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Abstract
This paper studies a deconvolved Chebyshev beamforming (Dcv-Che-BF) method. Compared with other deconvolution
beamforming methods, Dcv-Che-BF can preset sidelobe levels according to the actual situation, which can achieve higher
resolution performance. However, the performance of Dcv-Che-BF was not necessarily better with a lower preset sidelobe
level in the presence of noise. Instead, it was much better when the preset side lobe level matched the signal to noise ratio
of the signal. The performance of the Dcv-Che-BF method with different preset sidelobe levels was analyzed using
simulation. The Dcv-Che-BF method achieved a lower sidelobe level and better resolution capability when the preset
sidelobe level was slightly greater than the noise background level. To validate the feasibility and performance of the
proposed method, computer simulations and sea trials were analyzed. The results show that the Dcv-Che-BF method is a
robust high-resolution beamforming method that can achieve a narrow mainlobe and low sidelobe.
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1 Introduction

With the rapid development of array signal processing
technologies, beamforming, a key technology of array signal

processing, plays a vital role in underwater acoustic engi‐
neering. Among the beamforming algorithms, the conven‐
tional beamforming (CBF) algorithm has been widely
used in underwater acoustic signal processing because of
its robustness (Zhong et al. 2016). However, because of its
limitation in array apertures, the performance of the CBF
algorithm in practical applications is not ideal. The side‐
lobe of strong targets easily covers weak targets, especially
when detecting weak targets under strong interference, be‐
cause CBF has a high sidelobe and low resolution.

T. C. Yang creatively applied the deconvolution model
to a CBF algorithm and proposed a CBF deconvolution
beamforming processing algorithm (Yang 2017; Yang 2018).
The algorithm retains the advantages of the CBF robust‐
ness and ensures the resolution is similar to or better than
the high-resolution algorithms (Bahr and Cattafesta 2012).
In recent years, scholars have conducted research on de‐
convolution beamforming processing technology. The re‐
search was mainly directed toward the application of a de‐
convolution beamforming algorithm based on an equidis‐
tant acoustic-pressure array (Xenaki et al. 2010; Xenaki et
al. 2012), uniform circular array (Tiana-Roig and Jacobsen
2013), vector array (Sun et al. 2019), and deconvolution
beamforming algorithms with a space-time two-dimension‐
al joint and near-field space two-dimensional (Mei et al.
2020). As a result, the deconvolution beamforming tech‐
nology advantages of low sidelobe, high resolution, and
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robustness have been identified.
Inspired by the CBF deconvolution beamforming algo‐

rithm, this paper studied a deconvolved Chebyshev beam‐
forming (Dcv-Che-BF) algorithm. Chebyshev beamform‐
ing also has robustness because of the use of amplitude
weighting (Li et al. 2010; Liu et al. 2018). Compared with
the CBF algorithm, the Chebyshev algorithm can obtain
the narrowest mainlobe width height under the condition
of a given sidelobe level (Li and Liu 2005). Therefore, the
Chebyshev algorithm can effectively avoid the situation
when the sidelobe level is too high to distinguish the weak
signal in the process of multi-target recognition. However,
the resolution of Chebyshev beamforming is limited, and
it is weaker than that of the CBF algorithm, especially when
the preset sidelobe level is low.

This paper combines the low sidelobe characteristics of
Chebyshev beamforming with the high-resolution process‐
ing ability of deconvolution beamforming. The performance
of CBF, Chebyshev beamforming, minimum variance dis‐
tortionless response (MVDR), CBF deconvolution beam‐
forming, and Dcv-Che-BF were analyzed by simulation
and sea trials using a uniform linear array model. Dcv-
Che-BF retains a performance similar to the CBF deconvo‐
lution beamforming algorithm and has a better azimuth
resolution.

2 Basic principle of Dcv-Che-BF

Conventional beamforming is used to compensate for
the opposite time delay of the signals received by each ar‐
ray element. The output of each array element is superim‐
posed to realize the in-phase addition of the expected sig‐
nals of each array element and the non-in-phase addition
of noise and interference to improve the output signal to
noise ratio (SNR). In this study, it is assumed that under
the far-field condition, the receiving array with the number
of array elements N performs direction finding. The re‐
ceived data of each array element is processed by beam‐
forming. The beam output results are as follows:

Y (t ) =∑
n = 1

N

wn(θ ) xn(t ) = W H(θ ) X ( )t (1)

where Y ( t ) = [ y1 ( t ),⋯ yN ( t ) ]H is expressed as the output
result of array beamforming, W (θ ) = [ w1 (θ ),⋯ wN (θ ) ]
is the beamforming weight vector, which represents the
weighted value of the beamformer on the data received by
different array elements, and X ( t ) = [ x1 ( t ),⋯ xN ( t ) ]H

is expressed as the signal received by the array. θ is the an‐
gle pointed by the beam pattern, and the spatial spectrum
of direction θ beam output can be expressed by beam out‐
put power as follows:

P (θ ) = E é
ë|Y ( t ) |2ùû

= W H (θ ) E [ X ( t ) X H ( t ) ]W (θ )
= W H (θ ) RxW (θ )

(2)

where RX = E [ X ( t ) X ( t )H ] represents the covariance ma‐

trix of the array received signal, the matrix dimension is
N × N, and E [•] is the mathematical expectation. Chang‐
ing the weight vector W (θ ) can change the beam output
of the array such that the core of different beamformers is
to solve the weight vector W (θ ).

The Chebyshev beamforming algorithm mainly relies
on the properties of the Chebyshev polynomial. The expan‐
sion of the Chebyshev polynomial is used to define the
weight vector Wq(θ ) to achieve an equal sidelobe level un‐

der the condition of setting the mainload to sidelobe ratio.
The Chebyshev polynomial (Zielinski 1986) is the solu‐
tion of the differential equation as follows:

(1 − x2 ) d2Tn( )x

dx2
− x

dTn( )x
dx

+ n2Tn( x) = 0, and its n-

order polynomial is expressed as

Tn( x) =
ì
í
î

ïï

ïï

cos ( )n cos− 1 x || x ≤ 1

ch ( )nch− 1 x || x > 1
(3)

By combining the trigonometric function identity with
the Chebyshev function, the Chebyshev polynomial can be
obtained to meet the following recurrence relationship:

ì
í
î

ïïT0( )x = 1, T1( )x = x n = 0, 1

Tn( )x = 2xTn − 1( )x − Tn − 2( )x n ≥ 2
(4)

Considering an N-element linear array with equal spac‐
ing distribution, the ideal beam pattern is a real symmetric
function. Therefore, its weight is real symmetric. Assum‐
ing that n is an even number, its directivity function can be
expressed as:

R (θ ) = 2∑
k = 1

N/2

am cos[ ]( )2m − 1 φ (5)

where φ = (πd/λ)cosθ, d is the array element spacing, λ is
the signal wavelength, am is the weight of real symmetry, and

meets am = a− m (m = 1, 2,⋯,
N
2

). According to Equation (5),

the highest order term of the N-element array polynomial
R (θ ) is cos[ (N − 1)φ], which is a polynomial of N − 1 or‐

der. According to the properties of the Chebyshev polynomi‐
als, if the coefficients of the polynomials are equal to N − 1
order Chebyshev polynomials, the array has the best directiv‐
ity, and all sidelobe heights are uniformly controllable. The
maximum value of the main beam corresponds to TN − 1( x0 ),
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and the amplitude of the sidelobe is 1. Therefore, the main‐
load to sidelobe ratio of the array pattern is V = TN − 1( x0 ),
which can be solved as x0 = ch ( 1

N − 1
ch− 1V ). On this ba‐

sis, the calculation formula of Chebyshev (Koretz and Rafa‐
ely 2009) weighted relative weight can be further obtained as:

I k
N =

N − 1
N − k∑s( )k − 2

s ( )N − k
s + 1 (1 − 1

x0
2 ) s + 1

(6)

where N ≥ k > 1, s = 0, 1,⋯, ( )p

q
= ( p!

q!( )p − q ! ) (q ≤ p),
I 1

N = 1. Therefore, the Chebyshev weighted weight vector
of the uniform linear array can be expressed as Wq(θ ) =

[ wq1 (θ ),⋯ wqk (θ ),⋯ wqN (θ ) ]. In this vector, wqk (θ ) =
I k

Ne− j2π ( )k − 1 d cos θ/λ /N. The azimuth spectrum P (θ ) of Cheby‐
shev beamforming can be obtained using Eq. (2):

P (θ ) = W H
q (θ ) RxWq(θ ) (7)

Deconvolution is the inverse process of convolution.
(Hanisch et al. 1997; Biggs and Andrews 1997). Specifical‐
ly, if we know the system function and the measured sys‐
tem output, we can deconvolute the unknown input func‐
tion. In array signal processing, the beamforming spatial
spectrum output of the array can be regarded as the sum of
the product of the directivity function of the array at each
observation angle and the angle target intensity (Mo and Ji‐
ang 2016). Therefore, it can be expressed as the following
integral form:

P (θ ) = ∫R (θ|ϑ) S (ϑ)dϑ (8)

where P (θ ) represents the beamforming spatial spectrum
output of different beamforming algorithms, S (ϑ) repre‐
sents the objective function, reflecting the orientation and
intensity information of the target, and R (θ|ϑ) represents

the array directivity function of the pointing observation
angle ϑ of the array corresponding to different beamform‐
ing algorithms. In this paper, R (θ|ϑ) refers to the Cheby‐

shev weighted array natural directivity function. If the nat‐
ural directivity function R (θ|ϑ) of the array does not

change with the angle that meets R (θ|ϑ) = R (θ − ϑ), then

R (θ|ϑ) is called the shift-invariant in the angle domain.

For a uniform linear array, the natural directivity function
of Chebyshev beamforming is not shift-invariant in the
angle domain; however, the shift-invariant in the cosine
domain. To use the shift-invariant model deconvolution
iterative processing method, the model of Formula (8) is
rewritten into the cosine domain convolution model, and
the expression is as follows:

P (cos θ ) = R (cos θ ) × S (cos θ ) (9)

R (cos θ ) represents the natural directivity function of
the Chebyshev weighted array according to a cosine distri‐
bution, which has spatial shift invariance. In the deconvo‐
lution algorithm, it is also called the point spread function
(PSF) of the system. Eq. (9) is deduced under the condi‐
tions of no noise. However, in actual data processing, the
noise will inevitably have an impact on the final results.
Figure 1 shows the Chebyshev weighted array natural
directivity function of an 11-element uniform linear array
to illustrate the shift invariance of the uniform linear array
in the cosine domain. The interval of array elements is
half-wavelength. The target signal is a 1 kHz single fre‐
quency signal, and the SNR is set to 25 dB.

As shown in Figure 1, the directivity function of the uni‐
form linear array at different angles is the circumferential
shift of the natural directivity function, so it is invariant in

(a) 0° Chebyshev weighted natural directivity R (cosθ)

(b) Natural directivity of each angle array R (cosθ − cosϑ)

Figure 1 Dcv-Che-BF PSF function
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the cosine domain.
There are many deconvolution beamforming algorithms,

including non-negative least squares (NNLS) (Chu and Yang
2013), a deconvolution approach for the mapping of acous‐
tic source (DAMAS) algorithm (Dougherty 2005; Brooks
and Humphreys 2006), and the Richardson Lucy (RL) al‐
gorithm (Richardson 1972; Blahut 2004). The RL algo‐
rithm has a better processing effect in an environment of
low SNR (Ehrenfried and Koop 2006). Therefore, the RL al‐
gorithm was selected for deconvolution processing. The
distribution of the signal in all directions is obtained by the
RL iterative formula, which is a high-resolution signal azi‐
muth estimation result S (cos ϑ). The specific iterative for‐
mula is shown in the following formula:

S(r + 1) (cos ϑ ) = S(r ) (cos ϑ )*

∫− ∞+∞ R (cos θ − cos ϑ )

∫− ∞+∞

R (cos θ − cos ϑ )S (cos ϑ )dϑ
P (cos θ ) sin θdθ (10)

where r is the number of iterations. With the increase in
the number of iterations, the result of deconvolution beam‐
forming S (cos ϑ) gradually converges with the objective
function (Hansen et al. 1999); however, the increase in the
number of iterations requires more computation. There‐
fore, the number of iterations needs to be selected accord‐
ing to the actual demand. According to relevant literature,
when the number of iterations is greater than 500, the per‐
formance improvement of CBF linear array deconvolution
processing is very limited (Liu and Jia 2008). Therefore,
this paper mainly uses 500 iterations for deconvolution
processing, which can be used as the output of deconvolu‐
tion beamforming to obtain a narrower mainlobe and low‐
er sidelobe.

3 Simulation analysis

First, the performance of Chebyshev beamforming with
different preset sidelobe levels was compared and ana‐
lyzed under different output SNR. Note that the output SNR
in this paper is equal to the input SNR plus array gain.
Suppose the array is a 2-element acoustic-pressure uni‐
form linear array. The array element space is half-wave,
and the signal is a 1 kHz single frequency signal. The in‐
coming wave direction is 0°, and the noise field is isotro‐
pic. Figure 2(a) and Figure 2(b) show the spatial spectrum
results of Chebyshev beamforming and the other two
methods when the output SNR is 20 dB and 7 dB.

As shown in Figure 2(a), when the output SNR is high
and the preset sidelobe level is greater than the noise back‐
ground level, the lower the preset sidelobe level, the lower
the actual beam output sidelobe level. However, as shown
by the yellow, purple, and green dotted lines in Figure 2(b),

when the output SNR is low, the sidelobe level of Cheby‐
shev beamforming with different preset sidelobe levels
does not change significantly. Therefore, the performance
of Dcv-Che-BF is not better with a lower preset sidelobe
level in the presence of noise. More specifically, when the
output SNR is low, although the lower preset sidelobe lev‐
el is adopted, the sidelobe level of the Chebyshev beam‐
forming is still high because of the noise background level.

Several simulation experiments were conducted to fur‐
ther illustrate the performance of Dcv-Che-BF. The spatial
spectrum results of CBF, MVDR, RL-CBF deconvolution,
and Dcv-Che-BF under the conditions of Figure 2(a) are
shown in Figure 3.

As shown in Figure 3, compared with conventional
methods, deconvolution methods can significantly reduce
the mainlobe width and sidelobe level. MVDR has the
same resolution as the deconvolution methods. However,
its performance is usually degraded in the actual data pro‐

(a) Output SNR 20 dB

(b) Output SNR 7 dB

Figure 2 Chebyshev beamforming spatial spectrum output under
different SNR

231



Journal of Marine Science and Application

cessing because it is sensitive to location errors. Notably,
there are interesting facts identified in Figure 3. The side‐
lobe level of Dcv-Che-BF with a high preset sidelobe level
(−15 dB) was less than that with the low preset sidelobe
level (−20 dB, −25 dB), which has a totally different trend
from Chebyshev beamforming.

To further explain this phenomenon, we vary the preset
sidelobe level to analyze how this affects the performance
of the Dcv-Che-BF under the above conditions.

As shown in Figure 4, the red dotted curve is the Cheby‐
shev beamforming result. The blue curve is the PSF with
preset sidelobe level, and the black curve is the CBF re‐
sult. Deconvolution processing has the characteristic that
if the actual beam output is more similar to the PSF, the
deconvolution performance will be better. As shown in
Figure 4(a) and Figure 4(b), the mainlobes of the Cheby‐
shev beamforming with different preset sidelobe levels
match with their corresponding PSF completely. However,
it is obvious that the sidelobes of the red and blue curves
in Figure 4(a) are more similar than those in Figure 4(b).
The sidelobe level of PSF with the lower preset sidelobe
level (−20 dB) was less than the background noise level in
Figure 4(b), which affects the performance of Dcv-Che-
BF. Therefore, the performance of Dcv-Che-BF was not
necessarily better with a lower preset sidelobe level in the
presence of noise; however, it was much better when the
preset side lobe level matched the SNR of the signal. In
other words, the Dcv-Che-BF method can achieve a lower
sidelobe level when the preset sidelobe level was slightly
greater than the noise background level.

Several simulation experiments were conducted to veri‐
fy the effectiveness of the proposed method.

Note that the SNR below is the input SNR. As shown in
Figure 5, the mainload to sidelobe ratio of Chebyshev
beamforming is determined by its preset sidelobe ratio.
However, the trend of Dcv-Che-BF’s mainload to sidelobe
ratio is more complex. In the case of low SNR, the main‐

(a) Preset sidelobe level (−15 dB)

(b) Preset sidelobe level (−20 dB)

Figure 4 Chebyshev beamforming spatial spectrum output with
different preset sidelobe levels

Figure 3 Comparison results for a single target

Figure 5 Mainlobe to sidelobe ratios under different SNR
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load to sidelobe ratio of Dcv-Che-BF is mainly limited
by the noise background level but much higher than that of
the conventional methods. In the case of medium SNR
(5‒15 dB), the mainload to sidelobe ratio of Dcv-Che-BF
with a high preset sidelobe level (−15 dB) was greater than
that with a low preset sidelobe level (−20 dB, −25 dB),
which is the same to the above conclusion. At high SNR,
the mainload to sidelobe ratio of both the conventional and
deconvolved methods is extremely low.

To further illustrate the resolution of the Dcv-Che-BF
methods, a simulation was considered in which there were
two equal intensity targets. Suppose the first target is un‐
der the conditions of Figure 2(a). The signal of the other
target is a 500 Hz single frequency signal. The resolution
of the above method with different preset sidelobe levels
is compared and analyzed in Figure 6.

Note that the depth in this paper represents the depth be‐
tween the trough and peak of the two targets. Therefore,
the deeper the depth, the better the resolution. The depth
gradually increases with the increase in SNR. At an SNR
of 0 dB, the depth of Dcv-Che-BF (−15 dB) was the great‐
est, followed by −20 dB and then −25 dB. The depth of
Dcv-Che-BF (−20 dB) exceeds the Dcv-Che-BF (−15 dB)
mainload to sidelobe ratio after 5 dB, which further veri‐
fies the Dcv-Che-BF method can achieve better resolution
capability when the preset sidelobe level is slightly higher
than the noise background level.

Next, we varied the array elements to analyze how this
affects the performance of the proposed method. Suppose
the SNR is 20 dB, and the other conditions are the same as
in Figure 5. The mainlobe width of the above methods un‐
der different array elements is shown in Figure 7.

As shown in the Chebyshev beamforming in Figure 7,
the higher the preset sidelobe level, the narrower the main‐
lobe width, which is consistent with the theory. Dcv-Che-
BF also has a narrower mainlobe width when the preset

sidelobe level is greater. The mainlobe of the above meth‐
ods all decreases with increasing array elements.

4 Data processing

To further evaluate the performance of the proposed
method in practical applications, we analyzed the sea trial
data from a towed array with different methods. The exper‐
iment was performed in the southern oceans of Sanya. The
data were collected using a uniform linear array consisting
of 32 elements with 0.25 m spacing. During the experi‐
ment, there were some sailing targets and other trial ships
passing by on the sea surface. The strong interference around
0.95 in the cosine domain was actually the interference of
the tugboat itself. The interferences around −0.8 and 0.85
in the cosine domain were two near targets. The interfer‐
ence around −0.07 in the cosine domain was a weak target.
There were also some broadband pulse signals transmitted
by other trial ships, which were reflected by the bright spots
in Figure 8. The signal processing frequency band was
from 1 500 Hz to 3 000 Hz. The CBF, MVDR, Chebyshev
beamforming ( − 25 dB), CBF deconvolution and Dcv-
Che-BF with different preset sidelobe levels (−25 dB, −
20 dB, and −15 dB) were compared and analyzed, as
shown in Figure 8.

As shown in Figure 8, the deconvolved beamforming
methods can obtain a lower sidelobe level and better target
resolution than the conventional methods. The perfor‐
mance of Dcv-Che-BF was different with the different
preset sidelobe levels. As shown in Figure 8(h), although
the sidelobes level of the above methods fluctuates wildly,
the sidelobe level of Dcv-Che-BF( −15 dB) is the lowest.
Therefore, in actual data processing, better data processing
performance can be obtained by reasonably setting the side‐
lobe, which has also been verified in the above simulation.

Figure 6 Resolution of four deconvolution methods

Figure 7 Mainlobe width under the condition of different array elements
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(a) CBF

(c) Chebyshev beamforming (25 dB)

(e) Dcv-Che-BF (−25 dB)

(g) Dcv-Che-BF (−15 dB)

(b) MVDR

(d) CBF deconvolution

(f) Dcv-Che-BF (−20 dB)

(h) Comparison results at 60 s

Figure 8 Comparison results for the sea trial data

234



S. H. Wang et al.: Deconvolved Beamforming Using the Chebyshev Weighting Method

5 Conclusions

Combined with the Chebyshev beamforming method,
this paper introduces the deconvolution model and propos‐
es a Dcv-Che-BF algorithm. On this basis, the influence of
a preset sidelobe level on the performance of Dcv-Che-BF
was further analyzed. The performance of Dcv-Che-BF was
not necessarily better with a lower preset sidelobe level;
however, it was much better when the preset sidelobe level
was slightly greater than the noise background level. Com‐
puter simulations and sea trials results compared with CBF,
Chebyshev, MVDR, CBF deconvolution, and Dcv-Che-BF
has a narrower mainlobe width, lower sidelobe, and better
azimuth resolution, especially in multi-target detection.

Funding Supported by the National Natural Science Foundation of
China under Grant No. 61801140.
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