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Abstract
Goal based and limit state design is nowadays a well-established approach in many engineering fields. Ship construction
rules started introducing such concepts since early 2000. However, classification societies’ rules do not provide hints on
how to verify limit states and to determine the structural layout of submerged thin-walled stiffened cylinders, whose most
prominent examples are submarines. Rather, they generally offer guidance and prescriptive formulations to assess shell
plating and stiffening members. Such marine structures are studied, designed and built up to carry payloads below the sea
surface. In the concept-design stage, the maximum operating depth is the governing hull scantling parameter. Main
dimensions are determined based on the analysis of operational requirements. This study proposes a practical concept-
design approach for conceptual submarine design, aimed at obtaining hull structures that maximize the payload capacity in
terms of available internal volume by suitably adjusting structural layout and stiffening members’ scantling, duly accounting
for robustness and construction constraints as well as practical fabrication issues. The proposed scantling process highlights
that there is no need of complex algorithms if sound engineering judgment is applied in setting down rationally the hull
scantling problem. A systematic approach based on a computer-coded procedure developed on purpose was effectively
implemented and satisfactorily applied in design practice.

Keywords Submarines; Hull scantling; Concept/preliminary design; Limit state design; Buckling; Optimization; Thin-walled
cylinders

1 Introduction

Studies on collapsing pressure of unstiffened and stiff‐
ened thin-walled cylinders are dated back to the beginning
of the previous century and earlier, as summarized e.g. in

(Sturm Rolland 1941; NASA 2019; Ross 2011). Noticeably,
various analytical formulations were validated against ex‐
perimental results, recognising the challenge of predicting
the collapse behaviour of such structures. Recently, a new
edition of a NASA report comprehensively reviewed the
matter and referred to a huge number of documents includ‐
ing theoretical, experimental and numerical analyses (NASA
2019).

In past years, the complexity due to interacting failure
modes in the structural analysis, and thus implicitly consid‐
ering various limit states in the design, could not be faced by
numerical investigations easily implementable in the cur‐
rent design practice using computers in our times, as point‐
ed out by (Ross 2011). However, robust formulations were
developed and still allow designing and building plenty of
successful stiffened cylinders for many different civil and
industrial applications. Interested readers are addressed to
the cited references, where many further readings are in‐
deed mentioned on the matter and not included in the refer‐
ences’ list of this paper only for the sake of conciseness.

Article Highlights

• Scantling limit states of submarines are identified and comprehen‐
sively discussed.

• Structural layout is investigated and a design tool to assess and to
compare different configurations developed.

• Constraints to exclude unfeasible configuration were introduced, based
on actual safety and construction limits.

• A design strategy for rational parametric design of submarine hulls
is proposed.
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Considering numerical methods, Hughes and Paik (2010)
and Mansour and Liu (2008) outlined design criteria for ship
and offshore structures, which are constituted by stiffened
plating, paying due attention to the buckling behaviour of
individual components as well as the structures as a whole
at global level. However, both mainly focused on flat stiff‐
ened panels of ships.

More recently, the influence of loading rate on the sta‐
bility of structures where inertial effects are taken into ac‐
count has been included in structural analyses, distinguish‐
ing the cases of static and dynamic buckling behaviour (see
e.g. Putelat and Triantafyllidis 2014; Gaiotti and Rizzo 2014;
Gaiotti et al. 2019). Indeed, especially submarines may be
subject to impulsive and shock loads due e.g. underwater
explosions. The theoretical approach is outlined for various
cases, including composite materials, and different numeri‐
cal studies are investigated showing the need of a full dy‐
namic simulation in time for such kind of phenomena to cor‐
rectly simulate the buckling behaviour of complex struc‐
tures. Though, dynamic aspects are presently not explicitly
considered in concept and preliminary design phases but
covered by suitable margin factors.

The design of autonomous underwater vehicles (AUVs)
is a current challenge for payload space in the hull, consid‐
ering their limited dimensions, and innovative solutions
are being investigated both, numerically and analytically
in de Freitas et al. (2020).

Notwithstanding current advancements, (Shiomitsu and
Yanagihara 2020) only very recently pointed out that buck‐
ling strength under high water pressure can be accurately
calculated using the finite element analysis (FEA) but the
estimation using more straightforward approaches is still re‐
quired not only at the initial stage of the structural design.
Hence, they proposed and investigated two different for‐
mulae for the local shell and stiffener-tripping buckling
strength of the ring-stiffened cylindrical shells under exter‐
nal pressure. They compared them with existing conven‐
tional formulas and with results of finite element analysis,
discussing the influence of new considerations on the shell
and tripping buckling behaviour and thus confirming ana‐
lytical approach effectiveness in the initial phases of design.

Finally, the report of ISSC 2012 Committee V.5 on Na‐
val Vessels (Dow et al. 2012), which contains a section ti‐
tled “Submarine pressure hull design”, is worth mention‐
ing. It reviews the state of the art on the topic citing all rel‐
evant papers and indicating the somehow lack of coverage
in the last years as far as an overall approach on scantling
design is concerned.

Papers dealing with the application of FEA and with the
optimization of the scantling design of submerged thin-
walled stiffened cylinders are available, see e. g. Graham
(2007), Ding and shen (2004) and MacKay et al. (2010).
However, in preliminary design, analytical methods as those
proposed in past decades are more enviable and a few have

been selected among those available in open literature to
support the scantling design procedure proposed in this work.
As stated in Shiomitsu and Yanagihara (2020), numerical
modelling is more likely to complement than to replace
the conventional methods, as in a hierarchical design pro‐
cedure; whereby analytical-empirical methods are used to
conduct parametric studies of design variables and to deter‐
mine the structural lay-out and main dimensions of the
structure.

Indeed, conventional design procedures for pressure
hulls, including pressure vessel codes and classification so‐
cieties rules, deal with calculation-experimental inconsis‐
tency through empirical corrections. Test results were col‐
lected of cylindrical shell collapse in the past years (MacK‐
ay et al. 2010; MacKay 2010; MacKay et al. 2011; Kend‐
rick 1982) used to generate design curves recommended in
many design codes (Gannon 2010; ECCS 1988; BSI 5500
2009; ANEP 2012). Interested reader is referred to the cit‐
ed rules, whose content is not reported here in detail for
the sake of shortness. Incidentally, it is noted that even re‐
cent classification societies rules for submarines are still
based on the rather old analytical formulations used in the
present work (American Bureau of Shipping 2021; Bureau
Veritas 2016; DNV 2018). In the frame of goal based and
limit state design of ship and offshore structures, an analyt‐
ical procedure for the scantling design of submerged thin-
walled stiffened cylinders has been developed following the
very latest trends in the field (Lloyds Register of Shipping
2021), and allowing numerical analyses in parallel.

The aim in this work is to maximize payload capacity giv‐
en a few design drivers, namely the maximum operating
depth, which is the main governing hull scantling parame‐
ter, and hull dimensions. It accounts for constraints im‐
posed by robustness, construction and safety in the frame
of preliminary scantling design, moving from sound ana‐
lytical verification formulae conveniently implemented in‐
to a coded design procedure. Thus, it provides a rational
framework of the whole problem. The proposed approach
can be also applied aiming at different goals, depending on
the particular mission profile and features of the submerged
thin-walled, stiffened cylinder under consideration.

In short, this paper provides a rational framework for the
scantling design of thin walled cylinders subject to exter‐
nal pressure (i. e. submarines or similar immersed struc‐
tures). A cost-effective computation tool, allowing the scan
of all feasible designs to find the optimal one in term of
payload volume, supports careful selection of variables
and their implementation in a suitable sequence of limit
state checks. Scantling check formulations were meticu‐
lously selected among trustworthy ones available in open
literature, balancing soundness and computation efforts.
Comprehensive design experience and engineering judg‐
ment are integrated into a rational procedure encompass‐
ing fundamental limit states, which are assessed by differ‐
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ent structural models at different scale levels (global or lo‐
cal), as well as all related interactions. It is worth noting
that interactions among various limit states at different scale
levels are too complex to be faced by “hand-made” calcu‐
lations. And interactions were in fact neglected in tradition‐
al class rules for ship construction, rather they were empir‐
ically accounted for in a bottom-up scantling verification pro‐
cedure by means of adjusting coefficients and minimum
scantling requirements rather than following a top-down
rational design approach moving from structural require‐
ments, limit states and relevant failure modes.

2 Goal based and limit state design

2.1 Background

Goal based and limit state design is nowadays a well-es‐
tablished approach in many engineering fields such as e.g.
in Eurocodes (European Standards, EN 1990-EN 1999).
Ship construction rules started introducing such concepts
since early 2000. Noticeably, the International Maritime
Organization started its Goal Based Standards initiative in
2004 allowing more transparent, explicit and limit-state
based design of ship and offshore structures (IMO 2015;
2013). However, classification societies rules are still large‐
ly empirical despite more and more the concept of limit
state of structures, explicitly or implicitly, is included in
check formulations, as regulatory bodies have started intro‐
ducing the new approach (ANEP 2012; Lloyds Register of
Shipping 2021).

The limit state is defined as a state beyond which the struc‐
ture no longer satisfies the requirements. Consequently, lim‐
it state design is defined as a systematic approach in which
each structural element is assessed in relation to the possi‐
ble failure modes linked to the identified design scenarios.
Different possible failure modes may be relevant. Table 1
exemplarily relates the regulatory limit states (SLS=Ser‐
viceability Limit State, ULS=Ultimate Limit State, FLS=
Fatigue Limit State, ALS=Accidental Limit State) with the

possible failure modes of a ship construction.
In such a case, limit states are associated not to the ide‐

alization used for the checks, i.e. the structural mechanics
model, but with the goals of the project. Different failure
modes may be relevant for various parts of the ship struc‐
ture. For each failure mode, one or more limit states may
be relevant.

Accounting for the particular marine structure under con‐
sideration, its mission profile and features as well as load‐
ing actions during its life, generally one limit state is the gov‐
erning one and one corresponding failure mode should be
especially assessed in the initial stages of a project. The struc‐
tural models may be referring to the whole structure or to a
part of it, appropriately identified in relation to the possi‐
bility of defining the acting loads and the boundary conditions.

Submerged thin-walled, stiffened cylinders are mostly
loaded by external pressure and subject to collapse/buck‐
ling failure modes both, locally involving shell plating and
stiffening members and globally collapsing the structure as
a whole. Hence, SLS and ULS are the limit states of con‐
cern in concept design. Typically, effects like dynamic re‐
sponse and fatigue are checked at a later stage, where struc‐
tural layout is already defined and issues are solved, likely
with minor changes. It would be of extreme interest to an‐
ticipate such limit states in the preliminary design stage, but
this is still quite far from the current industrial state of the
art. The design philosophy underpinning the present study
assumes that limit states are satisfied up to a certain depth
independently, with no interaction between material yield‐
ing and structural component buckling. Such interaction is
considered in a later design stage, where residual capacity
is assessed. It is worth noting that actual definition of limit
states may be different than that adopted in the present work.
E.g. in DNV (2018), both the elastic and the elasto-plastic
buckling pressures are in fact checked, leading to safety fac‐
tors proposed for both elastic buckling pressure and admis‐
sible stresses lower than those adopted in the present study.

2.2 Design procedure and loading actions

Scantling design of submerged thin-walled stiffened cyl‐
inders is mainly an iterative process. Taking as a starting
point the definition of the mission profile, the designer pro‐
poses a preliminary conceptual description of a possible de‐
sign, then he/she carries out a series of estimates and even‐
tually checks whether he/she satisfactorily dealt with the
requirements, often needing to substantially modify the ini‐
tial layout. Actually, the designer has to take a step back in
case a requirement is not verified and, making new and more
accurate assumptions, to iteratively re-work the calculations.

A database of dimensions, volume and weight character‐
istics of existing designs is often used at first to have initial
estimates about buoyancy behaviour. Using mathematical
models to parameterize the layout, feasibility studies are car‐
ried out to compare the results with the functional require‐

Table 1 Limit states linked to the failure mode

Possible failure modes to be
considered

Yielding

Plastic collapse

Buckling

Rupture

Fatigue cracking

Brittle fracture (2)

(1) “Y” indicates that the structural assessment is to be carried out.
(2) Controlled by the material rule requirement of steel grade.

Limit State (1)

SLS

Y

-

Y

-

-

-

ULS

Y

Y

Y

Y

-

-

FLS

-

-

-

-

Y

-

ALS

Y

Y

Y

Y

-

-
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ments and mission needs. Finally, feasibility studies are de‐
veloped to a level of detail sufficient to check the overall
design.

Focusing on the structural problem, the solution must be
faced identifying the external loads to which the structure
will be subjected. Typical loads for a submerged thin-walled,
stiffened cylinder can be summarized in three items:

1) Load due to hydrostatic head,
2) Loads due to hydrodynamic effects,
3) Loads due to impulsive, shock events, if any.
In the presence of a pressure hull of a submarine, the sig‐

nificant loads are the static loads and the impulsive ones,
while hydrodynamic effects are limited to the external hull.
Hence, the maximum operating depth is by far the govern‐
ing parameter when scantling a submerged structure. The
pressure hull is the primary structural element of the entire
vessel and, of course, it must be designed to withstand, with
the necessary safety margins, the maximum operating depth
(Figure 1).

Especially at the initial stage of the design, it is not easy
to predict whether the internal volume shall be completely
available to the payload, or if a part of it shall be used e.g.
as a reserve for buoyancy. Hence, in the frame of the itera‐
tive process leading to the hull scantling, it is not clear if the
target should be minimizing the structural weight or maxi‐
mizing the internal volume. Therefore, a compromise be‐
tween the two parameters might be considered.

Remarkably, in the typical design strategies of submarines,
it clearly appears that in most cases hull weight is not a rul‐
ing parameter of the whole design, as lack of buoyancy
rarely occurs. Indeed, in most cases, hull weight is funda‐
mental to reach the weight that balances buoyancy, allow‐
ing submarine to actually submerge.

Average density in this context is therefore a significant
quantity being the parameter linking mass, including pay‐
load, and volume, i.e. payload space. The submarine's high
overall density is not due to the density of its payload. In

fact, most of the compartments of a submarine have a den‐
sity like that of a surface warship; in addition, the battery
rooms in diesel-electric submarines and the reactor room
in nuclear submarines are close to the average density of
seawater. Not even the amount of permanent ballast is suf‐
ficient to reach the overall density. The real explanation for
the submarine’s high density lies in the fact that the subma‐
rine shall have a rather heavy hull structure.

Owing to this consideration, it is possible to state that
the design of a submarine as well as that of other submerged
structures can be oriented towards maximizing payload vol‐
ume, rather than minimizing structural weight. Hence, the
present paper focuses on the maximization of the payload
volume within the iterative design process usually applied
by submarine designers, even if the design procedure is
able to highlight the impact of other meaningful character‐
istics of the structure and can be easily adapted towards oth‐
er design goals.

2.3 Limit states and structural models

Because the main loading action on submerged struc‐
tures is the external pressure, the resistant hull shall be
checked upon four different failure modes corresponding
to SLS and ULS, noted as:

1) elasto-plastic collapse of the hull shell (yielding limit
of the structure)

2) buckling of the shell between ring stiffeners
3) global buckling
4) annular tripping buckling of frames

2.3.1 Elasto-plastic (yielding) failure mode
A good starting point for the designer is to check the shell

plating against yielding at the operational depth at first. This
failure leads to plastic effects of axial-symmetric type. In
order to check the elasto-plastic limit state, the axial and
circumferential stresses may be calculated using the Pulos
and Salerno formulations (Pulos and Salerno 1961). The
following data and a cylindrical coordinate system, where
x is the cylinder axis, have been used in the present work
as shown in Figure 2 and Figure 3. The failure mode is
shown in Figure 1(a).

As a consequence, the following dimensionless parame‐
ters are then introduced:

γ =
p
p*

=
p

2 E
3( )1 − ν2 ( R

h ) 2

(1)

η1 =
1
2

1 − γ (2)

η2 =
1
2

1 + γ (3)

α =
Aeff

Lfh
(4)

Figure 1 Typical pressure hull structure and buckling modes of a
submarine (Dow et al. 2012)
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And the axisymmetric radial displacement w is obtained
as a function of the axial coordinate x, Eq. (11):
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The radial displacement is calculated in way of frames,
i.e. at x=0, and in between frames frame, i.e. at x=L/2. Sub‐
stituting these values of x into Eq. (11), respectively, the
following expressions are obtained:
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The circumferential stress σu that would occur in the cyl‐
inder if it were of infinite length and not reinforced is de‐
fined according to the well-known formula:

σu = − pR
h

[MPa] (14)

The axial stress due to the longitudinal bending moment
is defined by the following equation:

Figure 2 3D representation of ring-stiffened cylinder (half cut shown)

Figure 3 Scantling parameters according to Pulos and Salerno for‐
mulations (Pulos and Salerno 1961)
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σxb = ±
E h

2 ( )1 − ν2

d2w ( x )
dx2

[MPa] (15)

The membrane circumferential stress in way of a frame
is defined as:

σM
φ, f = E

wf

R
− ν pR

2h
[MPa] (16)

And in between two frames, at x=L/2, the axial stress,
σXm

, and the circumferential stress, σφm
, are defined as:

σX o
i m

σu

=
1
2

±
σxbm

σu

(17)

σφo
i m

σu

= 1 − (1 − σM
φ, f

σu ) F2 ± ν
σxbm

σu

(18)

where the subscript i indicates the internal surface of the
external shell plating of the vessel and the subscript o indi‐
cates the external surface, respectively.

Finally, the axial stress, σXf
, and the circumferential

stress, σφf
are defined in way of each frame as:

σX o
i f

σu

=
1
2

± (1 − σM
φ, f

σu ) 0.91
1 − ν2

F3 (19)

σφo
i f

σu

= 1 − (1 − σM
φ, f

σu ) ± ν (1 − σM
φ, f

σu ) 0.91
1 − ν2

F3 (20)

The Pulos and Salerno’s equations allow correcting the
ideal case of an infinite long perfect cylinder under pressure
into that of a cylindrical shell in between two transverse
frames, considering suitable boundary conditions. The calcu‐
lated acting stresses shall be combined to be used in a conve‐
nient failure criterion, which for the yielding of metallic ma‐
terials can be assumed to be the well-known von Mises’ one.

2.3.2 Buckling failure modes
In structural engineering, buckling is the sudden change

in shape (deformation) occurring on a structural element when
the load, generally due to compression or shear, reaches a
critical level.

The consequence of this phenomenon is the loss of stiff‐
ness of the element with resulting large deformations and
possible structural failures. The phenomenon can concern
the structure as a whole, and in this case, it is called global
buckling (Figure 1(c)), or it can be more localized on a
specific component like an elementary plate panel or stiff‐
ening members surrounding it, and in this case it is denot‐
ed as local buckling (Figure 1(b)).

In a thin-walled, stiffened cylinder, local buckling gener‐
ally affects the shell plating between two or more transverse
frames, involving the formation of irregular lobes on the plat‐

ing. These lobes take the form of alternating concavity and
convexity both along a generatrix and around a directrix of
the cylinder.

R. von Mises dealt extensively with the problem, initial‐
ly by studying the case of a ribbed cylinder subject to uni‐
form and infinitely long radial pressure, later von Mises
(1929) by expanding the analysis to circular section of sub‐
marines. The hypotheses in this latter case envisaged mod‐
elling the hull as a cylindrical shell with stiffeners, having
its ends simply supported and subjected to uniform exter‐
nal radial pressure and axial compressive load due to the
presence of the closing bottoms, as comprehensively report‐
ed in von Mises (1929).

The various buckling checks applied in the present work
are reported in the following.
2.3.2.1 General analytical buckling checks
In this study, the dissertation by R. von Mises has been used,
which includes simplifications to formulate a definition of
the critical pressure pcr as a function of the geometry of the
shell plating, the elastic characteristics of the material and
the number of circumferential lobes that are originated in
case of buckling collapse (von Mises 1929):

pcr =
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R

é

ë

ê

ê

ê

ê

ê
êê
ê

ê

ê

ê

ê

1

n2 +
1
2 ( )πR

Lf

2

ù

û

ú

ú

ú

ú

ú
úú
ú

ú

ú

ú

ú
ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïï
ï

ï

ï

ï

( )πR
Lf

4

é

ë

ê
êê
ê
ê
ê ù

û

ú
úú
ú
ú
ú

n2 + ( )πR
Lf

2

+
( )h

R

2

12 (1 − ν )2

é

ë

ê
êê
ê
ê
ê
n2 + ( πR

Lf ) 2ù

û

ú
úú
ú
ú
ú

2

ü

ý

þ

ï

ï
ïïï
ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï
[MPa] (21)

where n is the number of circumferential lobes (integer
which makes the equation minimal).

Since the number of half-waves n is initially unknown,
the formulation requires several attempts, repeating the
calculation for a certain range of n (assumed as integer val‐
ue), until a minimum value of pcr is identified.

An estimate of the critical pressure independent of the
number of lobes, could be obtained according to Winden‐
burg and Trilling (1934) for guidance:
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2.3.2.2 Global buckling
Global buckling is characterized by a particular modal
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shape that involves a portion of the hull between two
reinforced transverse structures (reinforced frames and/or
bulkheads). This phenomenon involves the structure as a
whole and, depending on the slenderness, its occurrence is
usually a sign of a sudden and catastrophic global collapse.

Global critical load of the cylinder section is influenced
by the boundary conditions imposed by the frames at its ends,
namely by their moment of inertia, as well as by the circu‐
lar shape imperfection, besides the length/diameter ratio of
the cylinder (the onset of the phenomenon is favoured by
very slender hulls).

Global buckling can be evaluated using the equation for‐
mulated by Bryant (1954):

pcr =
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where Lb is the length between two transverse bulkheads,
which are assumed as fixing end constraints of the struc‐
ture. As mentioned, the number of lobes n that are formed
in the transverse plane must be fixed to the number mini‐
mizing the critical pressure value pcr.

The subscript Le is referring to the moment of inertia of
the frame, J

xo( )Le

, although Bryant considered an effective

breadth of plating as wide as the frame spacing Lf. Anyway,
according to rule requirements (e. g. American Bureau of
Shipping 2021; BSI 2009) effective breadth of plating should
be considered less wide than the frame spacing. Actually,
it is worth mentioning that effective breadth of plating shall
be differently defined for elasto-plastic (yielding) and buck‐
ling limit states as it is obviously an approximation of the
real structural behaviour as far as bending stress distribu‐
tion on shell plate is concerned. The value of Le was calcu‐
lated in this case by Eq. (24), as suggested by Bijlaard (1957)
and is shown in Figure 4.

2.3.2.3 Annular tripping buckling
An annular beam with insufficient stiffness, subject to

an external radial load, can collapse due to buckling of the
elastic equilibrium at stress well lower than the elastic limit
of the material as Figure 5.

Tokugawa (1929) developed a formula for calculating the
critical buckling pressure pcr due to the ovalization of the
frame of a submarine, referring to an infinitely long func‐
tionally graded cylindrical vessel. More recently, Shiomit‐
su and Yanagihara (2020) proposed and validated against
FE analysis a novel analytical approach to evaluate the
tripping buckling of ring-stiffened cylindrical shells under
external pressure. In the present work, authors adopted this
latter method to evaluate the elastic stability of the frame,
which has been successfully applied in several previous works.
The equation is quite complex and cannot be reported in the
present paper for the sake of shortness. Anyway, interested
reader can find the details in the cited references and use
of different checking formulae do not impair the scantling
procedure validity.

Figure 4 Cross section to be considered for the buckling of the
annular frame, being xo(Le) the transversal axis at the centroid including
the frame cross section plus the effective width as calculated by
Eq. (24)

Figure 5 Buckling of the annular frame
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2.3.3 Hoop stress
Although the stiffening frames and the welded plating are

subjected to the same circumferential strain due to compat‐
ibility reason, the circumferential stress acting in the frames
is different than that of the plating, since the stress in the
plating is also affected by the axial strain. Basically, a com‐
plex three-dimensional stress field is generated locally in way
of the connection between stiffeners and shell resulting in‐
to a stress components lag. In accordance with the theory
of von Sander and Gunther (1921), the radial load q dis‐
tributed on the frame is proportional to the external pres‐
sure p according to the relationship:

q= Q p [N/mm] (28)

in which Q has the dimensions of a length and it can be
seen as the width of the shell plating in way of the frame sup‐
porting the effect of external pressure on the bottom ends.

The width Q, in the context of von Sander and Gunther’s
theory, is given by the following expression:

Q = b
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where

B =
b h
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(30)
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The compression force P acting on the frame can be ob‐
tained by imposing the translational equilibrium of the an‐
nular beam:

2 P = ∫
0

π

q R sin α dα [N] (34)

and

P = q R [N] (35)

Ultimately, the compressive (hoop) stress in the frame is:

σc =
P

Af + bh
=

Q p R
Af + bh

[MPa] (36)

Alternatively, the hoop stress can be evaluated accord‐
ing to the Pulos and Salerno theory already examined for
the yielding of the shell plating. In this case, σc matches with
the stress σФf already defined in section 2.3.1:

σc ≡ σФf = σФmf − ν2 σu [MPa] (37)

where σu is the circumferential (negative) membrane stress.

2.4 Definition of limit states

After describing the main failure modes of submerged
thin-walled stiffened cylinders, a practical problem arises
when setting up a design philosophy encompassing them
as a whole. The designer’s objective is in fact to check the
structure against all the potential limit states and correspond‐
ing failure modes, considering all their interactions as far as
possible.

Being the main scantling parameter the maximum oper‐
ating depth, a design depth Hdes may be fixed initially refer‐
ring to yielding failure mode. Hence, the design depth iden‐
tifies the occurrence of yielding in a single (local) point of
shell plating or of any stiffening member.

In practice, there is still a residual structural capacity fol‐
lowing the initiation of yielding locally, where the proba‐
bility of structural collapse increases as the depth increases
beyond the design depth. The safety factors used in limit
state assessment should be defined considering the conse‐
quences of the occurrence of a certain failure mode and the
residual capacity beyond such limit. E.g., local buckling of
plating likely leads to local yielding only, while global
buckling may easily lead to overall structural collapse, in‐
volving sudden yielding of wide areas of the structure and
a larger safety factor is therefore recommended to keep suf‐
ficient margins against complete collapse.

Geometrical imperfections, namely shell imperfection and
frames tilt, also play a key role affecting the ultimate strength
of the submarine. Such imperfections can be generated dur‐
ing the manufacturing process (e.g. due to thermal effects)
or while in service (e.g. by impact loads). Although analyt‐
ical formulations may account for the effect of imperfec‐
tions for certain limit states, authors decided to implicitly
include such effects within safety coefficients since the pro‐
posed approach is intended to be applied in concept/prelim‐
inary design phases to obtain basic scantling of the structure
with limited engineering efforts.

In the light of the above, safety factors can be defined
establishing a relationship between the design pressure and
the pressure triggering various failure phenomena. In this
case study, the following safety factors have been defined:
• Ks the safety factor against yield stress (elasto-plastic
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limit state);
• Kan the safety factor against the hydrostatic pressure to

be used for the verification of annular buckling of frames;
• Kl the safety factor against the hydrostatic pressure to

be used for the verification of local buckling;
• Kg the safety factor against the load hydrostatic pres‐

sure to be used for the verification of global buckling.
Dynamic and impulsive loads may be additionally account‐

ed for by duly calibrating the a.m. safety factors.
Accordingly, Ks is defined as:

Ks =
Hdes

H
=

design depth
operating depth

(38)

The other safety factors may be defined as a function of
Ks, being for instance:

Kan = 1.2 × Ks (39)

Kl = 1.5 × Ks (40)

Kg = 2.5 × Ks (41)

It is not easy to determine reasonable safety factor val‐
ues, and certainly a study dedicated to this perplexing prob‐
lem would be welcome. However, this is beyond the aim
of this paper as it encompasses calibration against experi‐
mental and field data, including fabrication and service is‐
sues, as well as calibration against comprehensive numeri‐
cal and experimental analyses, including formal safety as‐
sessment and risk analysis. In this paper, the following
ranges have been used following widespread discussions,
upon the experience of renowned European shipyards:
• Ks = 1.50 ÷ 2.50;
• Kan = 1.80 ÷ 3;
• Kl = 2.25 ÷ 3.75;
• Kg = 3.75 ÷ 6.25.
Moreover, as mentioned, the occurrence of material yield‐

ing may lead to a sudden plastic buckling collapse highly
impairing the residual capacity of the structure beyond yield‐
ing. These phenomena should be well assessed by the de‐
signer when defining the factor Ks.

In summary, the proposed scantling design approach is
based on well-proved analytical formulations to check the
structural scantling with respect to a number of limit states
and failure modes. Hence, a new verification framework is
outlined where, after carefully defining set of ‘boundary con‐
ditions’, a rational design strategy is established aimed at
optimizing the performances of the construction in terms e.
g. of usable internal volume, weight per unit length, shell
plating thickness below the workability limit, etc.. This is
obtained simply by systematically modifying the structural
layout, scanning all the relatively few feasible structural lay‐
outs satisfying the problem constraints and selecting the best
trade-off option, taking advantage of a computation tool

developed on purpose.

3 Case study

As a typical case of study, a submarine hull has been ex‐
emplarily selected with the purpose to optimize the pay‐
load volume as earlier mentioned. Therefore, the distance
between the transverse frames is optimized to be able to re‐
duce as much as possible the height of the web's frame, al‐
lowing the widest internal space. A computational code has
been developed on purpose in VBA (Visual Basic for Ap‐
plications) environment.

Two different hulls have been elaborated, starting from
a reference layout presented in Table 2 and derived from
typical submarines. The structural dimensions of the former
case study were derived from openly available data of the
SSK (the United States Navy hull classification symbol for
the Submarine killer) type submarine, while the latter is a
much larger ocean vessel.

The safety factors adopted in this work are discussed in
the following: they were selected to obtain a reasonable bal‐
ance between safety and maximum operating depth, thus
providing a practical example of the design procedure ap‐
plication. It is worth noting that neither the external diame‐
ter of the submarine nor the length of the compartment have
been varied in the alternative configurations because of the
following reasons:
• The hull diameter is usually a dimension that cannot be

anymore modified at the scantling design stage, being de‐
rived by mission requirements and other issues investigat‐
ed in earlier design stages. On the other hand, if instead of
a fixed value the structural designer was provided with a

Table 2 Characteristics of the two case studies

Characteristics

Main
characteristics

Frame
scantling

Material

Operating depth H (m)

Operating pressure p (MPa)

Thickness of shell plating h (mm)

Frame spacing Lf (m)

Cylinder hull length L (m)

Length between bulkhead Lb (m)

Cylinder hull diameter D (m)

Height of web Hw (mm)

Thickness of web tw (mm)

Width of flange wf (mm)

Thickness flange tf (mm)

Material

Density ρ (t/m3)

Yield stress σs (MPa)

Young’s modulus E (MPa)

Poisson’s ratio ν

Case 1

300

3.02

25

0.5

30

15

5

190

15

100

24

XABO-500

7.85

480

213 000

0.3

Case 2

300

3.02

45

1

55

15

8

400

20

200

40
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range of realistic diameters, the algorithm proposed in the
following is so slender that it could be quickly run differ‐
ent times to systematically analyse various diameter values
and then obtained results can be eventually compared. This
could represent an interesting approach when, instead of fix‐
ing the hull external diameter, the internal ‘net diameter’ in‐
side frames is representing the governing scantling param‐
eter. In this case, the designer would be oriented to select
the minimum external diameter allowing a minimum re‐
quired net internal diameter. This option is quite unlikely,
but the proposed method can easily allow exploring even
varying external diameters, e.g. by considering step varia‐
tions of this input parameter (or even others if necessary).
• The distance between bulkheads, unlike ships, is hard‐

ly dictated by structural considerations. On the contrary, this
is often a requirement deriving from considerations about
survivability in case of a breach. The presence of a trans‐
versal bulkhead often leads to very critical stress concen‐
trations in the connection area with the shell plating; hence
the designer would avoid such complications, also because
the benefit led by the presence of the bulkhead on the glob‐
al buckling strength is usually quite limited. Based on cur‐
rent experience, in order to increase the global buckling
strength of the submarine, it is better to directly modify pa‐
rameters such as plate thickness and frame spacings and
layout, instead of introducing transversal bulkheads. In a
few words, if for some reasons, other than structural ones,
transversal bulkheads are present, the designer should pro‐
ceed with the currently proposed scantling strategy of the
compartment having a fixed length. On the other hand, if a
too long compartment would not meet the minimum glob‐
al buckling requirements, splitting the compartment by add‐
ing new transversal bulkheads is not a good idea, in gener‐
al, while selecting an allowable layout as an outcome of the
currently proposed scantling procedure is recommended.

In some cases, king-frames, also called deep-frames, are
used at certain positions. They are frames having increased
height and scantling with respect to ordinary ones. From a
structural point of view, they behave like a transverse bulk‐
head. Hence, their role is to reduce the length of a compart‐
ment, in order to increase the global buckling critical pres‐
sure. In the proposed method, the length of the compart‐
ment is implicitly included in the procedure. So, it is a de‐
signer's choice to decide if the compartment shall be re‐
strained by a transversal bulkhead or by a deep-frame de‐
pending on functional needs.

Considering the criticalities arising by inserting a rather
stiff transversal component in term of stress concentrations
on the local connecting elements and shell plating, nowa‐
days designers tend to exclude such elements in structural
layouts, unless it is decided that bulkheads are necessary
to increase the survivability of the crew in case of flooding
or the unit is too long to prevent global buckling with a stan‐
dard layout. In conclusion, a deep-frame leads to the same

critical issues in term of stress concentrations as a bulk‐
head, although it does not separate compartments in case
of flooding. For this reason, deep frames are quite uncom‐
mon in modern structural layouts.

3.1 Elasto-plastic limit state

About the elasto-plastic limit state, considering the lin‐
ear dependency between loads and stresses up to yielding,
the safety factor has been accounted for considering an ad‐
missible stress, obtained by scaling the yielding stress by
Ks. Therefore, while checking the structure against elasto-
plastic collapse, the static head is calculated considering
the operative depth and the resulting stresses checked up‐
on the admissible stress.

• Ks=1.67⇒ σadm =
σs

ks

=
480
1.67

= 287.4 MPa;

• Kan=2⇒ pl = poperative∙Kl = 6.04 MPa;
• Kl=2.5⇒ pl = poperative∙Kl = 7.54 MPa;
• Kg=3.85⇒ pg = poperative∙Kg = 11.61 MPa.
For the yielding of shell plating evaluated according to the

Pulos and Salerno’ formulations, the values of the circum‐
ferential and axial stresses both, in way of the frames and
in between them for the external and internal faces of the
external shell plating of the submarine are reported in
Table 3. In addition, the value of the equivalent von Mises
stress is calculated, as:

σeq = σ 2
φ + σ 2

x − σφσx (42)

The maximum value of the equivalent von Mises stress
is compared to the allowable stress of the material as de‐
fined above (σamm =287.4 MPa). The limit state is hence
verified by a margin of about 6%-7% with respect to the
admissible value.

In addition, the hoop stress is calculated using Eqs. (34) –
(35) for the two cases study as reported in Table 4.

The maximum value of the hoop stress is compared to

Table 3 Yielding of shell plating evaluation (MPa)

Case
study

Case
study 1

Case
study 2

Analytic

Frame

i.w.o.
frame

btw.
frames

i.w.o.
frame

btw.
frames

σ o
φ

−173.01

−261.5

−148.48

−249.63

σ i
φ

−253.10

−222.40

−230.99

−211.39

σ o
x

−16.60

−216.50

4.72

−198.38

σ i
x

−283.00

−86.20

−270.32

−70.94

von
Mises

165.50

269.30

242.10

194.20

150.89

252.96

228.36

186.34

Max σeq

269.30

252.96
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the allowable stress of the material (σamm =287.4 MPa) and
the limit state is hence verified.

3.2 Buckling failure modes

The critical pressure pcr leading to buckling shell plating
between frames, estimated through the R. von Mises’s equa‐
tion, Eq. (19), has been estimated for a sufficient number
of circumferential lobes n for each case study, as reported
in Table 5.

The lower pressure in Table 5 indicates that the critical
pressure according to the R. von Mises formulation is
pcr=14.75 MPa for case study 1, and pcr=14.72 MPa for

case study 2. Owing the adopted safety factors and subse‐
quent operating pressure, pl = 3.02 MPa, it can be conclud‐
ed that the check is verified by a rather large margin.

The same limit state has been evaluated applying the Win‐
denburg and Trilling formulation defined by Eq. (20). For
the case study 1, the critical pressure is pcr = 15.10 MPa and
for case study 2 is pcr = 14.90 MPa. In the analysed cases,
the Windenburg and Trilling formula does not affect the ac‐
curacy of the calculation as it deviates from the R. von Mis‐
es results only by about 2%.

In the case studies, the length of the compartment be‐
tween two watertight bulkheads is defined as Lb = 15 m. The
third check, i.e. global buckling, is determined through the
Bryant’s equation, Eq. (21). The pcr is calculated for vari‐
ous values of the number of circumferential lobes as report‐
ed in Table 6.

The lowest pressure in Table 6 indicates the critical pres‐
sure; therefore, according to Bryant’s formulation for the
case study 1 the critical pressure is pcr = 11.75 MPa and for

Table 6 Critical load for the global buckling according to Bryant’s
equation

n° lobes

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

pcr (MPa)

Case study 1

718.87

11.75

24.12

44.58

70.74

102.17

138.51

179.38

224.37

273.06

325.11

380.20

438.07

498.51

561.38

626.54

693.89

763.35

834.85

908.33

983.74

1 061.03

1 140.16

1 221.09

1 303.79

1 388.24

1 474.40

1 562.24

1 651.75

1 742.90

Case study 2

1 165.58

30.80

41.47

74.78

118.27

170.56

230.90

298.56

372.80

452.94

538.39

628.63

723.28

822.03

924.62

1 030.88

1 140.63

1 253.75

1 370.13

1 489.67

1 612.29

1 737.90

1 866.44

1 997.85

2 132.07

2 269.05

2 408.75

2 551.12

2 696.11

2 843.71

Table 4 Hoop stress evaluation σc (MPa)

Cases

Case study 1

Case study 2

Eq. (34)

−168.42

−153.55

Eq. (35)

−171.13

−150.12

Max σc

−171.13

−153.55

Table 5 Critical load for the shell between ring stiffeners according
to von Mises’s equation

n° lobes

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

pcr (MPa)

Case study 1

26.52

25.80

24.70

23.34

21.87

20.39

19.02

17.81

16.80

16.00

15.41

15.02

14.80

14.75

14.84

15.05

15.38

15.80

16.30

16.89

17.54

18.26

19.04

19.88

20.77

21.72

22.71

23.75

24.83

25.96

Case study 2

38.11

36.10

33.17

29.79

26.38

23.27

20.63

18.52

16.94

15.84

15.14

14.79

14.72

14.88

15.24

15.75

16.40

17.16

18.03

18.99

20.04

21.16

22.35

23.62

24.95

26.35

27.81

29.33

30.91

32.56
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case study 2 is pcr = 30.80 MPa, rather different consider‐
ing this limit state depends mainly on frame spacing Lf and
hull radius R. They compare favourably with the pressure
load as defined according to the safety factor adopted:
pg = 11.61 MPa. This limit state is thus verified by a margin
relatively small for the case study 1 (9.7%) and a larger
margin for case study 2.

Finally, the critical pressure pcr = 9.27 MPa and pcr =
18.25 MPa, respectively for case study 1 and case study 2,
are calculated using the equation defined by Tokugawa,
Eq. 23, to check the annular buckling pressure. Again, the
limit state is verified with ample margins, being pl=6.06 MPa.

Given the case studies, it is worth noting that yielding is
the limit state that governs the scantling process of the pres‐
ent layouts, being the margins on such limit state the mini‐
mum one among those considered.

3.3 Analysis of alternative configurations

The internal volume, intended as the volume free from in‐
ternal structures stiffening the shell plating i.e. the cylindri‐
cal volume inside the flanges of the beams, is a fundamen‐
tal parameter for the design of a submarine and the stiffen‐
ing members sizes are constrained by space needs deriving
from functional requirements. Furthermore, the structural
weight is a rather large fraction of the total weight of the
unit, and it must be sufficient to allow the submarine to dive,
providing the unit with an average density equal to the salt‐
water one, which guarantees an indifferent equilibrium con‐
dition. At the same time, the structural weight must com‐
ply with an upper limit to allow enough payload. Hence, a
relatively narrow weight range of structures is normally ac‐
counted for in design.

It is therefore necessary, in the initial stages of design, to
select the shell plating and stiffening members’s cantling, al‐
lowing the maximum internal volume but still satisfying the
structural limit states as well as keeping the steel weight
under control. It is proposed to optimize the distance be‐
tween the transverse frames, so as to be able to reduce as
much as possible the height of the web’s frame, hence
maximizing the internal volume of the stiffened cylinder.

With this goal in mind, a computational code has been
developed on purpose in VBA (Visual Basic for Applica‐
tions) environment, able to consider all the limit states pre‐
viously illustrated in full detail to obtain the best scantling
design.

The following assumption was made aiming at maximiz‐
ing the structural weight and increasing the submarine over‐
all density: the value of flange and web thicknesses were con‐
sidered constant, being 20 and 15 mm respectively, and set
equal to an assumed constructive constraint due to the maxi‐
mum workability of the steel plate by the shipyard. Differ‐
ent assumptions can be made in case increasing the struc‐
tural weight is considered marginal, yet leaving the proposed
design process still effective.

Conversely, the following quantities have been defined as
varying within certain ranges, considering usual engineer‐
ing practice:
• The thickness of the external plating of the submarine

ranges from 20 to 60 mm for the case study 1 and from
20 mm to 80 mm for case study 2;
• Cross section area of the reinforcement varies from 20

to 180 cm2 for case study 1 and from 80 to 250 cm2 for case
study 2;
• The frame spacing varies from 350 to 1 200 mm for all

cases (based on an integer number of subdivisions within a
given compartment length Lb).

The maximum flange width was defined as a function of
the frame spacing accounting for the construction and weld‐
ing allowances. It is assumed that the width of the flange
does not exceed 40% of the frame spacing as shown in
Figure 6. Such constraint also leads to the definition of rath‐
er heavy frames, however, maximizing internal volumes. Such
choice is questionable but can be easily varied without af‐
fecting the effectiveness of the proposed procedure.

Moreover, cross-sections shapes were verified against
class rule limits regarding e. g. flange breadth vs. flange
thickness ratio bf /tf and web height vs. web thickness ratio
Hw /tw. Anyway, since the second order area moment of the
beam cross section only plays a minor role in providing ad‐
equate structural stiffness being on the contrary the cross-
section area the governing parameter, the designer is ori‐
ented towards quite ‘fat’ cross sections, in order to increase
internal bulk of the vessel and rules’ shape limit s are easily
satisfied.

The proposed numerical approach for the selection of the
optimal scantling design is conceptually constituted by two
iterative “FOR” cycles, aiming at combining all the possi‐
ble structural layouts, namely the frame spacing, with all
the plating thickness in a specified range, to be decided by
the user, in order to comply with the manufacturing con‐
strains of the shipyard.
where
• i: number of subdivisions of the compartments, equal

to the number of transverse frames between two bulkheads
plus one. The frame spacing will result as the length of the
compartment divided by the number of subdivisions. The

Figure 6 Definition of the flange width
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developed code can additionally consider user-defined val‐
ues for minimum and maximum number of subdivisions;
• j: thickness of the hull plating, increased progressive‐

ly. The range of the thickness is a discrete parameter that
can be varied, along with the step of increment set by de‐
fault equal to 1.0 mm;

Hence, a generic Ci, j layout configuration is generated
combining the frame spacing with the shell plating thick‐
ness. Then, a solution-searching algorithm is introduced to
identify the Ci, j layout configuration showing minimum ar‐
ea of the cross section of the frame and able to comply with
the four failure modes previously described: namely the plate
yielding, annular buckling of frames, local buckling of plat‐
ing, global buckling of the compartment.

In the present work, besides a simple iterative approach
scanning all possible solutions that proved to be also quite
valuable, authors tested three more advanced solution algo‐
rithms aiming at minimizing the cross-section area of frames,
namely GRG non-linear, Simplex LP and Genetic. It was
found that GRG proved to be the best compromise con‐
cerning computational cost, being a loose convergence more
than enough for the intended purposes (indeed, ±1 mm2 is
by far sufficient).

When generating the frame cross section looking for the
internal volume maximization, the workability limit of the
shipyard is used to define the (maximum) thickness for both
web and flange set respectively to 15 and 20 mm, in the test
cases. Those code parameters can easily be varied (and sys‐
tematically checked) in case different constrains emerged
in the design stage. The widest possible flange leads to min‐
imum web height of the frame, complying with the defined
fabrication constraint. Consequently, given the cross-sec‐
tion area (without the effective breadth) of the frame, the
web height can be easily derived as:

Hw =
AT − bf tf

tw

(43)

where
• Hw : web height
• AT : cross section area without effective breadth;
• bf : flange width, defined as the maximum fraction of

the frame spacing (constraint);
• tf : maximum thickness of flange, according to ship‐

yard working limits;
• tw: maximum thickness of web, according to shipyard

working limits.
The second area moment Jx0(lf) is then calculated, consid‐

ering the effective breadth of plating, and used in the veri‐
fication of the global buckling.

Having assessed each Ci,j layout configuration against
limit states, only a subset of combinations of the parame‐
ters i, j offer an admissible scantling design, which can be
now considered.

The first plot obtained considering the results of the anal‐

yses is shown in Figure 7, for case 1 and in Figure 8 for
case 2. The plot relates, given the frame spacing, the mini‐
mum thickness of the shell plating to the minimum area of
the reinforcement satisfying the limit state requirements. The
vertical line identifies the point at which at least one of the
limit states is no longer satisfied, meaning that below a cer‐
tain thickness of the plating the required beam cross sec‐
tion diverges. Hence, it is not possible to find a suitable so‐
lution unless the cross-section area becomes infinite.

It is worth noting that, with the proposed design strategy
and safety margins, global buckling is in the very most cas‐
es the limit state that governs the structural verification.

The charts provide the designer with a broad comprehen‐
sion of the admissible layouts: the shell plating thickness is
the key parameter, since, on the one hand, a thick plating rep‐
resents a challenging task concerning workability for the ship‐
yard, and, on the other hand, the weight of the whole struc‐
ture is mainly due to the shell plating contribution. There‐
fore, it is possible to combine the desired plate thickness
with the frame spacing and the minimum required cross-
section area of the frames. Anyway, this plot does not con‐
tain any suitable information about the weight of the struc‐
ture and the bulk of the transverse frames.
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The second summarizing plot, proposed in Figure 9 and
Figure 10, relates the frame spacing with the shell plating
thickness and the frame height. It is worth noting that all
curves, as long as the verification criteria are satisfied, are
almost superimposed for a wide range of frame spacing, and
only the widest analysed spacings when combined with thin
plating lead to increase, minimally, the web’s height. This
suggests that the frame spacing value has a minimal impact
in the scantling. E.g. in case 1, for a plating of 30 mm, vary‐

ing the spacing from 366 to 652 mm only leads to a web
height increment of 8 mm, which becomes 35 mm for a spac‐
ing of 1 154 mm.

This fact opens for a significant degree of freedom in the
selection of the frame spacing, which can be defined for
specific targets in terms of weight and building costs. This,
basically, represents an in or out problem: if the limit states
are satisfied, all the transverse frames will have similar min‐
imum height, disregarding the frame spacing. Otherwise, if
for a certain plating thickness the requirements are not met
at a given spacing, it is not possible to find a scantling so‐
lution by increasing the web height, and a new frame inter‐
val shall be considered.

Finally, the weight of the whole structure, expressed in
terms of weight per unit length by dividing the weight of plat‐
ing plus the frames by the length of the compartment, is re‐
lated to the thickness of plating as shown in Figure 11 and
Figure 12. This represents a fundamental design parameter
for a submarine, as a fixed range of weight of the structure
is usually required, in order to obtain the correct average den‐
sity to allow the submarine to dive.

4 Proposed scantling procedure

As a result of the previous analyses, a workflow is pro‐
posed to define the scantling layout of the submerged thin-
walled stiffened cylinder. In the following, it is reported the
analysis based on case 2 of the previous section: as a select‐
ed example, a target weight per unit length ranging between
8.0 to 9.0 t/m is assumed, accounting for hydrostatic reasons.
• From hydrostatic considerations, the range of the weight

per unit length of the structure is hence fixed. Of course, a
wider range represents a loose constraint, allowing more ad‐
missible configurations. From Figure 13(a), a correspond‐
ing range of thickness of plating is identified. The black line
at the bottom of the curves represents the boundary for each
given frame spacing where the limit states are no longer
satisfied for a certain thickness of plating, irrespective of
the frame considered. Hence, a mass per unit length lower
than approximately 6.5 t/m is not possible, unless different
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constraints are considered for the shape of the cross section
of the frame (e.g. thinner web or faceplate being equal the
cross-section area).
• From Figure 13(b), the corresponding range of web

heights is identified, where the plot previously obtained in
Figure 9 is matched with the current weight limits, and avail‐
able configurations highlighted. At this stage, the designer
can make a decision based on the constraint about the inter‐
nal volume within frames, as the minimum web height is
available only for a limited set of frame spacing that com‐
plies with the limit states taken into account, in the target
range of weight per unit length.

By the way, in the present case, the problem showed a
relatively poor sensitivity towards web height, being all so‐
lutions included in a range of about 20 mm (172-192 mm):
hence, designer is more responsive on focusing on the com‐
bination of the plating thickness vs. frame spacing. Especial‐
ly considering the manufacturing process in the shipyard,
widest spacing limiting the number of elements to be weld‐
ed and a thinner shell plating facilitating the strakes butt-weld‐
ing is selected unless even minimal variations of the inter‐
nal volumes represent a strict requirement.

The proposed chart represents in fact an overview of ad‐
missible structural layouts complying with both, adopted
limit states and structural weight limits. At this stage, the
designer can compare, within a limited number of feasible
solutions, the influence of plating thickness, web height and

frame spacing, in order to address his/her final decision for
the following steps of the design process.

It is possible to summarize the proposed scantling design
procedure in Figure 14.

Figure 14 Scantling design procedure flow chart
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5 Conclusions

Following the idea and principles already put forward in
Aguiari et al. (2021) for the scantling design of naval vessels,
this paper proposes a concept-design scantling procedure
of submerged thin-walled stiffened cylinders aimed at ob‐
taining the optimal internal payload volume. However, the
proposed procedure may be well adapted to other different
target cases and objectives as highlighted in this paper.

The underpinning idea of the proposed procedure stands
on two main issues: (i) goal based design and (ii) limit state
design. The former design approach intends to define the
criteria and the strategies aimed at fulfilling the mission pro‐
file and operational needs of the hull structure while the lat‐
ter one outlines the constraints imposed by structural robust‐
ness, safety and construction processes.

In short, the general problem of defining the structural lay‐
out and the relevant scantling of a submerged thin-walled
stiffened cylinder is formulated as a set of limit state equa‐
tions, including suitable safety margins and depending on a
number of scantling design variables such as spacings, spans,
thicknesses, stiffener cross section profiles, etc. Along with
the limit state equations, addressing structural robustness and
safety, additional constraints are considered, limiting the vari‐
ation of the variables within ranges and dictated by construc‐
tion requirements and sound engineering judgment.

It comes out that, differently from what intuitively per‐
ceived, the general problem of defining the scantling lay‐
out of a submerged thin-walled stiffened cylinder is rather
wholly constrained and therefore complex mathematical
optimization algorithms are not deemed useful nor effective,
despite they are nowadays available and broadly applied in
scientific literature. Indeed, it appeared that, in conceptual-
design phases, limit states of such a regular axisymmetric
structure are analytically defined in sufficient detail using
a set of scantling variables, ranging within limited ranges
and which have been interlinked each other.

A very comprehensive literature survey as well as a deep
analysis of available analytical models to assess limit states
and failure modes of thin-walled immersed cylinders was
carried out in order to select best options for the purpose. Re‐
sults of the selection has been summarized in this paper to al‐
low further developments in future studies. Noticeably, mostly nu‐
merical analyses are reported in recent literature, while sound
and robust analytical scantling approaches seem going forgot‐
ten despite they still prove very valuable and effective.

Starting from construction constraints, this paper propos‐
es a scantling strategy that maximizes the internal volume
available for the payload, minimizing the height of the frame,
that is a reasonable engineering choice considering the cap‐
tioned geometry, leaving no other realistic possibilities.

The input data, as illustrated in section 4, is linked to the
weight per unit length of the cylinder according to hydro‐
static considerations, in particular to reach an average den‐

sity suitable for the operating profile of a submarine. Based
on this, a strategy is proposed that takes into account all the
variables of the structural layout starting from the spacing
of frames and the thickness of the shell plating, allowing to
provide a rational framework to the designer.

Eventually, it is underlined that a simple iterative approach
has been implemented in a software code developed on pur‐
pose, allowing creating various guidance charts helping de‐
signer to compare various design solutions and to modify the
goals of the analysis. Such a tool may be easily incorporated
into a design synthesis model for ship design as it uses basic
variables derived from fundamentals of the naval architecture
design process. Additionally, as a by-product of the devel‐
oped VBA code, the FEM model input of the optimal scant‐
ling solution obtained by the analytical procedure is automati‐
cally created for design refinement and final assessment.

The proposed scantling process highlights that there is
no need of complex algorithms if sound engineering judg‐
ment is applied in setting down rationally the hull scantling
problem. Namely, if all actual constraints are duly consid‐
ered, the scantling design appears to be satisfactorily faced
as a rational parametric design process and may successful‐
ly lead to the optimal scantling among feasible but some‐
times counterintuitive solutions. Numerical optimization al‐
gorithms are not necessary if the problem is governed by
relatively few independent variables, varying in a limited
range and often assuming in practice only a selection of few
values. Numerical approaches, i.e. FEA, may indeed induce
deviations from optimal feasible design beside requiring
unnecessary computation and engineering resources. Nev‐
ertheless, rational scan of feasible solutions needs a system‐
atic approach based on a computer-coded procedure to be
effectively implemented nowadays. It is worth noting that
the proposed scantling procedure, implemented in a numerical
user-friendly tool, provides results in very limited time and
systematic review of various alternatives is likewise possible by
simply modifying the variables’ ranges or basic input data.
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Nomenclature

Aeff transversal area of frame [mm2]
b thickness of web’s frame plus welds [mm], Figure 3
D cylinder hull diameter [mm]
E Young’s modulus [MPa]
H operating depth, maximum depth at which the

submarine is assumed to dive [m]
Hdes design depth, at which yielding limit state is not

satisfied in one point of the structure [m]
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h thickness of shell plating [mm], Figure 3
Hw height of web of frame [mm], Figure 3
L Lf−b [mm]
Lb distance between bulkheads [mm]
Le effective breadth of plating for global buckling

check [mm]
Lf axial length of the shell plating not supported by

frames, i.e. frame spacing [mm]
p operating pressure, corresponding to operating

depth [MPa]
R average radius of the cylinder [mm]
tf thickness of flange of the frame [mm], Figure 3
tw thickness of web of the frame [mm], Figure 3
wf width of flange of the frame [mm], Figure 3
ν lateral contraction coefficient (Poisson’s ratio)

References

Aguiari M, Gaiotti M, Rizzo CM (2021) A design approach to reduce
hull weight of naval ships. Ship Technology Research 69(2): 89-
104. DOI: 10.1080/09377255.2021.1947666

American Bureau of Shipping (2021) Rules for building and classing,
Underwater vehicles, systems and hyperbaric facilities. American
Bureau of Shipping, New York

ANEP (2012) Naval submarine code. International Naval Safety
Association

Bijlaard PP (1957) Buckling under external pressure of cylindrical shells
evenly stiffened by rings only. J. Aeronaut. Sci. 24(6): 437-447.
DOI: 10.2514/8.3874

Bryant AR (1954) Hydrostatic pressure buckling of a ring-stiffened tube.
Naval Construction Research Establishment (NCRE), Report No. 306

BSI 5500 (2009) British standard specification for unfired fusion
welded pressure vessels. British Standards Institution

Bureau V (2016) Rules for the Classification of Naval Submarines. n.
NR 535 DT R00 E, Paris

de Freitas ASN, Alvarez AA, Ramos R, de Barros EA (2020) Buckling
analysis of an AUV pressure vessel with sliding stiffeners Journal of
Marine Science and Engineering 8(7): 515. DOI:10.3390/jmse8070515

Ding HX, Shen YC (2004) Approximate goal programming model for
optimization design of submarine pressure hull structure. Chuan
Bo Li Xue/Journal of Ship Mechanics 8(2): 79-85

DNV (2018) Rules for classification naval vessels. Edition January 2018,
Part 4 Sub-surface ships, Chapter 1 Submarines, Høvik, Norway

Dow R, Ashe G, Broekhuijsen J, Doig R, Fredriksen A, Imakita A,
Jeon WS, Leguin JF, Liu JH, Pegg N, Silva S, Truelock DW, Vie‐
jo F (2012) ISSC Committee V.5: Naval Vessels, 2012. Proceed‐
ings of the 18th International Ship and offshore Structures Congress,
Volume 2, Schiahrts-Verlag “Hansa” GmbH & Co. KG, Hamburg

ECCS (1988) Buckling of steel shells: European Recommendations.
European Convention for Constructional Steelwork (ECCS), Brussels

Gaiotti M, Ghelardi S, Rizzo CM (2019) Dynamic buckling of composite
mast panels of sail ships. Proceedings of the 7th International
Conference on Marine Structures, Dubrovnik, Croatia, 391-399

Gaiotti M, Rizzo CM (2014) Dynamic buckling of masts of large sail
ships. Ship & Offshore Structures 10(3): 290-301.DOI:10.1080/
17445302.2014.887175

Gannon L (2010) SSP74: Design of submarine structures. Defence
Procurement Agency, Technical Memorandum Defence R&D Can‐

ada-Atlantic, TM 2010-246, Canada Ministry of National Defence
Graham D (2007) Predicting the collapse of externally pressurised

ring-stiffened cylinders using finite element analysis. Marine
Structures 20(4): 202-217. DOI:10.1016/j.marstruc.2007.09.002

Hughes O, Paik JK (2010) Ship structural analysis and design. The
Society of Naval Architects and Marine Engineers, Jersey City,
NJ, United States

IMO (2015) Focus paper on GBS. International Maritime Organiza‐
tion, Available from https://fdocuments.net/document/focus-paper-
on-gbs.html [Accessed on Jun 22, 2022]

IMO (2013) Maritime Committee (MSC) document 78/6/2. International
Maritime Organization, Available from www. imo.org [Accessed
on Jun 22, 2022]

Kendrick S (1982) Design for external pressure using general criteria.
International Journal of Mechanical Science 24(4), 209-218. DOI:
10.1016/0020-7403(82)90075-3

Lloyds Register of Shipping (2021) Submarine assurance framework.
London, United Kingdom

Mackay JR (2010) Experimental investigation of the strength of
damaged pressure hulls-Phase 1. Available from https://apps.dtic.
mil/sti/pdfs/ADA475270.pdf [Accessed on Jun 22, 2022]

MacKay JR, Smith MJ, van Keulen F, Bosman TN, Pegg NG (2010)
Experimental investigation of the strength and stability of submarine
pressure hulls with and without artificial corrosion damage. Marine
Structures 23(3): 339-359. DOI: 10.1016/j.marstruc.2010.06.001

MacKay JR, van Keulen F, Smith MJ (2011) Quantifying the accura‐
cy of numerical collapse predictions for the design of submarine
pressure hulls. Thin-Walled Structures, 49(1): 145-156. DOI: 10.1016/
j.tws.2010.08.015

Mansour A, Liu D (2008) The principles of naval architecture series.
The Society of Naval Architects and Marine Engineers, Jersey
City, NJ, United States

NASA (2019) Buckling of thin-Walled circular cylinders, national
aeronautics and space administration. NASA Technical Report No
SP-8007-2019 (REV). Langley Research Center, Virginia, United States

Pulos JG, Salerno VL (1961) Axisymmetric elastic deformations and
stresses in a ring-stiffened, perfectly circular cylinrical shell under ex‐
ternal hydrostatic pressure. David Taylor Model Basin Report

Putelat T, Triantafyllidis N (2014) Dynamic stability of externally pressurized
elastic rings subjected to high rates of loading. International Journal
of Solids and Structures 51(1): 1-12. DOI:10.1016/j.ijsolstr.2013.08.002

Ross CTF (2011) Pressure vessels: external pressure technology. 2nd
edition, Woodhead Publishing Ltd., Cambridge, UK, 355-360

Shiomitsu D, Yanagihara D (2020) Elastic local shell and stiffener-
tripping buckling strength of ring-stiffened cylindrical shells un‐
der external pressure. Thin–Walled Structures 148: 106622. DOI:
10.1016/j.tws.2020.106622

Sturm Rolland G (1941) A study of the collapsing pressure of thin-
walled cylinders. University of Illinois Bulletin, No. 12, 7-76

Tokugawa T (1929) Model experiments on the elastic stability of closed
and cross-stiffened circular cylinders under uniform external pres‐
sure. Proceedings of World Engineering Congress, Tokyo, 29, Paper
No.651, 249-79, Nihon Kogakkai (Engineering Society of Japan)

von Mises R (1929) Der Kritische Aussendruk für Allseits belastete
zylindrische Rohre. Festschrift zum 70 Geburtstag von prof. A.
Stodola, STOnoLA-Festschr., Zürich, 418-430

von Sander K, Gunther K (1921) Über das Festigkeitsproblem querver‐
steifter Hohlzylinder unter allseitig gleichmäßigem Außendruck.
Werft und Reederei, 1(8, 9 und 10), 1920 and 2(17), 1921

Windenburg DF, Trilling C (1934) Collapse by instability of thin
cylindrical shells under external pressure. http://hdl. handle. net/
1721.3/48059 [Accessed on Jun 22, 2022]

154




