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Abstract

This paper is concerned with the generation of gravity waves due to prescribed initial axisymmetric disturbances created at
the surface of an ice sheet covering the ocean with a porous bottom. The ice cover is modeled as a thin elastic plate, and the
bottom porosity is described by a real parameter. Using linear theory, the problem is formulated as an initial value problem
for the velocity potential describing the motion. In the mathematical analysis, the Laplace and Hankel transform techniques
have been used to obtain the depression of the ice-covered surface in the form of a multiple infinite integral. This integral is
evaluated asymptotically by the method of stationary phase twice for a long time and a large distance from the origin. Simple
numerical computations are performed to illustrate the effect of the ice-covered surface and bottom porosity on the surface
elevation, phase velocity, and group velocity of the surface gravity waves. Mainly the far-field behavior of the progressive
waves is observed in two different cases, namely initial depression and an impulse concentrated at the origin. From graphical
representations, it is clearly visible that the presence of ice cover and a porous bottom decreases the wave amplitude. Due to
the porous bottom, the amplitude of phase velocity decreases, whereas the amplitude of group velocity increases.

Keywords Axisymmetric disturbances and ice-covered ocean - Porous bottom - Laplace and Hankel transform - Method of
stationary phase - Free surface depression - Phase velocity and group velocity

1 Introduction

o Ocean wave generation or propagation into or within sea ice
Article Highlights . . . .
e The generation of surface gravity waves duc to prescribed fields is a well-established research topic that is currently
initial axisymmetric disturbance in the presence of ice cover on a getting the extensive attention of various researchers. Actually,
porous sea bed is analyzed here. the sea ice of the polar region bears a significant role in global
¢ Using the Laplace and Hankel transform technique, the climate and the conservation of marine life. In the polar region,

depression of the ice-covered surface in the form of multiple h £ d h | fth
infinite integrals is obtained. the seawater treezes due to the very low temperature of the

o This integral is evaluated asymptotically by the method of atmosphere. Due to less density of ice than water, ice floats on
stationary phase. the ocean’s surface so that the ocean is covered by a continuous
o The effect of the ice-covered surface and bottom porosity on the sheet of ice or broken ice. In recent years the scientific

surface elevation, phase velocity, and group velocity of the surface

gravity waves are analyzed numerically. Also, the significant effect tch'[lVltlleS mn Pc?lar Regions are increasing day by day because,

is shown in a number of figures. in reality, sea ice covers about 7% of the Earth’s surface and

about 12% of the world’s oceans. There are usually two types

>4 Rumpa ChakraborFY of models for floating ice exit. In the first model, the ice is
chak.rumpa@gmail.com . . . . . . .

considered to consist of non-interacting floating particles, i.e.,

! Department of Science & Humanities, North Calcutta broken ice, and in that case, the ocean is said to have an inertial

Polytechnic, Cossipore, Kolkata 700002, India surface (cf, Weitz and Keller 1950; Rhodes-Robinson 1984;

2 Department of Mathematics, Diamond Harbour Women’s Mandal and Mukherjee 1989). In another model, the floating

University, South 24 Parganas Pin-743368 Sarisha, India ice is assumed to be in the form of a thin elastic sheet (cf. Fox
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and Squire 1994; Chung and Fox 2002; Squire 2007; Meylan
and Squire 1996 and others). Investigations of such water wave
problems have gained reasonable interest due to the effects of
internal wave propagation through the marginal ice zone in
the arctic regions. Bhattacharjee and Sahoo (2008) analyzed
the effect of uniform current on flexural gravity waves
generated due to a disturbance such as an initial impulse or
an initial depression. Mohapatra and Bora (2009) considered
the propagation of oblique waves in a two-layer fluid whose
upper layer is bounded above by a thin uniform ice sheet and
the lower layer has small bottom undulation. Sturova (2013)
derived the velocity potential for a transient source of arbitrary
strength in a fluid of infinite depth with an elastic solid cover.
The interest behind the study of these problems arises due
to their applications in several practice areas, such as large
floating plate-like structures, floating airports, etc.

Generally, surface gravity waves are generated due to var-
ious kinds of initial disturbances at the surface of an ocean or
within the ocean. When a non-spherical shock wave caused
by a mid-air blast impinges on the surface of an ocean or
some explosion occurs within or above the ocean region,
surface waves are generated due to an initial impulsive pres-
sure or initial displacement (elevation or depression). The
relevant two-dimensional unsteady motion thus formed
was studied in the classical treatises of Lamb (1945) and
Stoker (1957), considering the linear theory of water waves.
They used the method of Fourier transform and obtained
the expression of free surface elevation in the form of infi-
nite integrals, which were then evaluated approximately for
large time and distance from the source of the disturbance.
These results can be extended in case of any initial surface
disturbances across the arbitrary region for uniform finite
depth water with a rigid bottom (cf. Wen 1982). Maiti and
Mandal (2005) considered the wave generation problem
due to initial axisymmetric disturbances on the ice-covered
surface of the water. A disturbance is said to be axisymmet-
ric when it is identical in every plane that passes through
the axis of a cylinder so that the angular component of the
governing equation can be neglected. An axially symmetric
disturbance was considered in brief by Kranzer and Keller
(1959). They discussed the problem of water waves gener-
ated by explosions in the case of three-dimensional unsteady
motion in the water of uniform finite depth due to an ini-
tial surface impulse or initial surface elevation in a circular
area. They also compared their theoretical results with the
available experimental results. In the recent past, Banerjea
et al. (2011) discussed the wave generation problem due to
a line source present in an ice-covered ocean with small
bottom undulation. Recently, Das and Mohapatra (2019)
considered a particular hydro-elastic model to examine a
radiation problem caused by a submerged sphere beneath
in an infinitely extended ice-covered sea where the lower
surface is enveloped by a flexible base surface. Khuntia and

Mohapatra (2020) examined the motion of the fluid in a sea,
where the top surface is sealed by a floating ice floe and the
bed is of an adaptable type with small distortion. In all of
these problems, the authors considered floating ice as a thin
elastic plate.

All the aforesaid problems were studied for the ocean
with a rigid bottom. In reality, the ocean bottom is composed
of porous materials such as rocks, soil, zeolite, biological
tissues, etc. However, there is not much work involving the
ocean surface covered with a thin ice sheet, and the bottom
is composed of some porous materials. So when the water
is covered with a thin ice sheet and some porous materi-
als are present at the bottom, the corresponding water wave
problems are also of some interest to ocean engineers. There
are so many researchers who considered different types of
modeling of the problems for the ocean with a porous bot-
tom in the presence of ice-cover. Tsai et al. (2006) studied
the problem of wave transformation over a submerged per-
meable breakwater on a porous slope seabed. They presented
several numerical results for the verification of the model
and the wave transformation over the submerged breakwater
on the porous bottom. Mohapatra (2014) studied the scatter-
ing of surface waves by the edge of a small undulation on a
porous bed in an ocean with covering thin elastic ice sheet at
the upper surface. Paul and De (2014; 2017) considered two
types of scattering of plane surface wave problems for the
uneven porous bottom, one in a two-layered channel and the
other in a three-layered channel. Maiti and Mandal (2014)
considered the problem of water wave scattering by a float-
ing elastic plate in an ocean with a porous bed. Gayen and
Islam (2018) considered the problem of determining velocity
potential due to the presence of a horizontal circular ring
in the water of finite depth with a floating elastic plate or a
floating membrane at the upper surface and the bottom of
the fluid region is composed of the non-dissipative porous
medium. Very recently Kundu and Mandal (2019) discussed
the generation of surface waves in water with a porous bot-
tom due to various types of prescribed initial axisymmet-
ric disturbances at the free surface. In these problems, the
authors consider a special type of porous bottom for which
the porosity parameter is taken to be only real and has the
dimension inverse of length.

In the present paper, we consider the generation of gravity
waves by initial axisymmetric disturbance at the surface of an
ice-covered ocean, while the ocean bed is taken to be porous in
nature. The problem is formulated as an initial value problem
assuming linear theory. Laplace and Hankel transform tech-
niques are used to find the depression of the ice-covered surface
in terms of a multiple infinite integral. This multiple integral is
approximated by the stationary phase method for two types of
initial disturbances namely initial axially symmetric depression
or impulse. Finally, the asymptotic form of the ice-covered sur-
face is depicted graphically against a nondimensional distance
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Figure 1 Sketch of physical model

for a fixed time and against nondimensional time for a fixed
distance and different values of nondimensionalized porosity
parameter and ice-cover parameters. Also, phase velocity and
group velocity of the surface gravity waves are evaluated ana-
lytically and numerically. Lastly, appropriate conclusions are
drawn for the initial depression of the ice-covered surface and
phase velocity, and group velocity of the surface gravity waves.

2 Mathematical Formulation: Formulation
of Initial Value Problem

We consider a cylindrical coordinate system (r, 0, y) in which
the y-axis is taken vertically downwards into the fluid region.
The upper surface of the ocean is covered with a thin layer of
ice modeled as a very thin elastic sheet having a uniform sur-
face density € p, where € is a constant having the dimension of
length. Ocean fluid is considered an inviscid, incompressible,
and homogeneous liquid of volume density p. Also, the bot-
tom of the ocean is composed of some specific kind of porous
materials which are characterized by a real parameter G having
dimension inverse of length. The sketch of the physical model
is shown in Figure 1. Wave motion is created due to a sudden
initial axisymmetric disturbance at the ice-covered surface.

Since the motion starts from rest, it is irrotational and can
be described by a velocity potential ¢(r, y, ¢), which satisfies
Laplace’s equation.

1 . . .
" (r¢,)r + @y, = 0, inthefluidregion €h)
Since the bed of the ocean is composed of some porous

materials the bottom condition is given by (cf. Maiti and
Mandal 2014)

¢, —Gp=0,0ony=h )
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where G is the porosity parameter.

The kinematic condition arises due to the assumption of
no cavitation between the ice and water. So, the condition
gives

¢, =nony =0 3)

where 71 is the depression of the ice cover below its mean
position. The linearized dynamic condition at the ice cover
is (cf. Chung and Fox 2002)

(6 —edy), = (1+DV;)gn, ony =0 @)

where D is th? flexural rigidity of the ice cover and is given

_ Eh . . . e
by D = D E being Young’s modulus, A being thick:
ness of the ice sheet and v being Poisson’s ratio.

The initial conditions at the ice-covered surface are

¢—€p,=0,0ny=0,t=0 (5)

(p—ep,), = (1+DV})g&r),ony =0, =0 ©6)

when an initial axially symmetric depression {(r) of the ice-
covered surface at a distance r from the origin is prescribed,
and g is the acceleration due to gravity.

Again, when an initial axially symmetric impulse F(r) is
applied per unit area of the ice-covered surface at a distance
r from the origin, the initial conditions are

F
¢—€¢y:—%,ony=0,t=0 @)
(p—edy),=0,0ny=0,=0 8)

Introducing a characteristic length I, characteristic time
\/g we define the dimensionless quantities as

1=

holt g b
h=td= 0

_—’—._= _= ‘g_z
r=y t=t M=

Removing the bars, the dimensionless quantities satisfy

L(rd,), +,, =0 ©)
¢, =nony =0 (10)
(p—ep,),=(1+DV,)n,ony =0 (11)
¢, — G =0,0ny =h (12)

The initial conditions at ice-covered surface are
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¢—e¢y=0,ony=0,t=0 (13)
(6—ed,), = (1+DVHE ().att =0,y =0 (14)
or

¢ - e, =_F,Er)’0”y=0,t=0 (15)
(¢—e¢y)t=0,0ny=0,t=0 (16)

as the initial disturbance is axially symmetric depression or
impulse at the ice-covered surface and ¢’ (r), F' (r) denote the
nondimensional form of initial axially symmetric depres-
sion, impulse, respectively.

3 Method of Solution: Laplace and Hankel
Transform Techniques

We use Laplace and Hankel transform technique to solve
the above initial value problem. Now, let us define Laplace
transform of ¢(r, y, ¢) in time 7 as

Evdw)=/n¢M%0€Wmm>0
0
and then define Hankel transform of E(r, y,p) as
E(k, y,p) = / ra(r, v, p)o(kr)dr, k > 0.
0

Applying these two transforms to Egs. (9) to (12) using
the conditions (13) to (16) we get the following BVP in ¢

A~

¢yy—k2$: 0 17)

b, =pit— O ®).ony = 0 (18)

A~

- (es> + 1+ Dk)$, = (1 + D) (), 0ony =0 (19)

or,

=
y

p2$ - (es2 +1+ Dk4)¢ = —Il—jl?/(k), ony =0 (20)

where E’ (k) and g’ (k) are the Hankel transforms of E’ (k) and
F'(k), respectively.
The bottom condition is

A

2y—G$=0,0ny=h 1)

Solution of (17) satisfying (19) and (21) is

E 20
ok, y,s) = —% [uk)coshky + sinhky] (22)
where
_ k= Gtanhkh
WO = ranhkh @3)
and
, k(1 + DK%
= PG 24)

Now, using (18) we get the Laplace—Hankel transform
of the depression of the ice-cover in case of initial axially
symmetric depression as

~ k)
Np=——F——">v (25)
p(p*+¢?)
Similarly, in case of initial axially symmetric impulse
using Eq. (20) the expression for the depression of the ice-
cover is given by

s _ A2F (k)
" p(1+ DI (p? + )

(26)

These expressions of /ﬁ\ are same as Kundu and Man-
dal (2019) when e = 0,D = 0 and when G = 0,h — oo the
expressions are the same as Maiti and Mandal (2005). Equa-
tions (25) and (26) can be rewritten as

~ {,”\’ (k) [(prz) - [l]](initialaxiallysymmetricdepression)
fpir = F k) 2 Lo . .
D [p2+c2 ] (initialaxiallysymmetricimpulse)

27
3.1 CaseA(Gh < 1)

When Gh < 1, the graphical behavior of, ¢? is shown in Fig-
ure 2. From the figure it is observed that ¢? behaves well
against k for small values of porosity parameter which may
further indicate for small porosity parameter, the size of the
pores in the sea bed is small.

There is a root k = A and from graphical view c? can be
written as

2 C%fork >
¢ cgfork <A
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Figure 2 Graphical view of c¢tforGh =02,D =12,e =0.01

So, taking Laplace inversions, we find the depression of
the ice-covered surface in case of initial axially symmetric
depression is obtained in the form
~ é,/’\’(k)[cosc t— llfork > A
Dy = 2 : (28)

&' (k)|cosheyt — 1]fork < A

and similarly in case of initial axially symmetric depres-
sion is obtained in the form

Figure 3 Graphical view of AforGh=12,D=12,¢ =0.01

) .
_ ) o [c,sinc,t]fork > A 29)

ﬁl((/ n 7
Gh< F' (k) .
D [czsmhczt]fork <4

Finally, taking inverse Hankel to transform the form of
ice-covered surface depression in case of initial axially sym-
metric depression or impulse for Gh < 1 are given by

A )
MDgper (r,t) = 1 [/ C’(k)(coshczt — l)kJo(kr)dk+/ C’(k)(cosclt — l)kJO(kr)dk] (30)
(b N1 A
or
Lt Fw . ©  Fk .
n,(GM)(r, 1= " l/op(l n Dk4) (czsmhczt)kJo(kr)dk + //1 m(qsmc,t)k]o(kr)dk] 31

3.2 CaseB(Gh > 1)

When Gh > 1, the graphical behavior of ¢? is shown in Figure 3.

The denominator of ¢® has a root of k = 4, and numerator of ¢?

and has aroot k = A,. From the figure, it is observed that ¢*has

a singularity in the domain for a larger value of porosity param-

eter, which may further indicate that for large porosity param-

eter the size of the pores in the sea bed is increasing slidely.
So, from graphical view ¢ can be written as

dfforO <k< i —e,

= —diforlll +e <k< i
difor/lz <k<oo

@ Springer

where €, is an arbitrary small positive real number.

So, taking Laplace inversions using the Cauchy principal
value of integrals, we find the depression of the ice-covered
surface in case of initial axially symmetric depression is
obtained in the form

£ (k)cosd,t — 1)for0 < k < 4, — €,
¢'(k)[coshdyt — 1ford; + €, < k < A,
¢ (K)[cosdst — 1]ford, < k < o

~ —_—
nD(Ghzn -

and similarly in case of initial axially symmetric depres-
sion is obtained in the form
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F [d,sind,t]for0 < k < A — €

Finally, taking inverse Hankel to transform the form of
ice-covered surface depression in case of initial axially sym-

p(1+Dk*)
~ _ F (k . metric depression or impulse for Gh > 1 are given b
Migisyy = _p(l+(D;<4) [dysinhd,tlforA; + €, <k < Ay p p = g Y
o
%[c&sindﬂ]}‘orb <k<oo
1 Ay I RPN
M@Gnsny (1) = lim [ / ¢ (k) (cosdyt — 1) kJo(kr)dk + / ¢ (k) (coshdyt — 1) kJo(kr)dk + / ' (k) (cosdst — l)kJQ(kr)dk] (32)
\/ﬂ“ﬁn 0 A+e, Ay
or

iy —e =
Ly =1 F(k)
Gz 1) = lim [/

——————(d,sind| t)kJy(kr)dk +
il T T Rt /

2 Py
315, P(L+ DY)

(dysinhd, Dk o (kr)dk + /

© Fk
1, P(L+ DKY)

(dssind;DkJo(kr)dk | (33)

4 Asymptotic Expansion of Initial
Depression of the Ice-covered Surface:
Stationary Phase Method

The integrands of the above integrals are oscillatory in
nature and sometimes the asymptotic forms of the integrals
are more suitable for certain physical applications. Here, the
integrals will be evaluated asymptotically for large distance
r and time ¢ such that 5 is finite, by the application of the
method of the stationary phase.

4.1 CaseA(Gh < 1)

We use the integral representation of J(kr) as

Jokr) = % / * cos(krcos0)do (34)
0
in Eqgs. (30) and (31), so that the integral form of the ice-
covered surface depression becomes a double integral, and
we use the method of stationary phase twice. Applying the
method of stationary phase to the integral (34) J,(kr) can
be approximated as

Joker) ~ <%>%cos(kr - %) 35)

Putting the approximation of J(kr) on Eq. (30) we have

D gy 1) :% |:/:2(k)(mshczt— 1)(];€>%cos(kr— %)dk + /jg(k)(cosc,t— 1)(%)%cos(k - %)dk}

=1, + 1, +I; + 1, (say)

where

I, = % Ag(k)coshczt(f)%cos(k - g)dk
0

L=t [ (k) cos(ir- 2

1

L C'(k)cosc1t<'f>2cos<kr—E)dk
TJ 2 r 4

~
(%)
Il

1 A

I,=-— 08(k)<’;‘)%cos<kr— §>dk

The integral I, does not contribute to n(r, ) as given in
Kundu and Mandal (2019). Also, the integrals I, and I, have
no stationary points in the range of the integration so they do
not yield any contribution to 7(r, ¢). Only contribution comes
from the integral I; to n(r, ). Now, I can be written as

L= i/jg(k)(%)%[cos<clt+kr_ g) +cos(c|t—kr+ %)]dk
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:LRe/oog(k)<]£>5[eit<c]+k';'—£)+eit<c,—k§—4£r> dk
2n 1 r

=J1 +J2(say)
where
1 0 A k 1 . r oz
Ji=5- C’(k)(_>ze”(cl+k;_“_‘)dk
2 J , r

b= (k) et

2r /) ;

k(1+DI*)
(utk) — €k)*(G — ktanhkh)

_1+5Dk*
uk) — ek

e/ (k) = (2¢,() " {

Now, J, does not contribute to I5 as the phase function
has no stationary point in the range of the integration and J,
can be written in the form of

J=— / x(k, )™ ®ak
2/ ,

4
When ¢ is large, the function exp{ity (k)} oscillates rap-
idly as k changes. Hence, the largest contributions to the
integral arises from the neighborhood of the points where
v’ (k) = 0. Now, y'(k) = ¢, (k) — f where

where (,0) = ¢ (0 ) andy ) = ¢, k% +

[1 = Ghsech®kh — (G — ktanhkh) + (khsech®kh + tanhkh) u(k)|

This c'] (k) is strictly increasing in (4,00) and let
K= ,{i"ﬁﬁ’(k)- For § >k, ' (k) has two real roots
a;,~ (i =1,2)in (4, ). Thus applying the method of sta-
tionary phase to the integral J, we obtain

1

2

2
1 2r T

n ry=— ) xla,t)| ———— cos(tu/ ;) — —)
'DGh<1 o ,Z; ( ) t|y/"(ai)’ ( ) 4

(36)

Similarly, in the case of initial axisymmetric impulse, the
asymptotic form of the ice-covered surface depression is given by

2

2
1 2
Mora (0 = py. ;11(““"") |—”| COS(“I’l(“li) - %)

tly) ()
(37

20 . . . . )
30 34 38 42 46 50
Figure 4 Wave motion due to initial depression for fixed distance

r=150and e =0.01,Gh = 0.5
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aF &) (k)2 e T E
p(1+Dk*) <r> W) =¢ —ki+ 3, and

ay;, (i = 1,2) are the roots of yf’l (k) in the interval (4, o).

where y,(k,t) =

4.2 CaseB(Gh > 1)
For Gh > 1 using the approximations of J,(kr) the integral
representation of n(r,f) in case of initial axially symmetric

depression is given by

/3‘76‘5'(k)(cos dit —1) (é)écos (kr - %)dk

Mpuz1 (- 0) =  lim
1
1
+/ii+€lf’(k)(cosh dyt — 1)(’;‘)2005 (kr— %)dk
1
+f;'7€‘§:'(k)(cos dyt — 1)(§>Zcos <kr— %)dk

+/Z§:’(k)(cos dit — 1)(l;€>§c0s (kr— %)dk]

Here, also the only contribution comes from the integrals

1/ = 6[1’210/ll_elg(k)cosdlt(;c)%cos(k - %)dk

0

and
[N k 1
I, = lim C'(k)cosd3t<—>zcos<k - E)dk
€0/ 2 r 4

Using the method of stationary phase to these integrals, the
asymptotic form of the ice-covered surface depression, in case
of axially symmetric impulse for Gk > 1is given by
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2 A~ 1
1 2 r I, = 1 C’(k)cosh(czt) <lf) cos(kr - —)dk
Moz 0 = 5 22(B.0) C0S<tl[/2(ﬂ) - Z) n/, r 2
t
)Wz ‘ which can be further written as considering r as large
parameter
1 4 | l
2 I, =Re[l/’"g(k)msh(czt)(lj>5Eir<kff)dk} = Rg[l/ a(k)girm(k)dk]
r ) o r 7/
+Z X2(Bp )| ———— cos(ty/3 (ﬁli) - Z)
i=1 lII3 (ﬁ

~ 1
where 6(k) = C'(k)cosh(c2t) (l—‘) * and the phase function
where. o(k) = k — =.Now these two functions are regular analytic

and 1ntherange of integration and @' (k) = 1 # 0 in the range of

~ L
2l =8 @0(4) wat) =d, K+ Xy =dy —kE+ £
integration. So we may write

, By;» (@ = 1,2) are the roots of y, and y; in the
BBy (i =1.2) are th £ y,'(k) and (k) in th

respective range of integrations. LSk d, . .
Similarly, in the case of initial axisymmetric impulse, the = / N (elm( ))dk
) ) . oire’ (k) dk
asymptotic form of the ice-covered surface depression for
Gh > 1is given by Integration by parts leads to the result
% 1= @e‘mw _ l/ mu; d (ﬁ(k))dk < o4 5(’1) ool _ /llé(k)ldk
1 2” T r r 0 0
Nigns1 >0 = o X300 ——— COS(“I’z(Y) - Z) . _ ] o
T t|y/2 (y)| as ro(k) is real and I, is bounded of order - So this inte-
gral does not contribute to 1, (r, ¢) and by similar approach,
it can be proved that I, and I, do not contribute since the
: integrands of these two integrals behave appropriately at co.
T Now, consider the integral J, which makes contribution
+ZX4(Y11’t) N Cos<t'I’3(71i) - Z) t011 (r t) s g
S P e o
(s i ! 2
So, J, = 5/,1 x(k, )™ ® dlewhere y(k,t) = ¢ (k)(;)
where. R . andy (k) =c| — kE + %. Since y' (k) is a regular in the range
X3t = P”é'lf;;,’jf) (%) wato=d, k% of integration so the zeros a;, (i = 1,2) of y’ (k) are isolated.

1

FE en = Z?i:j)(k)i””S(k):d»* kT E and y,y,;,(i =1,2)  Without loss of generality let 4 < a; < a,. So the range of

integration can be divided into four parts of which three inter-

vals (4, &) — e'), (o + €, 0, — €),and (@, + €, o0 ) contain

no stationary points so that their contribution become an order
1 : ! !

of ~. The other small intervals (&) —€,a; +¢€’) and

(a, — €', a, + €’) contains only one stationary point. Thus

are the roots of y,’ (k) and y,’ (k) in the respective range of
integrations.

4.3 Justification of the Method of Stationary Phase

We now prove how the integrals I,,I,,1, have no contri- w'(k) = Oonly atk = a;andy"’(a;) > Oin the given interval.
. i, ’
butions to the ice-cover surface depression. Consider the Consider a positive € such that € < €”then J, becomes
integral
%10 4 x10
2 N I - D=0.8
- Gh=0.4 /
A - GI;=0,8 — /.\ ~ /\\. -D=12

< &
()
o

- \
\\

P

dGh<1

9 : . . s . -4 . . . . ;
30 32 34 ; 36 38 40 60 64 68 72 76 80
r
Figure 5 Wave motion due to initial depression for fixed distance Figure 6 Wave motion due to initial depression for fixed time ¢ = 20
r=150ande =0.01,D=1.2 and e =0.01,Gh =0.5

@ Springer



640

Journal of Marine Science and Application

Figure 7 Wave motion due to initial depression for fixed time ¢ = 10
ande =0.01,D=1.2

1 2 a;+e’ ik
Jy=— / x(k, )™ ®dk
: 2” ; a,-—e'

1
2 2
2 ' D+E 1
= — )((oc,-,t)el<""(0")+4> +O(—>

S\t (@) !
Now, it can be shown that a fixed segment of length 2e
containing ; exists such that its contribution in J,, i.e., in
Npen<i (7, ) independent of €. The value of integration is of

order Lt with an error of order % (Stoker 1957). Thus for

Vi

large ¢ the error tends to zero and the integral J, converges.
e™® oscillates rapidly with large value of ¢ and obviously
with large k. Thus, the main contribution of 14, .0
comes from integral J,. Similarly we can show the justifica-
tion of applying the stationary phase method in Case-B, for

Moz (7> 0

5 Numerical Results: Far-Field Behavior
of Wave Amplitude

In this section, to view the far-field behavior of the genera-
tion of surface wave in the presence of ice cover and porous
bottom, the nondimensional asymptotic form of n(r,f) is

Figure 8 Wave motion due to initial impulse for fixed distance
r=150and e =0.01,Gh = 0.5

@ Springer
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Figure 9 Wave motion due to initial impulse for fixed distance
r=180ande =0.01,D =1.2

depicted graphically against r for fixed ¢ and against ¢ for
fixed r in some figures for different values of porosity param-
eter and ice-cover parameters.

5.1 CaseA(Gh < 1)
5.1.1 Initial Depression

We consider the initial axially symmetric depression &’ (r) of
1

the ice-covered surface as a Dirac delta function E’ k) = "
Actually, the delta function is defined mathematically to pro-
vide a physical phenomenon that occurs in an extremely
short period of time and is too short to be measured with
an extremely large amplitude. Ice-cover surface depression
Mo Gh <1)(r, t) is plotted in Figures 4, 5, 6, and 7 for different
values of parameters.

In Figure 4, 1, is displayed against ¢ for different
values of the ice-cover parameter D and fixed r, e, Gh < 1.
From Figure 4 it is observed that as D increases amplitude
of ice-covered surface depression decreases from which it
can be concluded that as the flexural rigidity of the ice sheet
increases it can offer more resistance to the surface waves so
that the oscillatory nature and amplitude of waves reduces.
In Figure 5, np <, is displayed against ¢ for different value
of porosity parameter G and fixed r, €, D.

From Figure 5, it is observed that near the time range
t = 34 to 36 amplitude of 7 is quite larger for large porosity

x10°
LOr ~D=0.8
=D=12

60 64 68 72 76 80

Figure 10 Wave motion due to initial impulse for fixed time ¢ = 15
and e =0.01,Gh =0.5
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Figure 11 Wave motion due to initial impulse for fixed time ¢ = 15
ande =0.01,D=1.2

parameter compared to other, although in the other regions
amplitudes of both waves are nearly same.

In Figure 6, wave motion has been shown against distance
due to initial depression for fixed ¢, €, Gh and different values
of the ice-cover parameter. Here the increase in the flexural
rigidity of the ice sheet increases the amplitude of the wave
motion slightly. Figure 7 shows wave motion against dis-
tance due to initial depression for fixed ¢, €, D and different
values of porosity parameter less than 1. From this figure,
it can be noted that near r = 60 amplitude wave is larger
compared to the other regions for both the cases of porosity
parameter.

5.1.2 Initial Impulse

In thies case, we consider initial axially symmetric impulse
F’(r) as Dirac delta function or unit impulse function which
is applied at a distance r from the origin for an infinitesimal
interval of time. Figures 8, 9, 10, and 11 have shown the
behavior of #;,,.; due to initial impulse for different para-
metric values.

In Figure 8, 14, is plotted against £ for fixed r, €, Gh
and different values of the ice-cover parameter. The ampli-
tude of #;,., increases as time increases and as flexural

Gh>1

-0.5 .‘f
-1.0[

-15 : : - : :
30 33 36 39 42 45

Figure 12 Wave motion due to initial depression for fixed distance
r=120ande =0.01,D=1.2

-3
2_XIO

25 28 31 34 37 40

Figure 13 Wave motion due to initial depression for fixed distance
r=120ande =0.01,Gh =1.2

rigidity of the ice sheet increases amplitude of the sur-
face wave decreases. Wave motion due to initial impulse
for fixed r, €,D is shown in Figure 9. From this figure, it
is observed that surface waves show a highly oscillatory
nature in this case.

In Figure 10, ny4,<, is plotted against r for fixed ¢, €, Gh
and in Figure 11, 11, , 1s plotted against r for fixed ¢, €, D.
From Figure 10, it is observed that the nature of surface
wave is not much differing for two flexural rigidity param-
eters, but in the case of Figure 11, as the porosity parameter
increases the amplitude of wave decreases.

5.2 CaseB (Gh > 1)
5.2.1 Initial Depression

Figures 12, 13, 14, and 15 are drawn for initial depression
in case of higher porosity parameter i.e., Gh > 1. Figure 12
shows behavior of n;,-, for fixed r,e,D and Figure 13
shows behavior of n,Gh>17for fixed r, €, Gh. From Figure 12,
it is observed that as bottom porosity increases the surface
waves move almost the same manner and show a very slide
difference between amplitude but in the case of Figure 13

x10°
’ — Gh=1.0
3.0 — Gh=12
L5\ \ \ i
3 \ /
£ op \/ /
= / ,‘\ ‘l\v / \
—1.5}+ \ 4
3.0 A Nl p " p
60 64 68 72 76 80

Figure 14 Wave motion due to initial depression for fixed time ¢ = 20
ande =0.01,D=1.2
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Figure 15 Wave motion due to initial depression for fixed time ¢ = 20
ande = 0.01,Gh = 1.2

wave amplitude decreases significantly as D increases. Fig-
ures 14 and 15 show generation of #;,,., against r for fixed
t,e and D, Gh, respectively.

5.2.2 Initial Impulse

Figure 16 to Figure 19 show the behavior of 7;,., due to
initial impulse for different parametric values. In Fi_gure 16,
Ny gr>1 18 plotted against ¢ for fixed r, €, D and different values
of porosity parameter. Amplitude of ;.| increases as time
increases and variation of ;.. almost coincides for the two
casesGh =1,1.2.

Wave motion due to initial impulse for fixed r, €, Gh is
shown in Figure 17. From this figure, it is observed that as
D increases amplitude of wave motion, it reduces consider-
ably. Similar behavior observed in Figures 18 and 19, in
which 7, plotted against r for fixed ¢, €,D and r, €, Gh
, respectively.

5.3 Validation through comparison with previous
results

In this section, we compared our result with the existing

result of Maiti and Mandal (2005), taking the depth of fluid
region, h is large and porosity parameter G is quite small.

0.004 1

—Gh=1.0
~Gh=12
0.002}
5 o} ’
~0.002}
-0.004 : : : - ;
35 38 41 44 47 50

Figure 16 Wave motion due to initial impulse for fixed distance
r=180ande =0.01,D =1.2
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Figure 17 Wave motion due to initial impulse for fixed distance
r=180ande =0.01,Gh =12

In Figures 20 and 21, graphical behavior of free surface
depression 7 is shown in case of initial axially symmetric
depression and impulse (taken as Dirac Delta function). In
both, the figures dotted curve shows the nature of  against ¢
for the existing result of Maiti and Mandal (2005) for fixed
r =60,e = 0.01,D = 0.5 and the thick curve shows behavior
of n for our result, against ¢ for fixed r = 60, e = 0.01,D = 0.5
and taking £ = 50, G = 0.00001. In both figures, these two
curves (dotted and thick lines) represent the nature of wave
motion match quite well with each other.

Here, we consider another comparison between the pre-
sent result and Kundu and Mandal’s (2019) result. Kundu
and Mandal (2019) considered the generation problem by
an initial axisymmetric surface disturbance in presence of
porous bottom. In Figure 22 we have drawn both the results
side by side, which shows the clear effect of ice cover on
curve for initial depression. The curves are drawn for fixed
values of ¢t = 20,e = 0.01,Gh = 0.5. The dotted line rep-
resents Kundu and Mandal’s (2019) data with no ice cover
and the thick line shows the present result. The present result
is drawn considering two different values of D = 0.5 and
1.2. From the figure, it is quite clear that the presence of
ice cover shows more oscillation and amplitude in the wave
depression curve.

<10+
8r — Gh=1.0
~D=12
at '
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.:':? 0 L ) .
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~%0 64 68 72 76 80

Figure 18 Wave motion due to initial impulse for fixed time ¢ = 15
ande =0.01,D=1.2
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Figure 19 Wave motion due to initial impulse for fixed time ¢ = 15
ande =0.01,Gh =1.2

For a clearer comparison, we have tabulated the present
data and Maiti and Mandal (2005)’s data side by side in
Table 1, for fixed r = 60,e = 0.01,D = 0.5.

Maiti and Mandal discussed the problem in infinitely
deep water. In the present calculation, we consider very
small values of G = 0.00001 and very large water depth
h = 100. From the table, it is clear that the present result
is matched with Maiti and Mandal’s (2005) result up to 4
decimal places. This implies another check on the correct-
ness of the results obtained here.

From these three figures and tabular values of ice-covered
surface depression, it is observed that our result matches
well with the existing result of the literature. This provides
the desired check on the correctness of the method presented
here.

_ sech*kh
Ce = 2
4o (k — Gtanhkh)

[2k(1 +Dk*)(G - (G* + K*)h) + (1 + 5Dk*) ((G* + k) sinh2kh — 2Gkcosh2kh)|

0.004r1
0.002 [ ’L \ £ \ N\ f \\‘v‘
/ | / \ / A\ / \ / \ / ‘\\
= ok \ /A /A [ N/ /A
/ -“\ ./v'/ .\ '/ ‘. y v/ 3 .
: N/ y / L4 \_/
0% & /- Maiti and Mandal (2005)
-0.004 ) : .~ h=100,G=0.000 01

Figure 21 Wave motion due to initial depression for fixed distance
r=60ande =0.01,D =0.5

5.4 Phase velocity, Group Velocity, and Wavelength

We consider the case of simple harmonic motion in time
with angular frequency o to understand the behavior of sur-
face waves in presence of ice-cover and porous bottom. The
dispersion relation for surface wave in presence of porous
bottom and ice-cover at the free surface can be written as

(1+ DK* — Ke e Ratkh — G )

k— G ) =X (38)

where K = 6?. Neglecting € in Eq. (42) the phase velocity ¢
and group velocity ¢, are obtained as

1\ [ ktanhkh — G
/(oK + 1 <—
¢ \/( + k> k—Gtanhkh>

and

(39)

(40)

Figures 23 and 24 demonstrate phase velocity (c)
against wave number, and Figures 25 and 26 demonstrate
the variation of group velocity (c,) against wave number.

Table 1 Depression of ice cover for r = 60, € = 0.01,D = 0.5

Ttems t Maiti and Man- Present result IError|
dal (2005) h =100,G = 0.00001

Initial depression (771)) 30 0.00087 0.00096 0.00009
40 0.00051 0.00048 0.00003
50 0.00057 0.00066 0.00009
60 —0.00059 —0.00065 0.00006

Initial impulse (1'1) 30 —0.00044 —0.00041 0.00003
40 —0.00055 —0.00052 0.00003
50 —0.00077 —0.00075 0.00002
60 —0.00016 —0.00011 0.00005

Figures 23 and 25 show the variation of phase velocity and
group velocity, respectively, for a fixed value of flexural
rigidity coefficient D = 1.2 and taking different values of

2
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Figure 20 Wave motion due to initial impulse for fixed distance
r=60ande =0.01,D =0.5
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D=0, Kundu and Mandal (2019)
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Figure 22 Wave motion due to initial depression for fixed time ¢ = 20
ande = 0.01,Gh=0.5
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Figure 23 Phase velocity (¢) against frequency Kh for fixed D = 1.2

Gh = 0.4,0.8,and1.2. Increasing values of porosity param-
eter increase both ¢ and ¢, and it is clearly seen from the
figures that for each value of porosity parameter, ¢, > ¢ with
varying wave number.

From Figure 25, it can be seen that g attains its maxi-
mum value for a very small wave number and each ¢, curve
decreases with large values of wavenumber.

Figures 24 and 26 depict the phase velocity and group
velocity, respectively, against wave number for fixed values
of Gh = 0.5 and 1 and different values of flexural rigidity
coefficient D = 0.8, 1.2. It is seen that with increasing values
of rigidity coefficient magnitude of phase velocity and group
velocity both increase. Comparing Figures 24 and 26, it can

141
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Figure 24 Phase velocity (c¢) against frequency Kh for fixed Gh = 0.5
and Gh =1
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Figure 25 Group velocity (c,) against Kk for fixed D = 1.2

be observed that with each fixed value of rigidity parameter
always ¢, > c. Figure 24 depicts that for small values of
wave number; the phase velocity curves corresponding to
different values of D are shown nearly the same behavior
whereas a more prominent increasing nature of the curves
is shown for large wavenumbers. At the zero wave number,
phase velocity attains minimum value, nearly zero; hence
progressive wave does not propagate there.

From Figure 26, it is clear that varying porosity param-
eters ¢, initially decrease. It has attained a minimum value
for Kh < 1 but with large values of wavenumber, it again
increases.

6 Conclusions

In the present study, wave generation due to an initial
axisymmetric disturbance at the surface of an ice-covered
ocean with a porous bed is studied using Laplace and
Hankel transform method under the assumption of linear
water wave theory. The integral representation of the upper
surface elevation is approximated by using the stationary
phase method. The form of ice-covered surface depression
is depicted graphically in a number of figures against time
for some fixed distances from the shoreline and against the
distances from the shoreline for some fixed values of time
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Figure 26 Group velocity (c,) against Kh for fixed Gh=0.5 and
Gh=1
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for two types of initial axially symmetric disturbances. The
figures are drawn with either different values of the rigidity
coefficient of the thin elastic ice sheet or different values
of the porosity parameter of the sea bed. Here we consider
the porosity parameter real. It is observed from the figures
that as the flexural rigidity of the thin ice sheet increases,
the plate can resist the generation of the surface wave so
that the oscillatory nature of the wave reduced significantly.
Further ocean waves generating in the ice field are observed
to decrease in amplitude, and this observed reduction is
preferably due to the presence of both ice sheet and bottom
porosity. In the presence of a porous bed and ice cover, the
phase velocity and group velocity of the gravity waves are
depicted graphically in some figures for time-harmonic
motion.
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