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Abstract
The study aims to calibrate parameters of two-phase fatigue prediction model based on the results of the small-scale fatigue
test experiments for zero stress ratio and without residual stresses, and then to investigate their applicability for different
stress ratios and in the presence of residual stresses. Total fatigue life using the two-phase model consists of crack initiation
phase, calculated by strain-life approach, and crack propagation phase, calculated by fracture mechanic’s approach. Calibration
of the fatigue parameters is performed for each phase by fitting numerical to the experimental results. Comparative analysis
of calculated and measured fatigue lives is then conducted for different stress ratios, in both stress-relieved and as-welded
conditions. Given that calculation parameters are calibrated for the basic case, uncertainty of predictions is large, showing
that application of the method for real-life complex marine structures is challenging.
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1 Introduction

Fatigue and crack growth in ships and offshore structures
are a highly uncertain and complex phenomenon (Dong et
al., 2022). Fatigue life of ship structural details can be pre‐
dicted using one of main fatigue design models: stress-life
(S-N), the local strain-life (ε-N), the fatigue crack growth
(da/dN-ΔK) and the two-phase model (TPM) (Lassen and
Recho, 2006; Fatemi et al., 2001). The last model incorpo‐
rates the local strain-life (crack initiation stage) and fa‐
tigue crack growth (crack propagation stage) model. When

added together the total fatigue life is obtained providing a
whole history of crack propagation. TPM is commonly used
by the industry for fatigue life prediction of welded struc‐
tural details subjected to the cyclic load. It is well known,
however that accuracy of the fatigue life prediction highly
depends on the parameters used for the TPM, and it is rec‐
ommended to determine these parameters on case-by-case
basis. Even in such a case when parameters are determined
for one specific configuration, it is questionable if they will
be equally valid for different stress ratios and different lev‐
el of residual stresses.

Different procedures have been developed for fatigue
life prediction based on databases of the fatigue behaviour
of welded structures and following theoretical research and
experiments (Fricke and Petershagen, 1992; Fricke, 2003).
Cui (2002) made a review of existing models for fatigue
life prediction, where it was concluded that most used ap‐
proach is the S-N approach. Huang et al. (2014) analysed
fatigue reliability of complex welded structures and fatigue
damage was quantified by the S-N approach. Kodvanj et
al. (2021) obtained fatigue lives and stress concentration
factor (SCF) for small-scale specimens experimentally. These
results of SCF were then compared with the finite element
method following a correlation analysis between actual and
predicted crack location. S-N approach is also adopted by
classification societies for ship structural design (IACS 2014)
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Chen (2016) studied crack initiation by low-cycle fa‐
tigue (LCF) in design of stop hole for repair of ship cracks.
LCF is considered as primary failure modes for oil tankers
and FPSO ships caused by repeating liquid cargo loading
and unloading (DNVGL, 2015). Possibility of LCF occur‐
rence in damaged ship is investigated by Gledić et al. (2019).

Fracture mechanics (FM) has been applied to determine
the fatigue life of cracked components (Garbatov and Guedes
Soares, 2004) and for inspection planning (Chen et al.,
2011). It is also suitable for reliability assessment of a stiff‐
ened panel subjected to correlated crack growth (Feng et
al., 2012) and for fatigue assessment of corroded deck lon‐
gitudinals of tanker (Parunov et al., 2013). Committee on
Fatigue and Fracture of the International Ships and Off‐
shore Structures Congress (Ås et al., 2018) provides recent
developments in fatigue assessment methods. They point‐
ed out that even though some new methods and theories in
field of fatigue and fracture emerged, fatigue crack growth
approach based on the theory of FM is still the most valu‐
able tool for preventing fatigue failure of the ship. Ship
classification rules provides guidelines on the practical ap‐
plication of crack propagation using linear elastic FM (Bu‐
reau Veritas, 2016). FM is used for crack propagation in
damaged ship as a part of the emergency response proce‐
dure (Gledić et al., 2021).

TPM approach was originally proposed by Socie et al.
(1979) as a simple model for calculation of total fatigue
life by combining LCF concept and fracture mechanics
concepts. Dong et al. (2018) made further progress were
TPM model was applied to predict total fatigue lives of ex‐
perimentally tested notched specimens.

Welded joints add considerable complexity in fatigue
life calculation comparing to the non-welded structural
component. Fatigue life of welded structures is influenced
by weld geometry (weld toe radius and weld toe angle)
and material properties. However, it is found that residual
stress has the highest impact on fatigue life (Fatemi et al.,
2001). Dexter and Pilarski (2002) confirmed considerable
influence of residual stresses by a series of experiments on
welded stiffened panels, showing that crack propagation is
reduced because of compressive residual stresses between
stiffeners. Božić et al. (2018) presented a method for pre‐
dicting fatigue crack propagation in welded stiffened pan‐
els accounting for the effects of residual stresses, achiev‐
ing good agreement with experimental results.

The aim of the present study is to calibrate parameters
of TPM based on the results of the small-scale fatigue test
experiments and then to investigate their applicability for
different stress ratios (R) and in the presence of residual
stresses σres. Experiments used for calibration are performed
by Friedrich (2020), where fatigue lives of crack initiation
phase and crack propagation phase are presented for differ‐
ent stress ratios for multi-layer K-butt weld. Furthermore,
results are presented separately for as-welded condition with

residual stresses, and for the case when residual stresses due
to welding are relieved.

The analysis is performed in a way that parameters of
TPM are calibrated based on the experimental results for
R = 0 and for residual stress-relieved condition. After that,
the analysis with the same parameters is performed to in‐
vestigate agreement with the experiments in the presence
of the residual stresses. The analysis is further extended
for different stress ratios in both as-welded and stress-re‐
lieved conditions.

The paper is organized in the following way. In the next
section TPM is described. After that, experiments per‐
formed by Friedrich (2020) are briefly recapitulated for
the sake of the completeness of the paper. Finite element
analysis is described in section 4. Calibration of the param‐
eters is described in the sections 5 and 6, together with the
comparison of predictions and experiments for different
stress ratios with and without residual stresses. The paper
ends with discussion and corresponding conclusions.

2 Two-phase fatigue model

Fatigue life is defined as number of loading cycles until
failure is reached, i. e., total number of cycles Nt . In this
study calculation of fatigue life is based on TPM (Lassen
and Recho, 2006), mathematically described as follows

Nt = Ni + Np (1)

where Ni is the number of cycles until crack initiation and
Np is the number of cycles of crack propagation until fail‐
ure occurs. The key point of TPM is the continuation of
the two stages of fatigue, i.e., proper definition of the crack
initiation that is not clearly defined and represents a chal‐
lenging task.

In the first phase of TPM, number of cycles to crack ini‐
tiation Ni is calculated by a local stress-strain approach
modelled by the Coffin-Manson equation with Morrow’s
mean stress correction:

Δεloc

2
=

( )σ' f − σm

E (2Ni ) b
+ ε' f (2Ni ) c

(2)

where Δεloc is the non-linear local strain range and σm is the
local mean stress at weld toe. E is the Young’s modulus of
elasticity. The parameters b and c are the fatigue strength
and ductility exponents, and σ'f and ε'f are the fatigue
strength and ductility coefficients, respectively.

Local strain range, Δεloc , is calculated by the combina‐
tion of the Neuber’s Rule,

ΔεlocΔσ loc = ( )Δσn ⋅ SCF
2

E
(3)
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and Ramberg-Osgood equation,

Δεloc =
Δσ loc

2

E
+ 2Δσloc( Δσ loc

2K' )
1
n'

(4)

where: K' and n' are the cyclic strength coefficient and
strain hardening exponent, respectively. Δσn is nominal
stress range and SCF is the linear stress concentration fac‐
tor. Δσloc is the non-linear local stress range.

The solution of this σ-ε loop can be found by different
iterative process. Herein the Newton-Raphson method is
used. Once the Δεloc is calculated, Ni can also be obtained
from Eq. 2 using an iterative procedure.

Second phase of TPM is a crack propagation phase
where crack propagates from initial crack depth a0 to crack
of critical depth ac. This phase is described by the Paris-Er‐
dogan law:

da
dN

= C (ΔK )m
, ΔK > ΔK0 (5)

where C and m are treated as material parameters for a giv‐
en stress ratio R and environmental condition, ΔK is the
stress intensity factor range (SIFR) at the crack tip corre‐
sponding to the applied nominal stress range Δσn and ΔK0

is threshold stress intensity factor range below which fa‐
tigue crack growth (or corrosion fatigue crack growth) does
not occur. It should be noted that Eq. 5 does not have the
capability to explain many experimental phenomena such
as stress ratio effect, load sequence effect and unstable
fracture effect. Modified forms of Paris equation are pro‐
posed to cover these effects (Fatemi et al., 2001).

The SIFR can be written as follows:

ΔK = Kmax − Kmin (6)

ΔK = Δσn F (a) πa (7)

The number of cycles to reach given critical crack depth
ac is calculated by numerical integration of the Paris-Erdo‐
gan law as follows:

Np = ∫
ao

ac

da

C ( )Δσn F ( )a πa
m

(8)

where a0 is the initial crack depth and ac is the final or
crack depth at which fracture will occur. F(a) is the geome‐
try function which depends on geometry of crack, namely
type and size of crack. From Eq. 8, one should be aware
that Np is sensitive to a0 and that a0 also defines the Ni .

For fatigue assessments the following equation applies
(British Standard, 2005):

F (a) = fw ⋅ Mm ⋅ Mk ⋅ SCF (9)

where fw is the finite width correction factor, in case of a
long surface flaws in plates fw = 1; Mm is the stress intensi‐
ty magnification factor due to membrane loading. In this
study only membrane part of the solution is calculated be‐
cause it is assumed that bending stress is caused only by
geometrical eccentricity of the joint and not by forced
stress on the structure. Sub-functions (Mm , Mb) from Eq. 9
can be found in British Standard (2005). These sub-func‐
tions include the effects of the curved shape of the crack,
the finite thickness and finite width of the plate. When a
flaw or crack is situated in a region of local stress concen‐
tration, i. e. weld toe, stress intensity is changed. This
change is quantified through stress gradient factor Mk . In
case of the small cracks Mk will coincide with the SCF at
the weld toe. For as-welded joints under membrane load‐
ing equations are provided in British Standard (2005).

3 Experiment overview

Friedrich (2020) conducted the experiment to predict the
fatigue life of a multilayer K-butt weld between two steel
plates of 10- and 25 mm thickness as shown in Figure 1, for
different stress ratios and for two different conditions:
stress-relieved and as-welded. The experiment specimens
are made of steel grade S355J2C+N welded by metal ac‐
tive gas. Detailed data about specimen preparation can be
found in Friedrich (2020).

Static mechanical properties of the 10 mm plate were
determined by tensile tests: yield strength ReH = 394 MPa;
tensile strength Rm = 524 MPa; Young’s modulus E = 201
GPa. The tests were performed on a 200 kN resonance test‐
ing machine for four different cases i.e. four different load
ratios R: R = 0 (tension), R = −∞ (compression), R = −1 and
R = −3 (alternating stress). The test is run until complete
rupture of the specimen.

Figure 1 Specimen preparation (Friedrich, 2020)
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In experiments, residual stresses were measured us‐
ing two techniques, namely X-ray diffraction and hole-
drilling (Friedrich, 2020) showing differences in re‐
sults, where the hole drilling measurements resulted in
larger residual stresses compared to the X-ray diffrac‐
tion measurements. The residual stress measurements
showed tensile residual stresses transversal to the weld
at the centre of the specimen and compressive stresses at
the edges. Expectedly, the highest value of residual stress
is at the weld toe, and it decreases towards the longitudinal
end of the specimen. Estimated mean value of tensile re‐
sidual stresses at the weld toe is around 150 MPa and it
is taken into consideration when performing calculation
for as-welded condition. Residual stress distribution is
shown in Figure 2 in Friedrich (2020) and not repeated
herein. A clarification is necessary regarding the fact
that the small-width specimen is not conducive to the re‐
tention of residual stress. Namely, as reported by Fried‐
rich (2020), it was confirmed by the numerical analysis
that the residual stresses persist even in the small-width
specimen.

There is no prescribed value of initial crack size a0 (Ås et
al., 2018). It can only be assumed based on the data pro‐
vided in literature. Lassen and Recho (2006) suggested an
initial crack size between 0.01 mm and 0.05 mm. Howev‐
er, this assumption must be taken with a caution because
the crack of this small size is too close to microstructural
features of structural steel (Ås et al., 2018).

Friedrich (2020) assumed initial crack size of 2 mm wide,
based on the engineering judgement, arguing that this
length could reliably be detected in the performed fatigue
tests, even by visual observation. It is further assumed in
the present study that crack shape is elliptical and therefore
that crack depth is half-size of the detected crack width, i.e.
about 1 mm. Therefore, that value of initial crack depth is
assumed herein.

The crack location is also important for the fatigue life
prediction. From Figure 4 in Friedrich (2020), the macro‐
scopic crack initiation occurs in the mid-length along the
weld toe. The crack location at mid-length of the weld toe
is expected, as that is the region of the highest tensile re‐
sidual stresses.

4 Finite element analysis

Prior to calculation of crack initiation period Ni , fine
mesh finite element analysis (FEA) was performed to find
SCF (Figure 2). The model accounts for measured mis‐
alignment e = 0,33 mm and angular distortion φ = 0.33°
(Friedrich, 2020) which is a consequence of welding. This
step was necessary for determination of SCF at hot spot ac‐
cording to (Bureau Veritas, 2016; Kodvanj et al., 2021;
Hobbacher, 2016).

SCFHS =
ΔσHS

Δσn

= 1.19 (10)

with ΔσHS as hot spot stress obtained by FEA and Δσn as
nominal stress range.

The toe of the weld, i. e. a local notch, is the localized
geometric feature which causes stress concentration. The
local notch induces a non-linear stress peak in the vicinity
of the weld. Presence of the weld therefore leads to the in‐
crease of the SCF:

SCF = KwSCFHS = 2.08 (11)

where Kw is the notch factor, which is tightly dependent on
the weld toe geometry, i.e. the toe angle θ and the weld toe
radius ρ. Weld toe angle θ = 40° is obtained from FEM
and weld toe radius is assumed to be 1 mm. Kw is calculat‐
ed by equation provided in Lassen and Recho (2006) and
reads 1.75.

5 Crack initiation

5.1 Calibration of crack initiation parameters for
R = 0 without residual stresses

As the starting point for their optimization, the cyclic
mechanical properties and parameters in Coffin-Manson
equation were taken from Jovičić et al. (2015) (Table 1).
The parameters were obtained from the uniaxial tension–
compression fatigue tests of the S355J2+N material, which
is the same material as in the present study. All values
from Table 1 are within the range of expected values and the
upper and lower limits given in Lassen and Recho (2006)
and Fatemi et al. (2001).

Analysis of parameters for R = 0 showed that two pa‐
rameters from Table 1 have comparably larger influence
on overall results, namely fatigue strength coefficient σ'f
and fatigue ductility coefficient ε'f . σ'f is effective when
low stress range is applied, while ε'f is more pronounced
for high stress range. After the adjustment of these two co‐
efficients (Table 2), excellent agreement is achieved be‐
tween experimental curve and calculated results, which is
shown in Figure 3.

Figure 2 FEM of K-Butt joint and hot spot stress ΔσHS
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Even though there are no prescribed values or set of lim‐
its for coefficients σ'f and ε'f , when optimized values are
compared with values available from literature and from
Table 1, fatigue ductility coefficient is within expected range,
while the fatigue strength coefficient σ'f is found unexpect‐
edly low after optimization.

5.2 Validation of crack initiation parameters for
different stress ratios and residual stresses

With established crack initiation parameters, next step is
to examine their adequacy for different stress ratios for as-
welded and stress relieved conditions.

Residual stress effect on fatigue crack initiation is calcu‐
lated by the Coffin-Manson Eq. 2 with Morrow’s mean stress
correction. Comparison of the results for R = 0 in Figure 4
shows slight decrease of the fatigue life in the presence of
the residual stresses with similar trend for calculations and
experiments.

One can notice that there is a difference in presentation
of results (Figures 3 and 4) for the same case, R = 0 in stress-
relieved condition. The reason is that experimental results

in Figure 3 are presented as the continuous regression line
to calibrate crack initiation parameters, while Figure 4 shows
calibrated crack initiation curve through discrete, mea‐
sured experimental data points.

For the case of R = −1, stress relieved results are slight‐
ly shifted to the left but still parallel with experiment data,
while as-welded results fairly overlap (Figure 5).

It should be noted that results for stress ratio R = − 3
were not compared for stress-relieved condition because
results of the experiment were close and S-N curve could not
be determined by linear regression. Figure 6 shows compari‐
son of the results for as-welded condition for R = −3 and
R = −∞. In former case a good agreement of calculated re‐
sults is obtained, while for R = −∞ results are shifted to the
right.

6 Crack propagation

6.1 Calibration of crack propagation parameters
for R = 0 without residual stresses

As a starting point for optimization of the parameters in

Table 2 Optimized parameters for Coffin-Manson equation

Parameter

Fatigue strength coefficient σ'f (MPa)

Fatigue ductility coefficient ε'f

Optimized value

220

0.15

Table 1 Cyclic mechanical properties of S233J2+N material (Jovičić
at al., 2015)

Parameter

Strength coefficient K' (MPa)

Strain hardening exponent n'

Fatigue strength exponent b

Fatigue ductility exponent c

Fatigue strength coefficient σ'f (MPa)

Fatigue ductility coefficient ε'f

Value

720.94

0.125 8

−0.052 1

−0.398 7

525.31

0.066 2
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Figure 3 Calibration of crack initiation parameters for R = 0 in
stress-relived condition (σres = 0)
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Figure 4 Crack initiation for stress ratio R = 0, σres = 0 and for
σres = 150 MPa
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Figure 5 Crack initiation for stress ratio R = −1, σres = 0 and for
σres = 150 MPa
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Paris-Erdogan law, a crack growth parameter C is assumed
to be equal to a mean value proposed by Lassen and Re‐
cho (2006) (Table 3). Given that crack growth parameter
m is a slope of the crack growth cure, its value is set to be
equal to a slope of the experiment crack propagation curve
for R = 0 in stress-relieved condition (Table 3), i.e., m =
2.873. As elaborated in Section 2, crack depth of 1 mm is
assumed as the initial crack size.

The results for this set of values showed that even though
there is an overlap of calculated and measured results, a
further optimization of the parameters is necessary.

The optimization is conducted in a same way as it was
for the crack initiation, for stress ratio R = 0 and for stress-
relieved state. As shown in Figure 7 optimization resulted in
a fair overlap between experiment and results from crack
growth calculation, where optimized crack growth coeffi‐
cient C reads 6.5·10−13 mm/(MPa·mm1/2)m.

As previously mentioned, definition of the initial crack
size is uncertain. To further investigate this effect on opti‐
mized parameters, two more initial crack depths are con‐
sidered equal to 0.5 and 1.5 mm. It was found that for each
initial crack size and same crack growth parameter m, there
is a corresponding value of parameter C (Figure 8). For dif‐
ferent combinations of C and a0 , overlap as in the Figure 7
is achieved.

6.2 Validation of crack propagation parameters
for different stress ratios and residual stresses

It is assumed herein that only positive part of the ap‐
plied stress range contributes to the crack growth while
during the negative part of the loading cycle there is no
crack growth, i.e., the crack remains closed (Fatemi et al.,
2001; Almar-Naes et al., 1985).

Stress ratio is calculated as follows,

R =
σmin

σmax

(12)

while nominal stress range Δσn is defined as

Δσn = σmax − σmin (13)

where σmin and σmax are minimum and maximum of the ap‐
plied nominal stress range Δσn.

If only positive part of the applied nominal stress is con‐
sidered, then maximum σmax is equal to:

σmax =
Δσn

1 − R
(14)

For crack propagation analysis, the residual stress for as
welded condition can be considered by superposition to
the applied stress (Fatemi et al., 2001),

σmax =
Δσn

1 − R
+ σres (15)

σmin = R ⋅ σmax + σres (16)
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Figure 6 Crack initiation for stress ratio R = −3 and R = −∞, σres =
150 MPa

Table 3 Initial parameters C, m and a0

Parameter

Crack growth parameter C (mm/(MPa·mm1/2)m)

Crack growth parameter, m

Initial crack size a0 (mm)

Initial value

1.85·10−13

2.873
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Figure 7 Calibration of crack propagation parameters for R = 0 in
stress-relived condition (σres = 0)
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Figure 8 Relation of a0 and crack growth parameter C for m = 2.873
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Figure 9 shows comparison of results for R = 0 with-
and without residual stresses. As in both cases whole load
cycle is tensile, there is no difference in calculated fatigue
life. Experimental results indicate slightly higher fatigue
life for the case with the residual stresses.

Regarding the difference between results shown in Fig‐
ure 7 and Figure 9, case of R = 0 and stress-relieved condi‐
tion, the same explanation as for the initiation phase ap‐
plies (see Section 5.2).

Figure 10 shows comparison of calculated and mea‐
sured fatigue lives for R = −1, where underestimation of
measured fatigue life by calculations may be noticed.

For stress ratio R = −3 results were not compared for stress-
relieved condition because results of the experiment were too
close and S-N curve was not determined by linear regression.
Figure 11 shows comparison of the results for as-welded con‐
dition for R = −3 and R = −∞. In both cases calculated re‐
sults underestimate experimentally determined fatigue lives.

7 Discussion

As mentioned in Section 2, fatigue life, i.e., total num‐

ber of cycles calculated by TPM is a sum of crack initia‐
tion and crack propagation cycles. Results of total fatigue
life are plotted in Figures 12 & 13 for as-welded and stress-
relieved condition, respectively. Closer inspection of plot‐
ted results indicates that in as-welded condition, Figure 12,
calculated curves for R = 0 and R = −1 overlap well with
those obtained experimentally. Calculated results for R = −3
slightly underestimate experimental fatigue lives, but with
same trend. In case of R = −∞, curve slope of calculated re‐
sults is lower compared to the experiment.

The effect of the stress ratio R is different for as-weld and
stress-relieved conditions. In as-welded condition tensile re‐
sidual stress reduces the effect of the load ratio. Consequent‐
ly, S-N curves lie close together (Figure 12). The influence
of stress ratio is more obvious in stress-relieved condition
with curves which are much more apart (Figure 13).

Throughout this work the assumption is made that only
positive part of the applied stress range contributes to
crack propagation, which means that during the lower part
of the loading cycle crack remains closed and does not
contribute to the crack growth. However, Fatemi et al. (2001)
emphasize that compression cycle may also be important
for fatigue crack growth, in which case they suggested Walk‐
er relationship and Foreman equation.

It is recognized that one of the key issues in the applica‐
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Figure 9 Crack propagation for stress ratio R = 0, σres = 0 and σres =
150 MPa
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Figure 10 Crack propagation for stress ratio R = −1, σres = 0 and
σres = 150 MPa
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Figure 11 Crack propagation for stress ratio R = −3 and R = −∞ ,
σres = 150 MPa
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Figure 12 Total fatigue life for as-welded condition
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tion of TPM is definition of the initial crack size a0 , repre‐
senting the boundary between two phases. It is also known
that the initial defects always exist in engineering marine
structures, especially ships. If so, the fatigue may be con‐
sidered as purely a crack propagation problem and other
improved crack growth rate methods, such as Unified Fa‐
tigue Life Prediction (UFLP) equation may be employed
(Cui et al., 2011). UFLP requires a given loading history
and the accumulated crack length is calculated on a cycle-
by-cycle basis. This could accurately account for many
loading effects such as mean stress effect, load sequence
effect and structural efects such as notch effect and size ef‐
fect. As a future work, it is recommended to attempt em‐
ploying UFLP for solving the present problem.

8 Conclusions

Fatigue life of small-scale welded specimens is investi‐
gated using the two-phase approach. Parameters of crack
initiation and crack propagation phases are calibrated based
on fatigue experiments for stress-relieved condition and
for stress ratio R = 0. It was found that the results are most‐
ly affected by fatigue strength coefficient σ'f and fatigue
ductility coefficient ε'f . Different combinations of initial
crack size a0 and crack growth parameter C may be em‐
ployed to fit measured results with calculations using two-
phase model.

Total fatigue lives for different stress ratios and residual
stresses can be predicted with reasonable accuracy using
fatigue parameters determined for R = 0 in stress-relieved
condition. Better agreement of calculations and measure‐
ments is achieved for cases of high tensile stresses at stress
notch, i.e., for higher R and for as-welded condition. Giv‐
en that calculation parameters are calibrated by the mea‐
surements, uncertainties in predictions are large, indicating
that considerable uncertainty in predicted fatigue life is ex‐
pected in the practical application of the method for the re‐
al-life complex marine structures.
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