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Abstract

An experimental study is presented on the non-Gaussian statistics of random unidirectional laboratory wave fields
described by JONSWAP spectra. Relationships between statistical parameters indicative of the occurrence of large-
amplitude waves are discussed in the context of the initial steepness of the waves combined with the effect of spectral
peakedness. The spatial evolution of the relevant statistical and spectral parameters and features is also considered. It is
demonstrated that over the distance the spectra exhibit features typical for developing nonlinear instabilities, such as
spectral broadening and downshift of the peak, along with lowering of the high-frequency tail and decrease of the peak
magnitude. The wave fields clearly show an increase of third-order nonlinearity with the distance, which can be
significant, depending on the input wave environment. The steeper initial conditions, however, while favouring the
occurrence of extremely large waves, also increase the chances of wave breaking and loss of energy due to dissipation,
which results in lower extreme crests and wave heights. The applied Miche-Stokes-type criteria do confirm that some of
the wave extremes exceed the limiting individual steepness. Eventually, this result agrees with the observation that the
largest number of abnormal waves is recorded in sea states with moderate steepness.

Keywords Laboratory experiments; Nonlinear instability; Non-Gaussian statistics; Extreme waves; Abnormal waves

tively low probabilities of occurrence in view of their po-
tentially destructive effect on ships (Guedes Soares et al.
2008; Fedele et al. 2017) and offshore structures (Fonseca
et al. 2010). In this respect, model tests in a laboratory
have demonstrated their usefulness and reliability for
studying rare nonlinear wave phenomena and the respons-
es of marine structures to them.

Abnormal waves have been often attributed to higher-or-

1 Introduction

Much scientific and engineering interest has been directed
towards understanding exceptionally large waves with rela-
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der mechanisms among which is the Benjamin-Feir modu-
lational instability resulting from third-order quasi-reso-
nant interactions between free wave modes (Dysthe et al.
2008). Indeed, nonlinear focusing can explain some of the
reported large discrepancies from linear and second-order
wave models in long-crested seas (Fedele et al. 2010; Sh-
emer and Sergeeva 2009; Cherneva et al. 2013). Over the
years, attention has been paid to this mechanism by study-
ing the evolution of wave envelopes (Onorato et al. 2001;
Janssen 2003; Zhang et al. 2015a; among others) and the
ratio between wave steepness and spectral width, known
as the Benjamin-Feir index, has been proposed to quantify
the tendency for evolving extremes due to quasi-resonance
under certain unidirectional conditions (Janssen 2003).
It has been also found that the coefficient of kurtosis of
narrowband unidirectional seas simply depends on the
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squared BFI (Mori and Janssen 2006). This dependence
stands for the large-time asymptote of the so-called dynam-
ic component of the coefficient of kurtosis resulting from
third-order quasi-resonant wave-wave interactions. There
is also the bound wave contribution to the kurtosis induced
by both second- (Tayfun 1990; Fedele and Tayfun 2009)
and third-order bound nonlinearities (Janssen and Bidlot
2009). The BFI has been further generalized by Janssen
and Bidlot (2009) to include more realistic effects, such as
directional spreading, characteristic of the oceanic wave
fields. A summary of the evolutionary properties of me-
chanically generated 2D and 3D waves triggered by non-
linear focusing, as well as the adequacy of some nonlinear
deterministic wave models to capture higher-order effects
can be found in Zhang et al. (2019).

A wave train becomes unstable towards long-crested
conditions due to the possibility of interaction between
freely propagating elementary waves (Janssen 2003; Fe-
dele et al. 2010). Narrowband long-crested waves have
been systematically reproduced in wave flumes and off-
shore basins, and the properties of the generated wave
fields studied statistically (Onorato et al. 2004; Waseda et
al. 2009; Shemer and Sergeeva 2009). Such random wave
fields have been also numerically simulated using deter-
ministic nonlinear models to predict their evolution (Soc-
quet-Juglard et al. 2005; Slunyaev et al. 2005, 2014; Toffo-
li et al. 2008; Zhang et al. 2015b, 2017). However, both
controlled experiments and numerical simulations, al-
though providing insight into the phenomenon of abnor-
mal waves, have been questioned regarding how realistic
their predictions are, considering that the oceanic extremes
commonly originate from wave fields with relatively
broad spectra in terms of frequency and directional spread-
ing (Forristall 2007; Guedes Soares et al. 2011).

This controversy increases further if one considers that
the oceanic waves are forced by the wind and have ran-
dom structure, as discussed by Fedele et al. (2016). While
the instability process cannot be the primary reason for ex-
treme wave formation, cases of heavy conditions at sea re-
lated to accidents and worsened operability of ships and
offshore platforms are explained by coexisting crossing
wave systems (Cavaleri et al. 2012). Another plausible ex-
planation for the wave extremes at sea is the linear focus-
ing of elementary waves enhanced by second-order bound
modes which agree with field measurements (e.g. Tayfun
2008; Tayfun and Fedele 2007). Theoretically, investiga-
tions on the adequate statistical and probabilistic descrip-
tion of nonlinear wave fields were originated by Longuet-
Higgins (1963) for second-order random waves. For many
years, the second-order approximation has been consid-
ered the most elaborated theory for design, as far as the sta-
tistical models of wave crests and troughs have been able to
provide a reasonable fit to field measurements (Forristall
2000; Petrova et al. 2006; Tayfun 2006; Fedele and Tayfun

2009). Comparative studies of abnormal waves at sea,
however, have demonstrated that the wave extremes re-
main significantly underestimated by the standard models
(Stansberg 2000; Guedes Soares et al. 2003, 2004a,
2004b; Petrova et al. 2007; Cherneva and Guedes Soares
2008). Crest extremes in high sea states from offshore ba-
sins showed also to be slightly underpredicted by the sec-
ond-order model which has been attributed to higher-order
effects in unidirectional waves (Stansberg 2001; Petrova
and Guedes Soares 2008).

To improve the statistical predictions, formulations
based on the Gram-Charlier or Edgeworth series expan-
sions have been proposed (Janssen 2003; Tayfun 2006;
Mori and Janssen 2006; Tayfun and Fedele 2007), where
the nonlinear effects are captured through higher-order mo-
ments of the elevation process. While these models have
been found unable to describe significant non-Gaussian be-
haviour in oceanic data, they are effective in wave flumes
and numerical 2D simulations (Petrova et al. 2013; Cher-
neva et al. 2013; Shemer and Sergeeva 2009). This is to be
expected, as far as the approximations are based on the
narrowband assumption which reduces their applicability
to extreme events in controlled environments, such as
wave flumes and numerical simulations.

The various theories and models discussed describe dif-
ferent properties of extreme sea states and abnormal
waves, but they all need validation with physical data,
which is extremely important. Ocean measurements pro-
vide data in the real environment but they are obtained
very seldomly and often there is no additional information
on the background conditions that generated the measured
records. Attention is then addressed to laboratory data,
which can have the generation and other boundary condi-
tions known and controlled. However, the characteristics
of the generated waves have differences from the ocean en-
vironment as the input wind energy is not present in the
wave fields and the boundaries of the tanks provide artifi-
cial conditions not existing in the ocean. At any rate, the
observation of the wave propagation along the tanks and
the analysis of how the nonlinearities develop has brought
an important understanding of the phenomena.

There are not many systematic studies performed in this
field as the various facilities are more focused on reproduc-
ing the wave conditions at the central location of the tank
where they will place the structures to be tested. Knowl-
edge of how waves propagate along the tanks has had less
attention and this will be influenced by the specific fea-
tures of each facility. An experimental program was con-
ducted at MARINTEK ocean basin in 1999, leading to sev-
eral studies such as Petrova and Guedes Soares (2008,
2009), Cherneva et al. (2009, 2013), Fedele et al. (2010),
Zhang et al. (2014a, 2015b). About 10 years later a new
study was made at MARINTEK with a similar arrangement
but expanding the scope to consider directional aspects,
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again leading to several studies such as Onorato et al.
(2009), Toffoli et al. (2010), Zhang et al. (2016). Other
studies made at the Ocean Basin of the Danish Hydraulic
Laboratory also produced useful results (Petrova et al.
2011).

Similar studies have been also made in wave towing
tanks where the influence of the lateral boundaries is larg-
er and this was reflected in the analysis produced for the
data of the tank of the Technical University of Berlin
(Cherneva and Guedes Soares 2011) and the one from the
El Pardo Hydrodynamic Laboratories in Madrid (Zhang
et al. 2013, 2014a).

This paper presents the results of a similar type of study
now conducted at the Brazilian Laboratory for Ocean
Technology, as the first experimental study of this kind
was conducted in that laboratory. Therefore, the impor-
tance of this study is that it allows confidence to be estab-
lished on the ability to make studies of this kind in that fa-
cility and it provides benchmarking with earlier studies as
some of the sea states analysed are the same that have
been tested earlier in other facilities.

The present paper shows results on the non-Gaussian
statistical properties of laboratory-generated unidirectional
deep-water random wave fields characterized by JON-
SWAP spectrum. In particular, the study aims at assessing
the importance of third-order nonlinearity on wave statis-
tics in the presence of large waves defined as abnormal by
some existing criteria. The behaviour of statistical quanti-
ties indicating increased probability for large amplitude
events is considered in view of existing favourable condi-
tions for the development of Benjamin-Feir instability.
These conditions are formally quantified by the Benjamin-
Feir index. The propagated distance, on the other hand, re-
flects the stage of evolution of the instability, thus of the
wave field nonlinearity.

The structure of the paper is as follows. Section 2 de-
scribes the ocean basin facility and the experimental set-
up, as well as gives the basic properties of the generated
wave fields. Section 3 provides an analysis of the observed
characteristic statistical and spectral sea state parameters
and shows the dependencies between them against existing
theoretical and empirical models. Also, the spatial variation
of these parameters is demonstrated and discussed in view
of developing nonlinear instability. Section 4 focuses on the
largest wave crests and crest-to-trough wave heights and ad-
dresses the effect of breaking on the measured extremes. A
summary of the conclusions is presented in Section 5.

2 Laboratory conditions and experimental
set-up

The wave data used to perform the study represent
measurements of the free surface fluctuations about the

mean water level. They were collected during an experi-
ment carried out in the Brazilian Laboratory for Ocean
Technology (LabOceano, Brasil) in 2017.

Figures 1(a) and (b) illustrate the ocean basin with di-
mensions: 40 m length, 30 m width and 15 m depth, ex-
cept for the central pit with an additional 10 m depth. The
movable basin floor can be adjusted so that the water
depth can vary between 2 m and 14.6 m. In the actual labo-
ratory experiment, the bottom was at depth of 14.6 m. The
basin is supplied at the short side with a multi-flap wave-
maker consisting of 75 individually controlled flaps for
the generation of short-crested and long-crested waves
(Figure 1(a)).

Figure 1  Sketch of the offshore basin facility of LabOceano and
the test equipment

The wave reflections have been measured in an earlier
experiment with regular waves and summarized in an in-
ternal report. Following the algorithm of Mansard and Fun-
ke (1980), the reflection coefficients have been calculated
between 3.9% and 16.6% depending on the wave height
and period. The problem with the reflection and wave
build-up has been resolved by means of two parabolic
wave absorption beaches of wooden panels; the beach in
front of the wavemaker is 8 m wide and the lateral beach
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has a width of 5 m.

Random wave fields have been generated using the
JONSWAP formulation as an input to the wavemaker
(Hasselmann et al. 1973; Komen et al. 1994)

2 =41 exp 5
S(w) = a%eXp - 125(00) y { 2(‘70‘”0) } (l)
w

@p

where g, is the spectral width parameter: ¢, = 0.07 for o <
w,, and g, = 0.09 for ® > w; g is the gravity acceleration;
y is the peak enhancement factor; o is the Phillips constant —
a scaling parameter used to adjust the spectral energy to
the desired significant wave height and o, (rad/s) is the an-
gular peak frequency. Each free surface realization uses as
an input randomly chosen amplitudes and phases.

The conducted laboratory experiment resulted in 90 ir-
regular long-crested sea surface realizations which repre-
sent a combination of 9 sea state steepnesses with 2 peak
enhancement factors (y = 3 and 6) and 5 seeds for each
pair initial steepness —y. Eventually, combinations for 3
cases of steepness, designated as tests 1 to 6 in Table 1,
were chosen for analysis.

Table 1  Target characteristics of the JONSWAP spectra at
LabOceano, Brasil

TestID Scale H (m) T,(s) y « e Aw  BFI
1 1:1 003 1 3 0.004 0.070 0.630 0.497
2 1:1 0035 1 6 0.003 0.070 0.473 0.662
3 1.1 0070 1 3 0.017 0.141 0.630 0.993
4 1.1 0070 1 6 0.012 0.141 0473 1.323
5 1.1 009 1 3 0.028 0.181 0.630 1.277
6 1.1 009 1 6 0.020 0.181 0.473 1.702

Table 1 specifies the input wave conditions at the wave-
maker in a model scale 1:1 which allows to convert direct-
ly to any prototype scale. The JONSWAP frequency spec-
tra are defined in terms of the following parameters: signif-
icant wave height H, = 40, where ¢ = m,"* stands for the
standard deviation of the free surface elevation expressed
from the zeroth spectral moment; peak period T =1 s;
peakedness parameter y; Phillips constant o and steepness
parameter ¢ = k,H,/2 — a measure of nonlinearity, where k,
is the wave number associated with T . The parameter Aw
represents the spectral width around the peak and is esti-
mated as half-width at half of the spectral maximum so
that the relative bandwidth Aw/w, is a measure of wave
dispersion. The last column of Table 1 shows the values of
the Benjamin-Feir index calculated from the definition of
Janssen (2003)

_ V2

BFI =
(28wlw,,

O]

Onorato et al. (2004) provided the first experimental evi-
dence that the BFI can influence significantly the large
wave statistics and thus the probability of rogue wave oc-
currence in the time series. In particular, a random wave
train becomes unstable when BFI > 1. Table 1 shows that
this condition is fulfilled for the experimental runs with mod-
erate and large wave steepness, ¢ = 0.141 and ¢ = 0.181.

As can be seen in Table 1, the prescribed steepnesses at
the wavemaker are the same for each pair, however, the in-
put spectra with y = 6 are narrower, due to the added
peaked energy, as compared to y = 3 (Figure 2). Conse-
quently, larger values of y imply a larger Benjamin-Feir in-
dex which shows a more probable occurrence of unstable
conditions due to quasi-resonance around the spectral peak
followed by an increase of the wave nonlinearity. The Phil-
lips constant « is also related to the wave steepness as a ~
%, since it is a scaling factor for the energy of the wave
field. For example, Onorato et al. (2001) argue that by
making o double for fixed y, the steepness increases by a
factor of ¥2 and so does the BFI.

Figure2 JONSWAP spectrum with H;=0.07mand T, =1s

The instantaneous surface elevations around the mean
water level were simultaneously measured by conductive-
type wave gauges based on the Danish Hydraulic Institute
(DHI) wave probe system. These wave gauges have a be-
haviour similar to other commercial wave gauges and thus
no specific study was made for their calibration as they
have been calibrated by the Ocean Basin before being rou-
tinely used. They were deployed at 18 locations in the tank
(Figure 1(a)). However, the analysis here concentrates on-
ly on the recordings from the 10 gauges aligned with the
central axis of the basin. The probes are located at a uniform
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distance of 2.5 m; the nearest gauge is placed at 2.5 m away
from the wavemaker and the distance between gauge 3
and gauge 4 is 15 m.

Furthermore, a preliminary comparison of the wave re-
cords from the sets of three probes at a constant distance
along the basin (Figure 1) has shown consistency between
the measurements in terms of registered spectral energy.
The total duration of each experimental realization is 20 min
in model scale with a sampling step dt = 0.016 7 s. The
wave-by-wave analysis resulted in approximately 1 200
waves when using either of the zero-crossing wave defini-
tions or a total of 6 000 for the ensemble of five experi-
mental realizations for each spectral condition at the wave-
maker (Table 1). The larger number of sampled waves re-
duces the statistical uncertainty when estimating higher-or-
der statistics and allows for achieving convergence at the
tails of the probabilistic distributions. For each experimen-
tal run, the transient effects of the start-up have been con-
sidered by truncating a number of ordinates at the begin-
ning of the time series. The initial truncation depends on
the location of the gauges and the group velocity of the
second harmonic of the spectral peak, ¢, = 0.39 m/s, which
define the time necessary for the associated energy group
to travel the distance to the wave gauge. Each record has
been also corrected for the mean water level, resulting in a
Zero-mean wave process.

It must be noted here that all results and comparisons
presented next are in model scale.

3 Laboratory data: basic spectral and statistical
parameters

The experiments were designed to obtain irregular waves
propagating on deep water of constant depth, d = 14.6 m.

The deep-water conditions are verified by the relative wa-
ter depth, d/L,.. Thus, for T =1, the linear dispersion rela-
tionship gives d/L, = 9.36, where the length of the peak
frequency harmonic is calculated as L, = ng2/(2n) =
1.56 m.

The relative water depth in terms of k.d, on the other
hand, can be used as an indicator for modulational instabil-
ity since kd < 1.36 sets the upper bound of stability
against side-band perturbations (Onorato et al. 2006). Con-
sequently, in the present experiment, all sea states provide
favourable conditions for the development of large-ampli-
tude events as a result of instability.

The large number of free surface realizations for differ-
ent initial steepnesses allows not only to obtain more reli-
able statistics by reducing the statistical variation but also
to study in a more consistent way the development of
wave nonlinearity along the basin and its effect on some
principal statistical and spectral characteristics presented
and discussed next. These characteristics have been esti-
mated as ensemble averages over each of five test runs of
identical input steepness and spectral peakedness factor.

Figure 3 illustrates the wave field energy in terms of the
area under the spectral density curve, m,, as a function of
the propagated distance. As can be seen, the energy re-
mains relatively unchanged along the basin. A general
agreement can be seen with the input energies for the mod-
erate and steep sea states (Figure 3(a)) which are illustrat-
ed as horizontal lines. An exception from this agreement
are the low sea states in Figure 3(b) which are slightly be-
low the reference values. The observed deviations in the
spectral energy can be partially attributed to experimental
uncertainties associated with the calibration of the wave
sensors which are estimated to be between 1 and 2 mm, de-
pending on the wire length.

Furthermore, the included error bars show the effect of
measurement uncertainties. They follow from statistical

Figure 3 Variation of the spectral energy m, with the distance. The horizontal lines in the plots illustrate the reference spectral energies
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analysis of the sets of five identical experimental realiza-
tions (the same H,, T, and y, but different seeds) to evalu-
ate the standard deviation of m, for each wave probe and
then find the standard deviation of m, and the standard er-
ror, o,,/N*?, where N = 5. It can be seen that only for the
moderate sea states (Figure 3(a)) the variations around the
reference values fall largely within the range of measure-
ment uncertainty. To clarify further the observed discrepan-
cies, especially for the low sea states in Figure 3(b), it
should be added that the usual corrections to achieve the
target spectra were not performed in these particular exper-
iments as this was not required. Moreover, the input values
of H, and T, were treated as initial reference values rather
than as a target.

Irrespective of the uncertainties due to calibration, a
general trend has been recorded by the sensors describing
an increase of m; up to gauge 5 (16L) followed by a de-
crease, which becomes more pronounced for larger steep-
ness and BFI, respectively (Figure 3(a)). A possible expla-
nation for the initial increase can be the fact that although
the experimental set-up aimed at generating long-crested
irregular waves, some small transversal waves flowing
from the corner of the basin (at the left side of the wave-
maker) to the centre of the tank, could have increased the
energy locally.

Figure 3 shows that for the two highest sea states (5 and
6) the spectral energy is relatively stable (with some statis-
tical variations) until gauge 5 and then it decreases a bit.
For the intermediate sea states a tendency for the energy to
increase until gauge 5 is present and this becomes more ev-
ident for the two lowest sea states. Our interpretation of
the situation is that the generated waves need some space
(time) to grow until their maximum value which in this
tank was designed to be at gauge 5, where the structures
are to be placed for testing. After that location, the dissipa-
tion effects start becoming more important and the energy
is dissipated. This effect is not so evident for the higher
sea states because they require more energetic action from
the generating paddles and this forces the waves to fully
develop earlier.

On the other hand, the systematic decrease of the wave
energy over the second half of the basin suggests that
when the initial steepness increases, wave breaking takes
place and energy is dissipated as a result of it. Recently,
Babanin et al. (2007) showed that breaking can be expect-
ed only if the mean steepness of the wave field exceeds
the value of 0.1. Thus, given the experimental conditions
in Table 1, breaking should not be expected in the lowest
sea states (¢ = 0.07, Figure 3(b)). However, it can happen
occasionally in the moderate seas which have steepness
slightly higher than the threshold (¢ = 0.141) and could af-
fect significantly the wave statistics of the severest sea
states, where ¢ = 0.181 is largely beyond the stated limit
(Figure 3(a)).

The position of wave breaking is not at one specific
point along the tank but a length along which waves will
be breaking. There is some uncertainty involved in the
breaking process which implies that some waves will
break earlier than others. The interpretation is that after
gauge 5 wave breaking occurs and this will partially ex-
plain the decrease of energy that is observed after gauge 5.

While the energy of the evolving wave field remains
generally constant, the transfer of energy between wave
components as a result of higher-order wave-wave interac-
tions makes the spectrum evolve. For example, as a result
of modulational instability and associated exchange of en-
ergy around the spectral peak, the frequency spectrum may
experience broadening and downshift. These effects have
been observed in numerical experiments (Janssen 2003;
Dysthe et al. 2003) and in laboratory measurements (On-
orato et al. 2006; Toffoli et al. 2008; Fedele et al. 2010), in-
cluding also model tests of coexisting crossing seas (Petro-
va and Guedes Soares 2014). They can be also identified
in the spectra of the time series here, as Figure 4 illustrates.

In particular, Figure 4 shows in log-log scale the spatial
evolution of the ensemble-averaged frequency spectra at
three locations along the tank corresponding to different
stages of the developing instabilities: weakly-nonlinear
waves, intermediate stage and peak stage of development.
The propagated distance until the considered gauges is ex-
pressed as multiples of the characteristic wavelength L :
1.6L, (gauge 1); 14.4L, (gauge 4) and 20.8L, (gauge 8).
The set-up of the laboratory experiment allows following
the evolution of the wave fields up to approximately 24L,,.
The effects of modulational instability, on the other hand,
are typically reported after 10 to 30 wavelengths from the
wavemaker in sea states with high BFI values (Stansberg
2000; Onorato et al. 2006).

For the low sea states in Figures 4(a) and (b), the spatial
changes of the spectral shape and the modal frequency are
hardly distinguishable. These spectra are initially the
broadest in terms of Aw, as compared to the other sea
states, and maintain the broadest over the distance. Pro-
nounced changes, supporting the nonlinear evolution of
the unidirectional narrow-banded wave fields, are clearly
observed in the moderate sea states (Figures 4(c) and (d))
and especially in the most energetic seas where the BFI
reaches 1.702 (Figures 4(e) and (f)). In particular, the
broadening of the spectra around the peak reflects increas-
ing instability regions due to the formation of side-band
modes. Significant broadening occurs over the first four
gauges with the first local peak of Aw reached at gauge 4
(14.4L)); the spectra are depicted in Figures 4(c)—(f) by the
dashed red lines. The increase of Aw continues until gaug-
es 7-8 and then stabilizes. The stabilized width spectra for
gauge 8 (20.8L,) are shown as dotted blue lines. In a study of
random unidirectional waves with an initially narrow Gauss-
ian spectrum, Shemer and Sergeeva (2009) concluded that
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Figure 4 Spatial evolution of the wave energy spectrum at three different locations (L)

the increased nonlinearity is strongly related to the local
peaks in the evolution of Aw. Thus, the broadening of the ini-
tially narrow spectra here could imply a higher probability
of encountering extremely large, steep waves.

Figure 4 also allows seeing the variation of the charac-
teristic frequency o, along the basin. For the lowest sea
states (Figures 4(a) and (b)), it remains nearly unchanged,
varying slightly around the mean frequency «, = 6.26 rad/s
which is close to the frequency at the wavemaker, o, =
6.28 rad/s. Unlike the low sea states, downshift can be ob-
served for higher steepness (Figures 4(c)—(f)), where the
average frequency of the moderate seas is estimated as
o, = 6.13 rad/s and of the steepest seas is », = 6.01 rad/s.
It must be noted that the first reduction of w, occurs only
at gauge 4 (14.4L). Before that, the modal frequency main-
tains nearly constant, irrespective of the wave environment

at the wavemaker.

The observed peak downshifts and reduction in Figure 4,
along with the fact that the wave field energy maintains at
approximately the same level with the distance (Figure 3),
leads to the conclusion that the steepness of the considered
wave fields is generally diminishing. On the other hand,
the more efficient downshift of the spectral tail for the sea
states with the highest initial steepness (Figures 4(e) and (f))
could imply that the nonlinear effects of quasi-resonant in-
teractions combine with energy loss due to breaking and
dissipation. The latter is expected to affect largely the
wave and crest maxima and the estimates of the higher-or-
der statistics, in particular the coefficient of kurtosis, as
will be shown next.

The self-focusing in unidirectional waves with initially
narrow spectra can modify significantly the wave statis-
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tics. Thus, attention is usually paid to statistical quanti-
ties indicating increased probability for wave extremes in
the wave recordings. Starting from the assumption of
weak nonlinearity, the non-Gaussian sea surface is present-
ed as a linear superposition of free wave modes modified
by second-order bound harmonics which is visually dem-
onstrated by higher sharper crests and shallower rounded
troughs. The introduced vertical asymmetry is statistically
expressed by the coefficient of skewness of the surface ele-
vation probability density function, ... In particular, the
ocean waves have positive skewness, which means a great-
er probability of large positive displacements than for
large negative displacements. Following Tayfun (1994),
the third-order normalized cumulant is calculated from the
surface elevation, 7, and its Hilbert transform, 7, as:

_<7Im+n>’m+n_ (3)

On the other hand, the increased frequency of occur-
rence of large crest-to-trough excursions due to third-order
nonlinear wave-wave interactions are indicated by the pos-
itive non-zero fourth-order normalized cumulant, 4,, — the
coefficient of kurtosis, or by the sum of fourth-order joint
cumulants A = 4,,+34,,+4,,. These two fourth-order statis-
tics are used as higher-order corrections in the distribution
models of wave crests, troughs and heights.

The fourth-order normalized joint cumulants follow the
generalized form of Tayfun and Lo (1990)

_mi)

I H(n-1), m+n=4 (4

The magnitude of the coefficient of kurtosis results from
the joint contribution of two nonlinear sources: (1) bound
wave corrections of order O(¢?) which are negligible for
weakly-nonlinear waves; and (2) near-resonant interac-
tions (Benjamin-Feir instability), in a way that for simulta-
neously narrow spectrum and long-crested waves (2) be-
comes the dominant factor giving rise to large deviations
from the Gaussian statistics (Janssen 2003; Onorato et al.
2005; Mori and Janssen 2006). Moreover, Janssen (2003)
showed that, for the particular case of narrow-banded long-
crested wave fields at long times, the coefficient of kurto-
sis strictly relates to the BFI through the quadratic form

i
140 = ﬁBFlz (5)

The large 4,, commonly indicates an increased frequen-
cy of occurrence of unusually large waves due to wave
grouping (Onorato et al. 2006). On the other hand, large
BFI values illustrate that the nonlinearity (steepness) domi-
nates the linear dispersion which leads to higher values of
A In agreement with Eqg. (5). Consequently, while the
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BFI could indicate appropriate initial conditions for abnor-
mal waves, 4,, could be taken as a critical parameter re-
flecting the evolution of nonlinearity and wave extremes
in the time series.

The skewness values of the considered surface realiza-
tions fulfil the equality applicable for weakly-nonlinear
wave process: A, = 34,,, while 4, ~ 1, ~ 0 (Tayfun 1994).
The joint fourth-order cumulants /113 and 1, are essentially
zero in this case. It is also expected that 4y, > 34,, > 4, ir-
respective of the type of spectrum and the angular spread
(Tayfun and Lo 1990). However, if additionally, the waves
are considered long-crested and v—0, the tendency will be
that /,, — 34, — 4, and A—A,,, = 84,/3. This, however,
is not typical for wave fields affected by spatially growing
modulational instabilities.

Next, dependencies on the sea state steepness for the ob-
served coefficients of skewness and kurtosis are illustrated
and discussed. The sea state steepness is a governing phys-
ical parameter for a non-Gaussian sea which has been de-
fined here as ko = &/2 (Mori and Janssen 2006). And,
since the coefficient of skewness is mainly a result of sec-
ond-order effects, it is expected to increase linearly with
the steepness for weakly-nonlinear waves, as suggested by
the theoretical formulation of Mori and Janssen (2006),
40 = 3(k,0). On the other hand, the coefficient of kurtosis
of second-order narrowband unidirectional wave trains
should follow the form: 4,, = 24(kpa)2. The expression for
the kurtosis accounts for the combined contribution of sec-
ond-order and third-order bound-wave effects. These ex-
pressions suggest that the third-order statistical cumulant
is more sensitive to nonlinearities than the kurtosis, since
it depends linearly on the steepness which is usually much
less that 1. Eventually, this is reflected in larger deviations
of the crest extremes from the linear model, as compared
to the wave height maxima which are correlated with the
variations of 4,,. The more general dependence of Srokosz
and Longuet-Higgins (1986) for 4,, is also considered as a
reference. It assumes long-crested waves with finite spec-
trum of the form S(w) = aw™ for @ > w,, where 4,, = 3(k 0)
(n-1)/(n-2), with n > 3.

The experimental statistically averaged skewness and
kurtosis data are plotted in Figures 5 and 6 against the rele-
vant theoretical (Mori and Janssen 2006) and empirical
(Guedes Soares et al. 2004a) relationships. Sea states with
extremely large waves are indicated in the plots as light
black triangles. These waves have been classified as abnor-
mal since their crest-to-trough heights exceed twice the
significant wave height. The ratio Al = H,__/H, > 2 (Dean
1990), referred to as the abnormality index, was calculated
using the zero-up-crossing wave definition, Al and the
spectral definition for the significant wave height, H, =
H - 4m 1/2

Flgure 5(a) shows that the second-order narrowband
limit of Mori and Janssen (2006) for A,,, depicted by the
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Figure 5 Ensemble-averaged coefficients of skewness and kurtosis as a function of the sea state steepness k o (a) The dashed and the dotted
lines represent Srokosz and Longuet-Higgins (1986) for n = 5 and n = 6. The full line stands for A, = 3(k,¢) (Mori and Janssen 2006); (b) The

full line illustrates /,, = 24(kp0')2 (Mori and Janssen 2006)

solid line, can provide a reasonable description for a con-
siderable amount of cases with large vertical asymmetry
from the moderate and high sea states (¢ = 0.141 and
0.181), even when abnormal waves are present. However,
it overestimates significantly the skewness of the lowest
seas. Since the coefficient of skewness follows the physics
that nonlinearity increases with the steepness in a general-
ly linear manner, it is understandable that it approaches ze-
ro for the lowest considered steepness here, as for linear
Gaussian sea with vertically symmetric wave profiles. On
the other hand, with the growing energy content of the
wave field, the skewness increases and reaches values of
approximately 0.3 which reflects largely asymmetric wave
profiles. It must be noted that oceanic measurements from
storm seas typically show 4, less than 0.3, except for sea
states with abnormal waves. For example, the extreme
seas studied by Guedes Soares et al. (2004a) have skew-
ness coefficients between 0.2 and 0.5, approximately. The
model of Srokosz and Longuet-Higgins (1986) is present-
ed in Figure 5(a) as a dashed line for the choice of n =5
and as a dotted line for n = 6. As one can see, the latter
choice sets an upper bound to the range of the steepest ob-
servations. The full line stands for A, = 33(k ¢) (Mori and
Janssen 2006) and it can be observed that the skewness
values are bounded by this and the line of the model of
Srokosz and Longuet-Higgins (1986). Lower values of
steepness are observed for the sea states measured close to
the wave maker, which results from the fact that the non-
linearities build up as the wave systems travel along the
tank.

Figure 5(b) presents the scatter diagram for the coeffi-
cient of kurtosis against the steepness. The widely spread
data points do not show a simple dependence when third-
order effects begin dominating the wave statistics. One
clear result is that records with large initial wave steepness
which triggered the occurrence of abnormal waves have al-
so large positive coefficients of kurtosis. A few cases of ab-

normal waves associated with a coefficient of kurtosis close
to zero are found in the wave fields with low initial steep-
ness (tests 1-2). Very low estimates of 1,, also characterize
the steep sea states from tests 3—6 at a short distance from
the wave generator (until gauge 3 which corresponds to ap-
proximately 4.8L)). In these cases, the instability has not
taken place yet which explains the observed fairly good
comparison with the weakly-nonlinear model.

Figure 6 illustrates the relationship between the ob-
served 1,, and 1,,. The dashed line depicts the empirical fit
of Guedes Soares et al. (2003) derived for records of storm
seas with abnormal waves: J,, = 3.764 A,,> + 0.236 and the
full line represents the quadratic theoretical dependence
for narrowband unidirectional waves (Mori and Janssen
2006). As one can see, the kurtosis of the largest laborato-
ry waves is significantly higher than the predictions of the
curves from (Mori and Janssen 2006), which represents a
lower bound to the experimental results. However, at the
lowest levels of the coefficient of kurtosis and skewness,
the model of empirical dependence of Guedes Soares et al.
(2003) compares reasonably well with the data.

Figure 6 The ensemble-averaged Z,, versus A, The dashed line is
the empirical dependence of Guedes Soares et al. (2003) and the full
line is the theory of Mori and Janssen (2006) for unidirectional
narrowband waves
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One definite conclusion reflecting the empirical tenden-
cy in Figure 6 is that series with a large coefficient of
kurtosis have also a large coefficient of skewness, as seen
particularly for the cloud of sea states with abnormal
waves. The dependence for the low values of 1,,, however,
is not so straightforward, since low values of /,, are associ-
ated either with very low skewness, as for ¢ = 0.07, or with
very large skewness, originating from ¢ = 0.141 and partic-
ularly from ¢ = 0.181. The general lack of agreement with
the predictions is due to the fact that the coefficient of kur-
tosis, contrary to the coefficient of skewness, is largely af-
fected by the free wave dynamics which is responsible for
its significant increase.

The results in Figures 5 and 6 allow drawing the follow-
ing conclusion on the dependence between the statistical
cumulants and the initial wave steepness. While the largest
coefficient of skewness originates from the steepest initial
wave conditions, designated in the plots as tests 56, the
largest coefficients of kurtosis belong to the moderate seas
(tests 3—4). Possible explanation for this is the sensitivity
of the coefficient of kurtosis to wave breaking in steep lab-
oratory wave environments.

Next, Figure 7(a) compares the fourth-order sum A = 4, +
24, + A, With its simplified form for unidirectional nar-
rowband waves, A, = 8/34,, showing that generally
A, > A, although the two statistics are very close. The
plot also presents the line of agreement (full line) and the
actual trend (dashed line). The lowest seas follow the line
of agreement, while the deviations from it increase with
the steepness, as also reported by Cherneva et al. (2013)
for random waves from the Marintek offshore basin.

Recently, Zhang et al. (2014b) discussed the discrepan-
cy between A and A, for experimental and numerically
simulated data, pointing out that the modulational instabili-
ty alone does not play a significant role in this result if
bound-wave effects are absent. This conclusion can be al-
so validated for the current laboratory measurements by es-
timating the fourth-order statistics of the non-skewed free
surface profiles. For this purpose, the procedure described
in Fedele et al. (2010) was used to remove the vertical

Figure7 Relationship between the ensemble-averaged A and A,

asymmetry due to bound-wave interactions up to third
order

i=n-b0r - )+ (- 3mi)+ o) )

where 7 is the Hilbert transform of #, and # is a parameter
to be determined so that (7°) = 0. As a result, only sym-

metric corrections to the free surface are left due to free
wave-wave interactions of third order which are statistical-
ly reflected by positive coefficient of kurtosis and fourth-
order sum A.

The relationship between the estimated A and A, for
the non-skewed surface in Eq. (6) is illustrated in Figure 7(b).
The comparison between Figure 7(a) and Figure 7(b) sup-
ports the conclusion that the initially observed small dis-
crepancy in Figure 7(a) is a combined effect of free- and
bound-wave nonlinearities, where the Stokes contribution
has a major role. The higher-order bound-wave effects get
enhanced by the nonlinear instability and eventually lead
to A,,, > A. This result also confirms that the cases of ob-
served large deviations of the coefficient of kurtosis from
its Gaussian value are generally results of modulational in-
stability. Consequently, higher values of A are expected
for an initially higher Benjamin-Feir index (see Table 1).

Figure 8 shows the ensemble averages of the coefficient
of kurtosis plotted against the BFI estimates and compares
the observed tendency with the quadratic dependence in
Eq. (5) for narrow-banded long-crested wave fields (Jans-
sen 2003). The theoretical formulation overestimates most
of the data since it assumes nonlinear steady state at infini-
ty while the data represent local measurements at different
stages of nonlinear wave evolution. For example, some of
the data points which belong to the most energetic sea
states deviate largely from Eq. (5), showing sufficiently
large Benjamin-Feir indices (BFI > 1) but small coeffi-
cients of kurtosis. They illustrate the wave conditions at
the first three gauges (1.6—4.8L,) where the nonlinear ef-
fects just start to develop. Figure 8 also shows as empty
triangles the cases of zero-up-crossing wave maxima
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Figure 8 Dependence of the coefficient of kurtosis 4,, on the BFI.
The empty triangles point to the cases of Al > 2

fulfilling the abnormality ratio of Dean (1990). One can
see that only few sea states triggering abnormal waves fol-
low the theory. Another reason for the most energetic sea
states to deviate from the theory could be wave breaking
affecting the kurtosis estimates.

Next, the variations of the coefficients of skewness and
kurtosis with the distance are presented and discussed.
Close to the wave generator, these statistics are nearly
Gaussian which is to be expected since each free surface
realization is a linear superposition of harmonics within
the random amplitude/phase wave model. The significant
increase with the distance of 4,, and A is seen as a result of
nonlinear instability.

Figure 9 illustrates the ensemble averages of 4,, as a
function of the propagated distance. The standard error,
o/N"?, where N = 5 is the number of data in the sample cor-
responding to the number of seeds for each experimental
condition, is used to calculate the error bars at each gauge.
It is seen that the error around the mean is quite small at
all gauges, of order O(107%). Moreover, the statistics do not
differ significantly along the basin. The percentage variation
of the overall means, (o/p),s,, can be found in Table 2. It
can be seen that the smallest variation belongs to the steep-
est condition (tests 5—6), while the largest belongs to the
lowest (tests 1-2).

Figure 9 also provides the estimates of the second-order
narrowband model of Mori and Janssen (2006), designated
as dashed lines. The theoretical predictions are shown in
Table 3 together with the estimated statistical averages for
each test. It can be seen that, except for tests 1 and 2, the
observations are in general agreement with the theory
which yields 4,, = 0.211 for H, = 0.07 m (tests 3—4) and
Ay = 0.272 for H, = 0.09 m (tests 5-6). The third-order sta-
tistics of the lowest seas, on the other hand, are quasi-
Gaussian, thus they are largely overestimated by the pre-
dicted value 4,, = 0.106.

The evolution along the tank of the ensemble-averaged
coefficient of kurtosis is illustrated in Figure 10. It is seen
that 4,, is always positive when BFI is large (Figure 10(b))
while small negative kurtosis can be identified for low BFI

(Figure 10(a)). The low sea states also show a slow, rela-
tively constant increase of the kurtosis until the farthest
gauge. The pattern in Figure 10(b) is different, showing a
fast increase until gauge 7 (19.2L)) followed by almost
constant estimates. This trend reflects the development of
third-order nonlinearity along the basin.

Contrary to the coefficient of skewness, the standard er-
rors are one order higher, O(107%). As can be seen in Table 2,
the coefficient of kurtosis deviates largely from the mean,
so that the percentage variation, (o/y),,, exceeds 50% for
the moderate and steepest seas and reaches about 100%
for the lowest seas. Table 3 corroborates again that the
weakly-nonlinear model fails to predict the kurtosis of the
highest sea states providing 1,, = 0.119 for tests 3—4 (H, =
0.07 m) and 4,, = 0.197 for tests 5-6 (H, = 0.09 m). How-
ever, an agreement is observed for the case of H, = 0.035 m
and y = 3 (test 1, Figure 10(a)), where the theoretical value
A = 0.030 is consistent with the quasi-Gaussian estimate
A4 = 0.056.

The pattern of change of 4,, away from the wave genera-
tor agrees qualitatively with the experimental survey of
Onorato et al. (2004, 2005) on the effect of modulational
instability on the non-Gaussian statistics of random 2D
wave trains. It also agrees with recent conclusions for 2D
waves with steepness ¢ = 0.144 from the Marintek off-
shore basin (Petrova and Guedes Soares 2008). All cases
of large discrepancy between laboratory data and theory
have been explained with the wave unidirectionality which
amplifies the contribution of higher-order effects to the
wave statistics. On the other hand, the short-crested condi-
tions suppress the wave nonlinearity, resulting in small-
er Ay

4 Nonlinear wave crest and height extremes
and upper bounds due to breaking

The results so far have demonstrated the importance of
the coefficient of kurtosis as an indicator for increasing
nonlinearity away from the wavemaker under particular
wave conditions. The choice of the fourth-order statistical
cumulant to mark the presence of extreme events in the
wave records is supported by the spatial variation of the
abnormal wave density. The abnormal wave density pre-
sented in Figure 11 is formulated as the ratio of the num-
ber of up-crossing wave heights satisfying the abnormality
ratio to the total number of recorded up-crossing individu-
al wave heights in the series. It can be seen from the plot
that the number of extremely large waves in the samples
along the basin is generally consistent with the spatial evo-
lution of the coefficient of kurtosis in Figure 10. An excep-
tion to this tendency are the extremes originating from the
largest initial steepness.

The results in Figure 11 confirm again that encountering
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Figure 9 \Variation of the ensemble-averaged Z,, with the distance. The dashed lines represent ., = 3(k ) (Mori and Janssen 2006) for each

initial steepness

Table 2 Overall mean, standard deviation and percentage variation
of 4,, and 4,, over the distance

TestID i T (010),5% Py Tuao (071),,%
1 0.049 0.007 14 0.056 0.069 123
2 0.054 0.009 17 0.126 0.124 98
3 0.209 0.012 6 0.620 0.331 53
4 0.215 0.017 8 0.704 0.427 61
5 5
6 3

0.254 0.013 0.560 0.340 61
0.279 0.007 0.603 0.377 63

Table 3 Overall means versus the theoretical predictions (Mori and
Janssen 2006)

Test ID Hiso Hao
Observed MJ2006 Observed MJ2006
1 0.049 0.106 0.056 0.030
2 0.054 0.106 0.126 0.030
3 0.209 0.211 0.620 0.119
4 0.215 0.211 0.704 0.119
5 0.254 0.272 0.560 0.197
6 0.279 0.272 0.603 0.197

abnormal waves is more common in moderately steep sea
states (¢ = 0.141). It is also interesting to observe that the
least and the most energetic wave fields trigger compara-
ble number of extreme events with the distance. The abnor-
mal density of the moderate sea states is found to rise sub-
stantially until gauges 7—8 (approximately 19-20L ), par-
ticularly for the peakier spectrum with y = 6 (test 4), which
clearly reflects the pattern of change of 2,, (Figure 10(b)).
The observed magnitude of the abnormal wave density in
Figure 11 ranges between 107 and 10™* which agrees with
other laboratory findings (Onorato et al. 2006) and storm
data (Guedes Soares et al. 2003). In the context of the lin-

ear wave theory, the probability of formation of extremely
large waves is estimated as 3.35x10™ which falls within
the reported limits here.

In Figure 12, the ensemble-averaged abnormality ratio,
Al is plotted against the coefficient of kurtosis, showing
a linear dependence with the coefficient of correlation R
(Al,, 4,,) = 0.70 which increases to R(Al, 4,,) = 0.89 if
the lowest sea states are omitted. The observed correlation
agrees with previous findings for abnormal waves from
storm records (Tomita and Kawamura 2000; Guedes
Soares et al. 2003) and laboratory measurements (Zhang et
al. 2014b). The scatter shows that the extremely large
waves are not only more frequently reported in moderately
steep wave fields, as demonstrated by Figure 11, but they
are also higher. In this particular experiment, the highest
recorded extremes evolve from test 4 having ¢ = 0.141 and
y = 6. Contrary to field data, where the recordings show
that the abnormal wave heights are concentrated over the
high kurtosis range but are not particularly drawn by the
highest values, here the largest waves clearly correspond
to the largest 4,,. As for the most energetic seas over the
high kurtosis range, and particularly when y = 6 (test 6),
they bring extremes around the threshold of 2 which are
usually lower than or as large as the waves in the lowest
seas over the low range of 4, This result finds explana-
tion in the associated wave breaking.

The plot of the crest extremes versus the coefficient of
kurtosis in Figure 13 shows even stronger correlation, with
R(CI, 4,,) = 0.91, where the crest maximum normalized by
the significant wave height is also known as the crest am-
plification index, Cl = C__/H,,. Different threshold values
can be used separately or in combination with the abnor-
mality index to define extremely large waves, such as Cl >
1.2 (Haver and Andersen 2000) or Cl > 1.3 (Tomita and
Kawamura 2000). Figure 13 shows that the crests exceed-
ing these ratios are concentrated over the high kurtosis range,
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Figure 10 Variation of the ensemble-averaged 4,, with the distance. The dashed lines represent 4, = 24(kpcr)2 (Mori and Janssen 2006) for each

initial steepness

Figure 11  Evolution of the ensemble-averaged abnormal wave
density. Only up-crossing waves have been considered

Figure 12 Relationship between the ensemble-averaged coefficient
of kurtosis, 4,, and the abnormality index, Al,. Both statistics are
obtained as ensemble-averages over identical realizations

similarly to the largest crest-to-trough wave heights. Again,
the highest measurements are result of the combination of
moderate steepness and peakier spectrum with y = 6.

So far, it has been discussed that the maximum ob-
served wave crests and heights are strongly influenced by

Figure 13  Relationship between the coefficient of kurtosis, 4,,, and

“401
the normalized maximum wave crest, C__/H . Both statistics are

obtained as ensemble averages over identical realizations

the initial wave steepness, not only because it determines
the strength of the developing instabilities associated with
the wave increase, but also because very steep waves can
be subjected to breaking and energy dissipation. The possi-
bility of wave breaking is discussed next by comparison of
the measured wave crest and height extremes with the ap-
proximate upper limits imposed by the Miche-Stokes crite-
ria for random wave trains.

Irregular waves with a single-peaked spectrum propagat-
ing on water of finite depth can reach maximum steepness,
thus maximum wave height, as defined by Miche’s limit
(Miche 1944)

_ 2n tanh (kd )
max 7 ok (7)

h
where Kk is the wave number and d is the local water depth.
At infinite water depth, Eq. (7) converges to the Stokes
limit for deep water regular waves.

The upper bound for the maximum wave crests, on the
other hand, is obtained at a first order of approximation af-
ter substituting h__. (Eq. (7)) in the quasi-deterministic for-

max
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mulation of Boccotti (2000) for the expected profile of the
largest observed wave:

max (8)

where a is the first (global) minimum of the normalized
autocorrelation function of the wave process #(t) at time
ip(r)=(n()n(t+ ).

In general, the parameter a varies in the range -1 < a <
0, where a — —1 represents the narrow-banded condition.
As a reference, the mean JONSWAP spectrum (y = 3.3)
shows a = -0.73. The wind sea spectra are typically char-
acterized by values of a between -0.65 and -0.73. The
JONSWAP spectra at the wave generator in the present
experiment demonstrates a ~ -0.72 for y = 3 and a = -0.79
fory=6.

A more conservative upper bound to the largest wave
crests was proposed by Fedele and Tayfun (2009) assum-
ing a second-order sea surface:

Cmaxz = Cmaxl(l + %ﬂcmaxl) (9)

where y is a normalized steepness parameter; x4 = 4,,/3 to
O(x?) in the most general case of second-order waves (Fe-
dele and Tayfun 2009).

Figures 14 and 15 illustrate in semi-logarithmic scale
the scatter diagrams of the o-normalized zero-up-crossing
wave height maxima h,, = H, /o and the normalized
crest maxima, ¢, = C, . /o, respectively, versus the scaled
zero-up-crossing periods, = = T/T,,, where T, = 2nlw,, o, =
m,/m, is the spectral mean frequency and m, denotes the ith
ordinary spectral moment. Each row in the figures com-
pares results for the same sea state steepness and different
peakedness parameter y (Table 1). A total of fifty pairs
(h,ae 7) @nd fifty pairs (c,,,, 7) have been defined and used
in the plots for each combination (g, y). They represent the
wave and crest extremes at ten gauges for five identical re-
alizations of the free surface.

As can be seen in Figure 14, the largest measured wave
heights are between 6¢ and 10q, approximately, thus they
always exceed the significant wave height (=40). Excep-
tions are tests 3 and 4 (Figures 14(c), (d)), where the low-
est normalized maxima start at 7¢. The full red circles in
the plots outline the abnormal wave cases as they exceed
the threshold Al, = 2. The full lines define the upper
bounds predicted by Eq. (7) where the scaling parameters
T,,and o (provided in the plots) represent statistical averag-
es for every steepness case . Abnormal waves exceeding
the upper boundary can be observed only in the most ener-
getic and steep wave environments (Figures 14(e) and (f)).
This explains the reduced number of large-amplitude
events registered in these particular sea states which is
comparable with the abnormal wave density for ¢ = 0.07,

as illustrated in Figure 11. Moreover, it is not only the
number of very large waves that repeats the spatial evolu-
tion of 4,, but also their magnitude. Thus, these waves are
eventually as high as the waves originated from ¢ = 0.07.

Figure 15 compares the sampled crest maxima and the
associated crest periods against the approximate bounds
Cowa (EQ. (8)) and ., (EQ. (9)). In this case, the full red
circles represent particular cases of abnormal waves which
crest is also the largest in the time series. This situation is
reported for 74% of the abnormal wave heights. Figure 15
shows similar tendency for the largest crests, as for the
largest wave heights. The lowest sea states (Figures 15(a),
(b)) bring crest maxima ranging between 3¢ and 7¢ which
stay largely underestimated by the upper limits. On the oth-
er hand, the crest extremes in sea states with ¢ = 0.141 and
& =0.181 (Figures 15(c)—(f)) begin from 4¢ up to approxi-
mately 75 and the crests of the abnormal waves do exceed
the limits, including the more conservative approximation, es-
pecially for the steepest conditions in Figures 15(¢) and ().

The comparisons in Figures 14 and 15 confirm the rela-
tive validity of the Miche-Stokes criteria as an upper
bound for the shape of the largest waves in a random wave
field, similarly to results from previously analysed labora-
tory measurements (Cherneva et al. 2009, for single wave
systems; Petrova and Guedes Soares 2014, for crossing
seas) and field data (Tayfun 2008). However, it is always
noted that these criteria cannot serve as a consistent indica-
tor for incipient wave breaking.

5 Conclusions

The performed study show that the generated wave
fields become increasingly nonlinear, sometimes exceed-
ing significantly the predictions of the Gaussian and sec-
ond-order models and empirical dependencies, conditional
on the Benjamin-Feir index of the input JONSWAP spectra.

One typically reported result associated with four-wave
quasi-resonant interactions between free wave modes has
been observed: the spectral evolution over the distance.
Comparisons at certain locations, corresponding to differ-
ent stages of the developing instability, allow detecting the
broadening of the studied spectra around the peaks and the
peak downshift for moderate and high initial steepness in
combination with peakier spectra. It has been observed
that the downshift of the peak along with the observed re-
duction of the high-frequency tail in steeper seas can be a
combined effect of nonlinear instability and energy dissipa-
tion due to wave breaking. The relevant Miche-Stokes limits
showed that the extreme wave heights are always higher
than the significant wave height but do not in general ex-
ceed the theoretical thresholds, except for the abnormal
wave cases with abnormality index Al > 2, triggered by
the combination of ¢ = 0.141 and y = 6 (test 4). The largest
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Figure 14 Validation of the Miche-Stokes limit for the scatter of the up-crossing wave height maxima against the associated normalized wave
periods for y = 3 and y = 6. The full red circles stand for the abnormal wave cases where Al , > 2

crests, however, are more sensitive to nonlinearity and break-
ing, and the scatter diagrams confirm this, showing that the
sampled maxima are frequently over the approximate limits.
One significant effect of quasi-resonant modulations on
the wave statistics is the monotonically increasing coeffi-
cient of kurtosis away from the wave generator when BFI
is large. Moreover, the largest waves are found to follow
this pattern, thus they are more frequently encountered at
larger distances, after approximately 14.4L, (gauge 4), as
revealed by the abnormal density parameter. This parame-
ter also validates results from previous laboratory experi-
ments that the largest number of abnormal wave cases are

triggered by sea states of initially moderate steepness.

It has been also found that the largest wave heights and
crests of waves classified as abnormal, either because
Al > 2 or the crest amplification index exceeds a prescribed
value, are drawn by the largest kurtosis which somewhat
contradicts previous conclusions on field data where the
abnormal waves were spread over a range of large kurtosis
values (Petrova et al. 2006).

An interesting result is that the nonlinear behaviour of
the most energetic and steep seas is very similar to that of
the lowest seas. It can be explained with loss of energy due
to breaking which reduces the magnitude of the expect-
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Figure 15 \Validation of the Miche-Stokes limits for the scatter of the wave crest maxima against the associated normalized wave periods for
y =3 and y = 6. The full red circles stand for abnormal waves which crest is also the largest in the sample

ed extremes and thus have critical effect on the coefficient of
kurtosis, as reflected by the slightly smaller estimates over the
last four gauges (Figure 10) for ¢ = 0.181 and y = 6 (test 6).
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