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Abstract
This paper focusses on steel-welded hemispherical shells subjected to external hydrostatic pressure. The experimental and
numerical investigations were performed to study their failure behaviour. The model was fabricated from mild steel and made
through press forming and welding. We therefore considered the effect of initial shape imperfection, variation of thickness and
residual stress obtained from the actual structures. Four hemisphere models designed with R/t from 50 to 130 were tested until
failure. Prior to the test, the actual geometric imperfection and shell thickness were carefully measured. The comparisons of
available design codes (PD 5500, ABS, DNV-GL) in calculating the collapse pressure were also highlighted against the available
published test data on steel-welded hemispheres. Furthermore, the nonlinear FE simulations were also conducted to substantiate
the ultimate load capacity and plastic deformation of the models that were tested. Parametric dependence of the level of
sphericity, varying thickness and residual welding stresses were also numerically considered in the benchmark studies. The
structure behaviour from the experiments was used to verify the numerical analysis. In this work, both collapse pressure and
failure mode in the numerical model were consistent with the experimental model.
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1 Introduction

The pressure hull is the most important structural element
of submarines and submersibles. These structures must be
designed to meet their ultimate strength requirement with a
certain safety margin to confirm their desirable diving
depth. The spherical form most likely can withstand the
highest pressures and widely used in deep manned pressure
hulls. The use of titanium spherical hull type was recently
considered the most effective in load-carrying capacity in
the Hadal zone exploration that reaches to depths of
6000 m and beyond. These are some success stories in
the development of state-of-the-art manned submersible
vehicles such as Jiaolong operated by China NDSC (Cui
2018), Shinkai operated by JAMSTEC, Nautile operated
by IFREMER, and Consul AS37 operated by Russian
Navy (Kohnen 2018). This development of deep manned
submersibles represents its important contributions to the
ultimate strength of spherical shells. However, on the other
point of view, the spherical form is ineffective for manag-
ing the internal space arrangement for more complex
equipment and those with higher number of crew com-
pared with a cylinder with the same volume space.
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Therefore, ring-stiffened cylinders have been adopted for
the main structural form of naval submarines. However, to
achieve their optimum design and fulfil the hydrodynamic
aspects, those ring-stiffened cylinders are obstructed off by
a hemisphere or a torisphere.

The subject of hemispheric shells that can endure the ex-
ternal buckling loads has presented scientific and engineering
challenges for more than 100 years (Blachut 2014). Zoelly
(1915) derived the first classical buckling theory on spherical
form using the relationship between the elasticity modulus,
the Poisson ratio of the base material, the radius and the thick-
ness. The theory was based on the assumption of an ideal
perfect hemisphere. Thus, the effects of initial shape imper-
fection, variation of thickness and residual welding stresses
have not been considered in the prediction.

Approximately 53 years ago, extensive experimental work
was carried out by US Navy at the David Taylor Model Basin
(Krenzke and Kiernan 1965; Kiernan and Nishida 1966) and
Naval Ship Research and Development Center (Costello and
Nishida 1967; Costello 1970) to acquire feasible criteria for
the ultimate strength of the fabricated shells. The results show
that the deviation of the sphericity, including the thinning due
to cold forming, and the presence of the residual welding
stress exerted in the fabricated model must be considered to
achieve accurate prediction of the ultimate strength. The dis-
crepancy between analytical and experimental data for the
deep and shallow spherical shell was also explained by
NASA (1969), which gives the recommendation to threat
the design buckling pressure as the lower bound of the exper-
imental data.

Galletly et al. (1987) and Galletly and Blachut (1991)
then used these evaluations and the reported data as the
basis for the further numerical investigation of imperfect
steel hemispheres. They found that the lower bound of the
US Navy test results can be approximated using polynomi-
al imperfection to determine the required imperfection of
the magnitude-to-shell thickness, δ/t = 0.3 for 33 < R/t < 78
model size. However, the constant value of imperfection
magnitude δ/t will be increased two times for the model
over the range of 78 < R/t < 165. Shao and Frieze (1989a,
b) also determine the collapse load of the hemispheres
having asymmetric initial shapes. The testing was then
continued by Blachut and Galletly (1993; 1995) using
near-perfect torisphere and hemisphere to assess the influ-
ence of local imperfection. Seven imperfect spun steel
hemispheres in the range of R/t = 116 to 784 have also been
examined. Local and global eigenmode imperfection sen-
sitivities were also evaluated through the torispherical, el-
lipsoidal, and toroidal shell (Blachut and Jaiswal 1999).
Evkin and Lykhachova (2017) recommend estimating the
design buckling load of spherical shell using the energy
perturbation. This design criterion calculated the buckling
energy which allows to estimate the perturbation

sensitivity and verified through numerical analysis of a
spherical shell. An analysis of the imperfection sensitivity
of the spherical shell was also conducted by Wagner et al.
(2018). They proposed the design procedure that employed
the knockdown factor for the collapse predictions of spher-
ical shells. The empirical equation substantiates the initial
imperfection that was derived based on the numerical anal-
yses. The demand of the spherical shapes in the engineer-
ing application has also triggered the other similar shapes
such as torispherical and domes (Blachut et al. 1990,
Blachut et al. 1991, Moffat et al. 1992, Blachut 1998) with
a variation of height-to-diameter from 0.2 to 1.0, R/t= 60 to
100, domes for R/t = 100 (Blachut 2015), bi-segment of an
R/t = 94 spherical shell (Chen et al. 2017) and spherical
caps for R/t = 40 to 125 (Zhang et al. 2018a, b, 2019). An
alternative design of the bionic spherical shell, the egg-
shaped pressure hull, has also numerically and experimen-
tally been studied by Zhang et al. (2017a, b). This research
provides a new concept of pressure hull design where it is
noted that the egg-shaped pressure hull is less sensitive to
geometric imperfection than the conventional spherical
shell.

The main goal of the current paper is to assess the
reliability of FE analysis for predicting the collapse pres-
sure of the steel-welded hemisphere, thus enabling engi-
neers to use that numerical tool with confidence in deter-
mining the capacity in the actual structure case. With that
goal in mind, the present study starts with re-running the
ultimate strength experiment on the fabricated steel hemi-
sphere under external hydrostatic pressure. In addition,
this work is part of the continuous research on pressure
hull structures, after the study of the ring-stiffened cylin-
der (Cho et al. 2018) and the conical shell (Cho et al.
2019). Subsequently, the details of the previous published
identical tests on the welded hemisphere and the present
fabricated test model on four hemisphere models are
briefly summarized in the following section. The details
of the present experimental investigation, test procedure
and their results are presented in Section 3. Nonlinear FE
analyses considering the initial shape of imperfection,
varying thickness and residual welding stress were then
performed. Before performing the analyses on the present
test models, the numerical benchmark on the previous
published tests on the near-perfect and fabricated hemi-
sphere was performed in Section 4. The review on the
collapse strength code recommendations from Det
Norske Veritas, buckling strength analysis (DNV 1995),
PD 5500 (PD 5500 2003), Germanischer Lloyd, naval
ship technology (DNV-GL 2015), and American Bureau
of Shipping, underwater vehicles, systems and hyperbaric
facilities (ABS 2011) are provided in Section 5. The dis-
cussion is provided in Section 6, and conclusions are de-
scribed in Section 7.
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2 Welded Segment and Crown Hemisphere
Test Model

2.1 Review of Previous Work

The collapse strength of the hemisphere is greatly influenced
by its geometrical and structural imperfection. Therefore, a
series of hydrostatic pressure tests on welded hemispheres at
US Navy DTMB was conducted to determine the reason be-
hind the gap between the spherical shell as assumed in theory
and the practical fabricated spherical shell. Figure 1 shows the
schematic of the reference model test (Kiernan and Nishida
1966; Costello and Nishida 1967; Costello 1970).

Forty-one HY-80 steel hemispheres were made using the
pressing and welding procedures. The model consists of six
individual segments at each 60 degrees, closed by a spherical
cap. The stress-relieving treatments were applied to some
models in a hot furnace at 552 °C (1025 °F) for 1 h. Some
of the models were left in as-welded condition, so the effect of
stress relief can be quantified. Prior to testing, each hemi-
sphere was welded to the ring-stiffened cylinder mode. The
plate thickness of the cylindrical shell was increased more
than 10% compared with hemispherical shell thickness to pro-
vide the membrane conditions at the juncture of hemisphere
and cylinder. The details of the geometrical range for the ref-
erence and the present test model are shown in Table 1.

2.2 Present Test Model

Four models, HS-1 to HS-4, were made using petal
welding procedures, the same method as that used for fab-
ricating the actual full-size submarine end closures.
Residual stresses and imperfections were induced in the
model, as the method uses pressing and welding processes.
First, each piece of spherical shell was individually cold-

pressed into the desired sphericity. In this case, the cold
forming was repeatedly performed until the required over-
bend curvature was achieved. This process was chosen be-
cause the spherical plate could become elastic and spring-
back in the opposite direction. However, this deforming
process needs to be closely monitored. After this process
was done, then each of those bent plates was welded to-
gether. To maintain the sphericity, in the first arrangement,
the 60-degree-crown and one of the segment plate sections
were welded. Subsequently, the rest of the plates were
welded. The detail measurement of the initial geometry
imperfection and the variation of shell thickness were mea-
sured after all of the fabrication stages were done. All of
the tested models were made by using butt joints and single
bevel weld-preps. By considering the thicknesses, 4 mm
and 6 mm, the pass sequences were done in two-pass
welds. For the sequence with 6 mm thickness, the pass is
approximately 3.2 mm and 4 mm, whereas for 4 mm plate
thickness, the pass is 2.6 mm and 3.2 mm. The electrode
low hydrogen E 4316 type were used in the welding. The
pre- and post-weld procedures are normal of SMAW
welding type.

Test Model

Testing tank

Oil 

(pressure media)

(a) Crown and segments welding hemisphere (b) Setup of the external pressure test

Figure 1 Typical fabricated hemisphere model

Table 1 Summary of the geometrical and material properties of
available tests on welded hemisphere

Reference Number of data R/t E/σY

As-welded Stress-relieved

Kiernan and Nishida
(1966)

12 12 53 ~ 169 270 ~ 370

Costello and Nishida
(1967)

4 4 34 ~ 41 324 ~ 343

Costello (1970) 3 6 46 ~ 133 310 ~ 335
Present study 4 - 87 ~ 133 632 ~ 727
Total 23 22 32 ~ 170 260 ~ 727

Notes: R is the mean radius, t the thickness, E Young’s modulus, and σY
the yield strength
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A schematic and photograph of the recent test models
are shown in Figure 2. Three types of welding type were
investigated in this study. Models HS-1 and HS-4 consist
of four segment and one crown. Model HS-2 has three
segment and one crown. Finally, a single shell segment
was used in model HS-3.

A quasi-static tensile test was performed on coupons cut
from the same sheet metal from which the hemispherical shell
was fabricated. All of the test models were made from SS41
mild steel. The detail of the dimensions of the recent test hemi-
spheres and the results of the average value from the tensile test
are given in Table 2. For all calculations, Young’s modulus, E,
and Poisson’s ratio, ν, are fixed at 20 6000 MPa and 0.3, re-
spectively. In Figure 3, the engineering stress-strain relation of
SS41material which was adopted in the forthcoming numerical
analysis is shown. The yield strength σY was obtained from
0.2% offset and in the ranges of 290–332 MPa, and ultimate
tensile strength, σT, is 422–457 MPa.

3 Setup of Experiments

3.1 Preparation Before the Test

Eachmodel was measured for initial imperfections and thickness
variations. The measurements were conducted on a custom ro-
tating table (free to rotate) with a dial gauge attached at the arc-
shaped steel rail. The rail is fixed at the location of the prime
meridian of the hemisphere. Thus, the relative distance of the
whole direction of the shell can be determined precisely. For
the thickness measurement, an ultrasonic gauge was used. The
photograph of the device and the typical model measurement in
which the model is placed on the turn-table are shown in
Figure 4. To support the spatial measurements, the latitude and
longitude gridlines were made. The gridlines were drawn at ev-
ery 15° interval. The initial shape imperfections and thickness
measurements were taken at the cross-point between the axial
lines and the radial direction from the outer surface of the shell.

(a) (b) (e) (f)

(c) (d) (g) (h)

60O

Crown

Shell 

segment

Figure 2 Welding line: (a) HS-1 and HS-4, (b) HS-2, (c) HS-3, (d) Side view, photograph before painting; (e) HS-1, (f) HS-2, and before testing; (g) HS-
3, (h) HS-4

Table 2 Details of the test model parameters

Model Shell parameter Material

R (mm) t (mm) S (mm) R/t λ σY(MPa) εY σT (MPa) E

HS-1 502.9 5.75 1580 87.5 20.9 290 0.001408 457 206000

HS-2 302.9 5.72 952 53.0 16.3 287 0.001393 448 206000

HS-3 501.9 3.75 1577 133.8 22.5 332 0.001612 393 206000

HS-4 577.9 5.73 1816 100.9 22.2 293 0.001422 422 206000

Notes: S is arc length of the hemisphere (mm), λ non-dim parameter, S=
ffiffiffiffiffi
Rt

p� �
E=1000σYð Þ;σY yield strength (MPa), εY yield strain (non-dim), σT

tensile strength (MPa), and E Young’s modulus (MPa)
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By utilizing the result from the dial gauge measure-
ments, the spatial coordinates of the hemispherical shell
could be modelled, as seen in Figure 5, for the case of
HS-1. To gain a better presentation, the magnitude has
been amplified 10 times the original value. The mea-
surement procedures were followed what has been pre-
sented in Kendrick (1977). A summary of the imperfec-
tion measurements is provided in Table 3. It shows that
the amplitude deviate from the mean radius for about
0.90%–1.52% and are inward facing. Since this is a
small-scaled model with fabrication treatment as in the
actual structure, it is not surprising that the degree of
initial imperfection seems greater than what is found in
the full-sized structure. Subsequently, the shell thickness
measurements were taken by an ultrasonic gauge at the
same crossing point of the axial and radial lines in the
mid-bay. This measurement resulted in 156-point thick-
ness. The scattering of the shell thickness information of
the hemisphere shell model HS-3 is illustrated in
Figure 6.

3.2 Apparatus and Testing

In performing the test, all the hemisphere models except model
HS-2 were pressurized in the pressure chamber with an inner
length of 2.8 m and a diameter of 1.3m. Themaximum chamber
pressure can be up to 80 bars. All of the tests and procedures
were performed in the Ultimate Limit State ANalysis Laboratory
(ULSAN Lab), University of Ulsan. Model HS-2, which was
designed to have the highest collapse pressure, was tested using a
small-sized chamber with an inner length of 1.8 m inner length
and an inner diameter of 0.65 m. In that case, the chamber is
capable of being pressurized up to 120 bars. Figure 7 shows the
schematic of the installation of models that were tested in the
horizontal-type small and medium size chambers. Since the
model volume is relatively large (approximately 18 to 28% of
the chamber volume), the pressure drop evidently occurred im-
mediately after reaching the ultimate strength due to the collapse
of the structure (a loud bang was heard in the chamber). That
pressure drop phenomenon is different from the actual subsea
conditions where the ambient pressure is constant. However, the
study is focused on obtaining the ultimate strength and the be-
haviour under loading. Thus, the pressure drop is neglected.

Initially, before installation into the chamber, the model
was welded onto the flange. Then, the O-ring was placed into
the groove at the top plane of the flange where special grease
is also applied. Finally, the model together with the open
flange was lifted and inserted into the chamber and bolted
using an air-impact wrench. One active line used for measur-
ing the ambient pressure is located at the top, while another
active line, which is used to supply the compressed water, is
located at the bottom. The test commenced by increasing the
internal pressure up to 2 bars and then depressurising the
chamber by opening the release valve. During the test, load
increments were uniformly divided into three main runs, the
first and second up to approximately 25% (±1.5–3 bars) and
approximately 80% (3–5 bars) of the predicted collapse pres-
sure, and the third was up to the point of collapse with the load
at every 0.5 bar. At every pressure increment, the pressure was
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Figure 3 Typical stress-strain curve from the tensile test

(a) Turn table device with the arc-shape rail dial gauge (b) HS-2 sphericity imperfection measurement

Figure 4 Measurement of initial shape imperfection
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maintained for approximately 0.5 to 1 min to settle the ambi-
ent pressure before increasing further. This procedure was
used to model a similar condition where the actual structure
gradually submerges in the subsea operation.

The equipment and custom device used during the test are
described in Figure 8. The strain gauges were also installed at
the inner shell of the model at various locations. All of the
hemisphere models were subjected to external hydrostatic
pressure up to their failure. During the experiment, visible
deformation and other data were recorded to map the trend
of plastic deformation to the corresponding area in the shell. In
the final stage, after the collapse pressure was reached, the
pressure was released gradually, and the water started to drain
from the chamber by opening the release valve at the top and
bottom of the chamber.

3.3 Test Results

3.3.1 Failure Mode Evaluation

All hemispheres failed suddenly with an audible sound and a
pressure drop recorded immediately after reaching the col-
lapse pressure. Two types of failure mode were observed from
the four hemispheres tested. First, the failure occurred starting

from the welding line of the spherical cap and then gradually
compressed downward into a local plastic deformation and
spread globally. Second, the initial local stress concentration
occurred below the crown, near the equator. The plastic de-
formation started to decelerate along the meridian and termi-
nated at the welding line between the spherical crown and the
shell. In the area below the crown, the failure stopped after
engaging the end boundary. The experimental collapse pres-
sures and the final deformed configuration of the tested hemi-
sphere are depicted in Figure 9. Based on the post-collapse
evidence, we suspect that the number of welding lines (red
dotted line) and the size of the hemisphere influenced the
failure mode.

Model HS-1 test, which was 500-mm nominal radius and
90 degree weld shell segment, was loaded to a maximum
pressure of 5.49 MPa. Receding slightly inward immediately
after the ultimate point, water was continuously injected, and
the pressure continued to drop to 3.0 MPa. The severity of this
collapse shape occurred at approximately 270 degrees at the
spherical cap involving 2/3 of the hemisphere. In the case of
HS-2, a failure mode similar to HS-1 was observed. This
model is a 120 degree shell welding line configuration, small-
er than HS-1 with a nominal 300-mm radius with the same
thickness. The shell moved slightly inward after pressuriza-
tion, and a maximum pressure of 9.81 MPa was recorded.
However, the model resisted a pressure up to 80% higher than
the previousmodel. After the collapse, the pressure dropped to
5.30 MPa. The centre of the dent was located at the weld line
of the crown.

Specimen HS-3 was loaded to collapse and failed at the
side shell. Model HS-3 was designed to have the same size
sphere radius as HS-1, but the shell thickness was nominally
3.75 mm. The welding configuration had only a single shell
segment and its cap. The failure was initiated by yielding of
the area 20 degrees above near boundary at 285 degrees lon-
gitude. The collapsing walls had grown, covering the area at
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Figure 5 Initial shape imperfection magnified 10 times (HS-1 model)

Table 3 Details of the imperfection parameter

Model Max. shell out-of-roundness (δ) tmin tavg
(mm)

tmax

δ/R
(%)

Rmin Rmax Location
(mm)

HS-1 0.90 498.32 503.48 Lat 60o, Long 150o 5.34 5.75 5.92

HS-2 1.52 298.25 305.55 Lat 0o, Long 150o 5.32 5.72 5.95

HS-3 1.14 496.13 505.67 Lat 0o, Long 150o 3.62 3.75 4.10

HS-4 0.78 573.34 580.46 Lat 60o, Long 60o 5.27 5.73 5.94
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approximately 45 degrees. The pressure gauge reached a max-
imum pressure of 3.10MPa. The last tested model (HS-4) had
a configuration similar to HS-1 with a larger diameter.
Surprisingly, in this model, the localized plastic deformation
followed the HS-3 model at the area below the crown. The
crown of inward deformation abruptly stopped when the col-
lapse reached the end boundary and the crown. The computer
recorded that this model failed at a pressure of 4.30 MPa.

3.3.2 Pressure and Strain Evaluation

In this subsection, two typical types of failure were analysed (i.e.
crown failure and shell segment failure). The circumferential
strain configuration on the inner side of the hemisphere model
of HS-1 (crown failure) plotted against the applied pressure is
depicted in Figure 10. A red-filled failure area of eachmodel was
noticed. In the case of model HS-1, the crown area experienced

compression, where the largest strain was monitored on strain
#4. The tension part was located at the opposite of failure region,
showed by strain #1, #2 and #5. The maximum tension strain
was found to be about 75% of yield strain. Thus, from the strain
measurement, the location of the first shell yield was expected to
be the location of the maximum post-collapse deformation. This
location was at approximately 207° around the welding line of
the crown. Once the compressive stress near the welding line
reached its yielding stress, the localized plastic deformation pen-
etrated downward to the equator.

Before reaching collapse, model HS-3 began to visibly
deform between strain position #3 and #8. The deformation
showing inward stretching behaviour grew towards the
boundary and upward to the crown. Figure 11 shows the re-
sponse of applied pressure against the strain measurement
with their corresponding location. For side shell segment fail-
ure, the opposite dent area is in tension. The maximum tension

Figure 6 Plotting of thickness variation (HS-3 model)

Figure 7 Ultimate strength test setup in the main facility

621S.-R. Cho et al.: Ultimate Strength Assessment of Steel-Welded Hemispheres under External Hydrostatic Pressure



strain recorded in position #4 and #6 was approximately 66%
of the yield strain.

4 Numerical Analyses

In the present study, finite element analyses were performed
using a commercial software package Abaqus FEA. The S4R
element, which is a 4-node doubly curved finite-strain element
with reduced integration and hourglass control, was used for
discretization of the physical models. Mesh convergence stud-
ies were performed to determine the required mesh density.
Pessimistically, the material behaviour was assumed to be
elastic-perfect plastic, though this is a reasonable assumption
for ultimate strength considerations (Cho et al. 2018, 2019).
The shell element also showed good agreement, and compu-
tational time can be saved up in the modelling of welding
simulation (Shen and Chen 2014). As the solution procedure,
a modified Riks method was utilized, which allows both snap-
back and snap-through to the post-collapse. Initially, to verify
the load and boundary conditions, numerical models for sym-
metrical buckling and for the uppermost of the critical

buckling pressures (eigen buckling pressure), the general so-
lution derived by Zoelly (Eq. 1) was used. The results for 50
cases of the numerical hemisphere models that varied in the R/
t ratio agree perfectly with the solution as presented in
Figure 12. Most of the hemisphere models are numerically
tested with the load and BCs of the analyses as presented.
Numerical benchmarking was conducted to verify the
nonlinear numerical procedures and the validity of the
results. Two previous laboratory test models were used as a
benchmark. The details of the experiments can be found in
Kiernan and Nishida (1966) and Blachut et al. (1990).

Pe ¼ 2Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1−v2ð Þp t=Rð Þ2 ð1Þ

4.1 Numerical Benchmark on Near-Perfect
Hemisphere

In this benchmark, the machined steel domes were utilized.
Themodels weremachined on computer-controlled numerical
lathe. Thus, the models achieved a spherical shape which was
nearly perfect with no initial radial deviations. The variation of

Figure 8 Pre- and post-test procedures of the ultimate strength assessment
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the shell thickness of the domes differed by almost 4% from
their average thickness. The thickness measurement results
along the shell are reported in Table 4. All of the models
had a diameter of 0.2 m and a thickness between 0.653 and

0.775. The variation in thickness shows that the area around
the pole is thicker and becomes thinner approaching the equa-
tor. This variation is most likely due to the effect of the ma-
chined models that were formed from billet mild steel. The

Figure 9 Post-failure shape evaluation for all tested hemisphere model
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Figure 10 Pressure and strain evaluation model HS-1 (crown failure)
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average properties of yield strength σy and the Young’s mod-
ulus Ewere determined to be 303.5 and 207 000MPa, respec-
tively. In the numerical analyses, the steel was assumed to be
elastic and perfectly plastic. As Figure 13 shows, the failure
shape between the numerical and the test results was verified.
In Table 5, the accuracy of the prediction reached 95%. The
discrepancies among the models are influenced by the varia-
tion in their shell thickness. The buckling resistance of the
shell was controlled by the height of the sphere H/D ratio,
where the weakness was shown by the smallest ratio of H/
D (Model 1).

4.2 Numerical Benchmark on Previous Fabricated
Hemisphere

The detrimental effect of the fabricated hemisphere could be
assessed by utilizing the initial shape imperfection, the uneven
thickness, and the residual welding stress, and fairly good
agreement could be obtained. Yu et al. (2017) simulated the
welding process using their thermodynamic properties and
revealed that the maximum reduction in ultimate strength is
less than 3.25%. Tekgoz et al. (2015) modified the stress-
strain curves to introduce the residual stress and showed that

the residual stresses reduce the ultimate load remarkably with
thicker plates but have less effect when the plate is thin. To
investigate this influencing factor, in this case, fabricated
models from Kiernan and Nishida were used. Two pairs of
identical models made from HY-80 steel were used. One was
the stress-relieved model, and the other was without relieving
stress, leaving the welding process as it is. Models 1 and 3 had
a diameter of 381 mm, and models 16 and 14 had a diameter
of 838.2 mm. In the stress-relieved model, the model was
inserted into the hot furnace for 1 h. Then, the model was
removed from the furnace and stored at room temperature.
By this procedure, the residual welding stress can be dimin-
ished. Hence, the buckling resistance was expected to be
higher than in the as-welded model. To consider this effect,
the weld-line of the hemispherical segment needed to be
modelled.

In the numerical analyses, the welding tensile stress was
equal to the yield strength of the material. These stresses were
established along the welding line, whereas the compressive
stress which using an assumption of 0.17 of σY (Faulkner
1977) was applied at the outside of the weld-lines (across
the welding lines). The value of 17% of yield strength is rea-
sonable involving other parameters such as the initial shape of
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Figure 11 Pressure and strain evaluation of model HS-3 (shell segment failure)
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the imperfection and the variation of the thickness. It was
determined later that Grunitz (2004) re-tested the flat welded
steel in which the effect of initial imperfection and thickness
variations were negligible. The specimens of HY-80 material
were examined using a neutron strain diffractometer and de-
termined that the compressive strength was 190 MPa, which
was approximately 30% of the tensile strength at the weld line.

The results of the numerical analyses of these models are
given in Table 6. An equivalent magnitude of imperfection (δ)
from Galletly et al. (1987) was used, assumed to be δ/t = 0.5.
Both the experimental and the numerically investigated values
for the collapse prediction and the failure modes agreed well.
In the same table, the ultimate strength of the stress-relieved is
approximately 2 to 8% higher than the as-welded model. In
the numerical study, stress-relieved means without residual
stress. Overall, the initial imperfection and assumption of the
welding residual stress in the numerical analysis procedures
give 96% accuracy for those two kinds of test models.

In Figure 14, the deformed shape is given together with
the actual photograph from the test results of the stress-

relieved and as-welded (models 1 and 3, respectively).
Close agreement was achieved where two models failed
at the same location, the failure shape at the 0°- welding
line. To obtain more specific information, the difference in
applying the residual stress, the initial loading phase, be-
fore and post-collapse are presented in Figure 15. For the
as-welded model, as the pressure increases, the residual
stress is spread over the shell segment and crown intersec-
tion as shown in image Figure 15(a). Before reaching the
ultimate state, regions in addition to the welding line re-
ceive higher compressive stress. The crown-segment
welding intersection can no longer provide support, so
the plastic deformation starts to develop, as shown in
Figure 15(b). Finally, the local stress concentration at the
crown-segment welding intersection promotes a shell fail-
ure which reduces the structural strength, and the collaps-
ing wall starts to decelerate approaching the boundary, as
shown in Figure 15(c).

Table 4 Thickness measurement of the near-perfect test models

Meridian numbers

The typical thickness variation on machined model

1 2 3 4 5 6 7 8

0.667 0.667 0.667 0.667 0.667 0.667 0.667 0.667

0.676 0.674 0.676 0.680 0.678 0.675 0.673 0.676

0.680 0.681 0.675 0.673 0.675 0.680 0.680 0.678

0.674 0.674 0.668 0.663 0.671 0.674 0.674 0.676

0.672 0.675 0.674 0.672 0.674 0.677 0.672 0.677

0.672 0.673 0.673 0.674 0.674 0.674 0.672 0.676

0.672 0.673 0.671 0.671 0.671 0.672 0.672 0.670

0.666 0.673 0.671 0.670 0.671 0.672 0.670 0.671

0.670 0.668 0.670 0.672 0.669 0.669 0.670 0.669

0.670 0.672 0.672 0.672 0.673 0.673 0.671 0.673

0.668 0.670 0.668 0.670 0.667 0.670 0.667 0.668

0.668 0.667 0.666 0.666 0.666 0.669 0.666 0.668

0.663 0.665 0.664 0.663 0.664 0.663 0.665 0.669

0.669 0.671 0.669 0.667 0.668 0.669 0.670 0.670

0.667 0.667 0.666 0.667 0.667 0.670 0.664 0.668

0.661 0.663 0.660 0.664 0.657 0.663 0.663 0.662

0.654 0.661 0.654 0.656 0.649 0.656 0.652 0.654

Figure 13 Nonlinear FEA
benchmark results using near-
perfect test models
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4.3 Evaluation on Present Test Model

After the accuracy of the numerical benchmarking was shown,
the present test model was analysed. Initially, mesh convergence
studies were performed for all the welded models, namely, HS-1
to HS-4. Each mesh was composed of sweep-quad dominated
shells with rough mesh at the welding block. Figure 16 shows
the results of a convergence study where 6 mm× 6 mm mesh
was chosen for the appropriate size. The ratio Xm, the eigen
buckling pressure and the upper limit elastic buckling pressure
from Eq. (1) were used to obtain the converged results.

The measured data of outer surface hemispherical shell was
used in 3-D coordinates and recalled through a commercial
CAD software package. Subsequently, the developed shell ge-
ometry was imported into Abaqus. In addition, thickness vari-
ation for each mapped coordinates was inserted as the actual
shell thickness. The residual welding stress assumption that was
assessed in previous benchmark analyses was used. All of the
finite element models were fully clamped, the same as in earlier
analyses. For all numerical models, a uniform pressure incre-
ment of 1.0 MPa was applied externally as described in
Figure 12. The collapse pressures were determined on the max-
imum load proportional factor that is equal to the critical pres-
sure of the nonlinear buckling analyses. Table 7 presents the
comparison of the predicted collapse pressure and the failure
shape. In all analyses, the failure modes appear to have a plastic
deformation similar to the test results. The modelling of the
uncertainty factor of the accuracy, Xm, was taken as the ratio
of experimental and predicted collapse pressure. The mean that
was obtained and the COV show a reliable solution with good
accuracy, as much as 0.99 and 6.87%. Overall, the qualitative

and quantitative validation from the numerical results shows
good agreement and can be used for the prediction of the ulti-
mate strength of the actual fabricated structures.

5 Ultimate Strength Formulation

The following sections present the analytical quantities used for
the pressure hull design codes. The contemporary pressure hull
design codes such as PD 5500 (PD 5500 2003), Germanischer
Lloyd (DNV-GL 2015), American Bureau of Shipping (ABS
2011) and Det Norske Veritas (DNV 1995) have been chosen
to provide a thorough substantiation of the ultimate strength
prediction. Most design codes use a conventional deterministic
working stress approach, undertaking an analysis for each mode
of failure. A single safety factor or several partial safety factors
(PSFs), accounting for uncertainties in the loading, fabrication
and strength of the pressure hull, were applied to the character-
istic strength to determine the allowable working pressure.

The critical buckling (Pe) formulation of a complete spher-
ical shell under external uniform pressure was at first solved
by Zoelly in Eq. (1). This classical theory was the basis of the
recent design codes. In this further subsection, several design
codes will be assessed with the available data from previous
and present test results.

5.1 Det Norske Veritas

Buckling of an unstiffened spherical shell occurs when the
largest compressive principal membrane stress reaches a crit-
ical value, σcr. It may be taken as:

σcr ¼ σY=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ4

p� �

λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σy= 0:606ρEt=Rð Þ

q
; ρ ¼ 0:5=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R

100 t

r ð2Þ

where R is the shell radius, t is the thickness, σY is the yield
strength of the material, λ is the reduced slenderness, and ρ is
the imperfection factor. Hence, the collapse pressure (Pc1) is
given by:

Pc1 ¼ 2tσcr=R ð3Þ

Table 5 Nonlinear FEA benchmark accuracy using near-perfect test
models

Collapse pressure
(MPa)

Model 4(d) Model 3(c) Model 2(b) Model 1(a)
H/D=0.5 H/D=0.4 H/D=0.3 H/D=0.2

PC, Test 3.85 1.53 1.38 1.10

PC, Num 3.75 1.59 1.49 1.21

PC, Test/ PC, Num
1.02 0.97 0.92 0.91

94.61 % Accuracy

Table 6 Nonlinear FEA
benchmark accuracy using
fabricated test models

Collapse pressure (MPa) Model 1 O) Model 3 X) Model 16 O) Model 14 X)

R/t=97 δ/t=0.5 R/t=78 δ/t=0.5

PC, Test 10.00 9.30 10.70 10.54

PC, Num 9.86 9.59 11.03 10.11

PC, Test/ PC, Num
1.01 0.97 0.97 1.04

96.39 % Accuracy

Notes: O) Stress-relieved model, X) As-welded model
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For a complete sphere subjected to uniform external pres-
sure, the design pressure defined by PY

PY ¼ 2σY t=R ð4Þ

From the Eq. (2), it shows that value of critical stress, σcr, is
taking into account the nonlinearity effect of geometry and
material. Here, the corresponding safety factor is determined
by the value of PY/Pc1 or σcr/σY.

5.2 American Bureau of Shipping

In the ABS code, the limit pressure (Pc2) for spherical shells is
to be obtained from the following equation:

Pc2 ¼ 0:7391 Py 1þ Py=0:3Pe
� �2h i−1

2
for Pe=Py

� �
> 1

Pc2 ¼ 0:2124 Pe for Pe=Py
� �

≤1
ð5Þ

where Pe and Py shall be determined as Eqs. (1) and (4),
respectively.

In determining the allowable working pressure, the limit
pressure, Pc2 shall be multiplied by the safety factor which is
to be taken as 0.67.

5.3 PD 5500

In PD 5500, the collapse pressure is determined based on the
ratio between elastic buckling pressure (Pe) to the yield pres-
sure (PY) from the Eqs. (1) and (4). The relation is determined
by the following equation:

1

PC3

� �2

¼ 1

0:3Pe

� �2

þ 1

Py

� �2

ð6Þ

The quadratic form is related to the mean strength
curve of the collection of the test model. An acceptable
design pressure is controlled by the safety factor which
fitted to test data. For the case, of mean strength curve
(PC3), PD 5500 adopts a guaranteed factor of safety of
1.75.

5.4 Germanischer Lloyd

In this design code, the strength prediction is calculated
using the yield pressure and the elastic buckling load. The
calculated pressure (Pc4) is typically associated with
Collapse Diving Pressure (CDP), where the safety factor
was incorporated through this value. The design or
Nominal Diving Pressure (NDP) is approximately half of
the CDP. However, the Test Diving Pressure (TDP)
should be proofed during the trial where the value is ap-
proximately 60% of the CDP. Interestingly, the prediction
of the welded spherical shell can be calculated following
the fabrication criteria. The first refers to the spherical
ends that are not stress-relieved and the other refers to
tempered-stress-relieved spherical ends.

As-welded hemispherical model

for x≤0:47; Pc4 ¼ Pe1

for 0:47 < x≤3:18; Pc4 ¼ Py 0:38þ 0:195
Pe1

Py

� �

for x > 3:18; Pc4 ¼ Py

ð7Þ

For stress relieved

for x≤0:595; Pc4 ¼ Pe1

for 0:595 < x≤2:7; Pc4 ¼ Py 0:475þ 0:195
Pe1

Py

� �

for x > 2:7; Pc4 ¼ Py

ð8Þ

where x equal to Pe1/PY, Pe1 is the modified version of Zoelly
[1] which expressed as

Pe1 ¼ 1:4 Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1−v2ð Þp t

R

� �2

ð9Þ

5.5 Strength Formulation Based on the Derived
Knockdown Factor

It is mentioned in the beginning that the gap between
theoretical and experimental can be fitted. For this pur-
pose, the analytical buckling formula from Zoelly (Eq.
(1)) is defined as the basis. NASA (1969) substantiated
the test data and derived the knockdown factor which
suited for the shallow and deep spherical shell. Evkin

(a) Stress relieved hemisphere (Model No. 1)

(b) As-welded hemisphere (Model No. 3)

Figure 14 Failure mode validation for the numerical analyses using
fabricated model

627S.-R. Cho et al.: Ultimate Strength Assessment of Steel-Welded Hemispheres under External Hydrostatic Pressure



and Lykhachova (2017) and Wagner et al. (2018) later
improved the design criterion by taking into account the
perturbation effect and expanded the factor for different
shell geometries, respectively. The predictions are as fol-
lows:

λ ¼ 1:414 12 1−ν2
� �	 
1=4

: R=tð Þ1=2; shape parameter for hemisphere ð10Þ

PNASA ¼ Pe: 0:14þ 3:2=λ
2

� �
; for λ > 2 ð11Þ

PEvkin ¼ Pe:0:693= 1−νð Þ1=5λ2=5
; for λ≥5 ð12Þ

PWagner ¼ Pe: 5:172 λ
−1:464 þ 0:1296

� �
; for λ≥5:5 ð13Þ0 100000 200000 300000 400000 500000

0.98

0.99

1.00

1.01

1.01

1.02

1.03

1.04

1.05

X
m

Number of element

Converged solution

(Mesh size 6x6 mm, 

solve time 2 hours)

HS-1 3x3

HS-2 4x4

HS-3 6x6

HS-4 10x10

15x15

30x30

Figure 16 Mesh strategies for present test model

Model No. 16 Model No. 14

(a) Initial state of the load

(b) Before reaching the ultimate state

(c) After reaching the ultimate state

Figure 15 Failure mode of the
stress relieved (no. 16) and as-
welded model (no.14)
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Table 7 Deformed shape configurations and calculated collapse prediction

Model name Failure area Experiment results Numerical results

HS-1 Crown

= 5.49 MPa = 5.52 MPa

HS-2 Crown

= 9.81 MPa = 9.25MPa

HS-3 Shell segment

= 3.10 MPa = 3.04 MPa

HS-4 Shell segment

= 4.30 MPa = 4.68 MPa

Notes: Xm=Pc,Exp / Pc.Num ; Mean =1.00, std.Dev=0.06, COV=5.97%
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It should be noted that the solution of this buckling pressure
is based on the shell parameter and empirical knockdown
factor, where it was limited to certain population data.
However, this formula will be also applied to the previous
and recent tested data and discussed in further section.

6 Discussion

In Figure 17, the results for prediction above design code are
summarized. The prediction was empirically fitted to the ex-
perimental data. The biases and coefficient of variation de-
pend on the simplified curve fit of the predicted collapse

pressure against the actual pressure. For instance, PD 5500
uses the mean curve instead of the lower bound from ABS.
As presented in Table 8, the lower bound and mean curve
result in the average of 1.16 and 1.03 from computed design
codes ABS and PD5500, respectively. In case for the GL
design equation, two criteria for the fabrication model are
presented. The differentiation between welded and stress relief
seems to overestimate the prediction by 4% for the stress-
relieved model and 19% for the as-welded model. As evi-
denced by the table, the buckling prediction using the estima-
tion from Eqs. (11–13) seems unsatisfied against the hemi-
sphere test data where the COV are more than 30%. These
scatters are mainly influenced by the knockdown factor which
are most of the knockdown factor in this case were formed by
the spherical type.

The detailed comparison of predicted collapse among
the nonlinear FE analysis results, design code and the pres-
ent four test models is tabulated in Table 9. Among the
design code formulae, the results of the ABS rules were
determined as a lower bound prediction. In contrast, the
overestimated results from DNV-GL and GL elucidated
the upper-bound prediction; the results showed that the
results from PD 5500 are closer to the mean value.
Evidently, the numerical investigation not only predicted
the failure shape, but the collapse prediction also appeared
closer to unity. However, the variation approaches 5.27%,
attributed to the residual welding stress needing to be ac-
curately assessed. Overall, the nonlinear FEA results
yielded reasonable predictions.

In numerous practical applications of the submarine
pressure hull, the hemisphere was constructed mainly of
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Figure 17 Plot of design equation prediction curve among the test data: *)

as-welded and stress-relieved fabricated hemisphere test data obtained
from (Kiernan and Nishida 1966; Costello and Nishida 1967; Costello
1970)

Table 8 Comparison of design equation against previous test data

Number of tested data DNV-GL
(Eqs. 7, 8)

DNV
(Eq. 3)

ABS
(Eq. 5)

PD 5500
(Eq. 6)

PNASA
(Eq. 11)

PEvkin
(Eq. 12)

PWagner

(Eq. 13)
Accuracy (mean/COV)

23 as-fabricated 0.81/16% 0.90/9% 1.30/10% 1.00/10% 1.47/31% 1.02/35% 1.18/36%
22 stress-relieved 0.96/14% – – –

Table 9 Comparison of the test and prediction results

Model R/t λ Pc. Exp Pc. Num Pe Py Experimental / Prediction

(MPa) Num DNV ABS PD 5500 GL

HS-1 87.46 20.94 5.49 5.52 32.59 6.61 0.99 0.95 1.36 1.00 0.83

HS-2 52.95 16.30 9.81 9.25 88.89 10.92 1.06 0.94 1.31 0.97 0.90

HS-3 133.84 22.54 3.10 3.04 13.91 4.96 1.02 0.92 1.31 0.97 0.83

HS-4 100.86 22.17 4.30 4.68 24.51 5.81 0.92 0.89 1.28 0.94 0.84

Mean 1.00 0.93 1.31 0.97 0.85

COV (%) 5.97 2.77 2.51 2.51 3.87

630 Journal of Marine Science and Application



pre-formed shell segments. Currently, the application of
hot forming to pre-form the shell segments is improving,
and the initial shapes of imperfections are becoming
smaller. Eventually, the detrimental effect of the stress
localized from welding is suspected to highly influence
the collapse strength. In Figure 18, a parametric depen-
dence of initial imperfection and residual stress on the
ultimate strength were investigated numerically. The re-
sidual stresses show the stresses induced at the shell
welding junction, whereas the initial imperfection is the
combination of out-of-roundness and shell thickness var-
iation. The assumed perfect model must have the maxi-
mum collapse pressure, i.e. when there is no nonlinear
effect induced in the model. The ideal perfectly modelled
collapse pressure is approximately 33% higher than the
test result. The residual stress shows reduction in the
range of 6 to 15% from the ideal, where the combined
initial imperfection and uneven thickness reduce the col-
lapse strength as much as 18%.

7 Conclusions

In this paper, a detailed ultimate strength assessment of the
steel-welded hemispherical shell has been carried out.
Experimental studies on four fabricated shell segments and a
spherical crown have been carried out as the benchmark to
substantiate the numerical investigation and design formula
assessments. The experimental collapse pressures ranged
from 3.10 to 9.81 MPa. The most notable points resulting
from this study are summarized as follows:

1) From the present test data and remarkable previous ex-
periments, two typical failure modes of the test

hemispheres were observed. Two hemisphere models
(HS-1 and HS-2) failed at the crown area, while the other
two (models HS-3 and HS-4) collapsed at the shell-
segment side. For the machinedmodel (near perfect hemi-
sphere), the failure occurred only at the crown. This dif-
ferentiation was revealed by the effect of imperfection
and the residual stress from the fabricated model.

2) In the numerical predictions, the nonlinear FEA was
shown to agree well with the experimental results.
The predicted failure modes exhibited the same be-
haviour that was obtained in the experimental re-
sults. The predicted collapse pressures varied from
3.04 to 9.25 MPa, where the COV (coefficient of
variation) was 6%. From this accurate correlation of
the numerical and the experimental results, an as-
sessment of the ultimate strength of the actual struc-
ture of the submarine pressure hull can be confi-
dently evaluated.

3) Overall, the prediction of four test hemispheres ob-
tained by the design code (DNV, ABS, PD5500, GL)
was in agreement with the corresponding test results
with an accuracy of 97%. From the previous collect-
ed published test data of 45 models, the accuracy
was approximately 85%. The empirical knockdown
factor which derived from spherical shell shows in-
consistencies when being asses to hemisphere. The
improvement of the design formula considering the
reduction factor to account for the effect of the re-
sidual welding stress and stress-relieving treatment
would need to be reevaluated. The detailed investi-
gation of the quantity and shape of the weld lines of
the identical size model to the buckling behaviour of
the fabricated steel hemisphere is also worthy of fur-
ther study.
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