028 0

0.028 5

0.000 1

Figure 11　 Comparison between the analytical and numerical 
solutions of the transfer function of the control force. The water depth 
is 3 m, the mass of the wave absorber is 100 kg/m, and the draft of the 
piston is 0.5 m
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hydrodynamic coefficients, control force, and motion of 
the wave absorber. The piston-type wave absorbers at the 
wave tank with a typical water depth of 3 m were investi‐
gated in detail, and the following results were obtained:

1) For small draft ratios, the added mass coefficient de‐
creases rapidly with increasing frequency in the low-fre‐
quency region. Meanwhile, the wave damping coefficient in‐
creases dramatically. The smallest value of the added mass 

coefficients is obtained roughly at 
-
ω = ω(l/g ) 1/2

= 1.2. In 
the high-frequency region, the added mass coefficient varies 
slowly and can be approximated by the value of infinite fre‐
quency. The wave damping coefficient is extremely small.

2) The dimensionless added mass 
-
A 11 = A11 /ρl2 is highly 

sensitive to the draft ratio in the low-frequency region but 
becomes insensitive to the draft ratio in the high-frequency 
region. The wave damping coefficient is not sensitive to 
the draft ratio.

3) At the maximum wave absorption efficiency, the re‐
quired control force can be extremely large for a draft ratio 
greater than 1/3. With an increasing draft ratio, the control 
force increases significantly. The mass of the wave absorber 
has a weak influence on the control force. The displacement 
and velocity amplitudes are sensitive to the draft ratio in the 
low-frequency region, increase with a decreasing draft ratio, 
and are independent of the mass of the wave absorber.

A time-domain numerical method based on the boundary 
element method was developed for the verification of the 
analytical solutions. Perfect agreements between the analyti‐
cal solutions and the numerical results were obtained. The 
proposed numerical method can be used for investigating 
the hydrodynamic coefficients, control force, and wave ab‐
sorption efficiency of active wave absorbers of any shape.

Competing interest  Wenyang Duan is an editorial board member 
for the Journal of Marine Science and Application and was not in‐
volved in the editorial review, or the decision to publish this article. 
All authors declare that there are no other competing interests.

References

Bessho M (1973) Feasibility study of a floating-type wave absorber. 
34th JTTC, 48-65359

Clement A, Maisondieu C (1993) Comparison of time domain 
control law for a piston wave absorber. 1993 European Wave 
Energy Symposium, Edinburgh, 117-122

Chatry G, Clement AH, Gouraud T (1998) Self adaptive control of a 
piston wave-absorber. Proc. of 8th ISOPE Conference, Montreal, 
127-133

Christensen M, Frigaard P (1994) Design of absorbing wave maker 

based on digital filters. IAHR: Proc. International Symposium: 
Waves—Physical and Numerical Modelling, Vancouver, 100-109

Faltinsen O (1993) Sea loads on ships and offshore structures. Vol. 1, 
Cambridge University Press

Havelock TH (1929) LIX. Forced surface-waves on water. The 
London, Edinburgh, and Dublin Philosophical Magazine and 
Journal of Science 8(51): 569-576

Hirakuchi H, Kajima R, Kawaguchi T (1990) Application of a 
piston-type absorbing wavemaker to irregular wave experiments. 
Coastal Engineering in Japan 33(1): 11-24. https://doi.org/10.1080/
05785634.1990.11924520

Mahjouri S, Shabani R, Rezazadeh G, Badiei P (2020). Active control 
of a piston-type absorbing wavemaker with fully reflective 
structure. China Ocean Engineering 34: 730-737. https://doi. org/ 
10.1007/s13344-020-0066-9

Milgram JH (1970) Active water-wave absorbers. Journal of 
Fluid Mechanics 42(4): 845-859. https://doi.org/10.1017/
S0022112070001635

Naito S (2006) Wave generation and absorption in wave basins: 
Theory and application. International Journal of Offshore and 
Polar Engineering 16(2): 81-89

Salter SH (1981) Absorbing wave-makers and wide tanks. 
Proceedings of ASCE & ECOR International Symposium on 
Directional Wave Spectra Applications, Berkley, 81, 182-202

Schäffer HA (1996) Second-order wavemaker theory for irregular 
waves. Ocean Engineering 23(1): 47-88. https://doi.org/10.1016/
0029-8018(95)00013-B

Skourup J (1996) Active absorption in a numerical wave tank. The 
Sixth International Offshore and Polar Engineering Conference, 
Los Angeles, 3, 31-38

Spinneken J, Swan C (2009a) Second-order wave maker theory 
using force-feedback control. Part I: A new theory for regular 
wave generation. Ocean Engineering 36(8): 539-548. https://doi.
org/10.1016/j.oceaneng.2009.01.019

Spinneken J, Swan C (2009b) Second-order wave maker theory 
using force-feedback control. Part II: An experimental verification 
of regular wave generation. Ocean Engineering 36(8): 549-555. 
https://doi.org/ 10.1016/j.oceaneng.2009.01.007

Spinneken J, Swan C (2009c) Wave generation and absorption using 
force-controlled wave machines. Proc. 19th Int. Offshore and 
Polar Eng. Conf., Osaka, ISOPE-2009-TPC-540

Ursell F, Dean RG, Yu YS (1960) Forced small-amplitude water waves: 
a comparison of theory and experiment. Journal of Fluid Mechanics 
7(1): 33-52. https://doi.org/ 10.1017/S0022112060000037

Wang J, Faltinsen OM (2013) Numerical investigation of air cavity 
formation during the high-speed vertical water entry of wedges. 
Journal of Offshore Mechanics and Arctic Engineering 135(1): 
011101. https://doi.org/ 10.1115/1.4006760

Wang J, Lugni C, Faltinsen OM (2015) Experimental and 
numerical investigation of a freefall wedge vertically entering 
the  water surface. Applied Ocean Research 51: 181-203. https://
doi.org/ 10.1016/j.apor.2015.04.003

Yang HQ, Li MG, Liu SX, Zhang Q, Wang J (2015) A piston-type 
active absorbing wavemaker system with delay compensation. 
China Ocean Engineering 29(6): 917-924. https://doi.org/ 
10.1007/s13344-015-0064-5

444




