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Abstract

The vibration and noise produced by the powertrain and waves inside ship cabins limit working efficiency and crew and
passengers’ accommodation quality. This paper simplifies ship cabins as cavities and explores active control techniques to
attenuate sound transmission via multiple parallel-supported flexible subplates. The theoretical formulations of the interaction
between multiple subplates and cavities were performed and the coupling relationships between them were analyzed. Based on
the multiple subplates and the cavity coupling models, numerical simulations were performed using the derived optimal con-
troller to minimize the transmission of sound into the cavities through two and nine parallel-supported subplates. The various
control strategies were explored to minimize the coupling system’s acoustic potential energy, and the control performances were
compared and discussed. The mechanism of reducing sound transmission through multiple supported subplates into a cavity is
revealed. The simulation results showed that the vibration pattern of the controlled subplate is changed after it is regulated, which
increases its radiation to subdue the other subplates’ radiation, while increasing vibration of the controlled subplate. The more
subplates a cavity has, the more kinetic energy the controlled subplate possess. Furthermore, the noise reduction performance of a
cavity with fewer subplates is better than that with more subplates.

Keywords Active structural-acoustic control - Cabin noise - Multiple subplates - Sound radiation - Structural-acoustic coupling

1 Introduction

Noise pollution has been acknowledged as a serious issue for
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our safety, and the design of quiet systems has become one of
the major concerns which have attracted a great deal of interest
in ship cabin engineering (Ankit 2018; Kletschkowski 2012;
Wszotek 2017). In many applications, an enclosure’s interior
noise is caused by external sound sources that transmit to the
cavity through flexible plates such as rail carriages (Sadri and
Younesian 2015), offices, and automobiles (Du and Zhang
2012). The noises generated by diesel, generator, and waves
are more extreme for ship cabins, which dramatically reduces
crew and passengers’ work performance and comfort
(Amromin 2018; Cheer and Elliott 2016; Kandouci and Adjal
2014). Fatigue and comfort for crew and passengers were given
more priority during the design of modern ships (Kurt et al.
2016). The noise control of ships becomes an important subject
in such a background (Naveen et al. 2014; Borelli et al. 2016;
Zhang 2017). To make it easy to analyze the acoustics inside a
ship cabin, it is usually simplified as a structural-acoustic cou-
pling cavity, which has been investigated by many researchers.
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Snyder and Tanaka (1993) analyzed the feedforward control
strategies to reduce the interior noise of an enclosure. Noise
reduction was analyzed by Pan et al. (1990) and Pan and
Hansen (1991) using a force actuator to control noise transmis-
sion to a cavity with various noise incident angles. Using both
force and acoustic secondary sources, Kim and Brennan (2000)
tried to reduce sound transmission into a cavity. Al-Bassyiouni
and Balachandran (2005) then used a spherical wave as an
incident sound to investigate the interactions between an
external and enclosed field of sound. Tanaka and Kobayashi
(2006) divided the coupling modes into four categories and
handled them separately to effectively reduce the acoustic
potential energy. Jin et al. (2009) and Cui and Chen (2012)
researched a cavity having two opposite flexible panels and
two adjoining flexible panels. The vibroacoustic response of a
circular plate backed by a cylindrical enclosure was investigat-
ed by Hasheminejad and Shakeri (2017). The finite element
method is also used to analyze the coupling mechanism in
addition to the analytical method (Wang et al. 2014; Wang
et al. 2015). Liang and Yu (2013) analyzed the impact on the
cabin acoustic using the finite element of fireproof rock wools
with different thicknesses. Xu et al. (2017) used finite element
and boundary element methods to predict the ship cabin’s
sound response.

Most of the previous research, however, focused on cou-
pling systems with one flexible plate on one side. A cavity
with one flexible plate, consisting of multiple independently
supported subplates, has not been thoroughly investigated,
and these types of cavities are very common in ship cabins.
For example, some ships cabins have several independently
installed glasses, the acoustics inside them is more
complicated than the previous analysis. Besides, the
previous research optimized the secondary source positions
to improve the noise reduction, resulting in a dispersive
installation of secondary sources and being difficult to
integrate into one control system device in the engineering.
In this paper, the theoretical and numerical investigations were
performed based on the research of Yang et al. (2017) to
analyze the coupling mechanism for a system with multiple
independently supported subplates by controlling one
subplate each time and implementing closely distributed sec-
ondary sources to minimize the transmission of noise.

The rest of the paper is structured as follows: Section 2
introduces theoretical formulations of several self-supported
subplate models. The maximum efficacy of the controller is
derived from Section 3. Section 4 displays two different mod-
el simulations. The findings are presented in Section 5.

2 Analytical Models

In this section, ship cabins are simplified as structural-acoustic
coupling cavities and are investigated theoretically. Only the

top plate is flexible and the other five plates are acoustically
rigid. Assuming that the cavity has dimensions of <L, XL.
The incident sound simultaneously excites the top flexible
plate consisting of different subplates. Figure 1 a and b show
two different models, which consist of two and nine individ-
ually supported subplates, respectively.

Generally, assuming the top flexible plate consists of N,
subplates and each subplate has the same size of (L/T)*(L,/
T,), that is N, = T xT,.. The subplates are excited by an exter-
nal sound p.,, interior sound p, and N forces f; from a control
system simultaneously. Then, vibration of undamped subplate
x can be expressed as given in Eq. (1) (Hansen et al. 2012):

62wX(r, N
L[Wx(rat)] +pshs7* (1)

S i (FYO(=r) + P (r )=p(r, 1), X = 1,2, ...N,,

pm

(a) The model with two supported subplates

pm

(b) The model with nine supported subplates

Figure 1 Structural-acoustic coupling models
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where L[], ps, hs, and w, (7, ?) are the self-adjoint differential
operator, the density, thickness, and displacement of the
subplate x; 7 is the coordinate of interested area of the subplate
X-

If the vibration of subplate x is expressed using a finite
summation of N, modes as w, (r,¢) = Z?ilwx,iwx,i(r) and
each mode satisfies L[v, ;|-wi phstb,; = 0 (Fahy and
Gardonio 2007), the ith structural modal amplitude is derived
as:

(TS0 ) + Lol ) plr ) )

WX:i = :
MX«,i (ng,iiwz + ngsxwwsxj)

(2)

where &, is the damping of subplate x, w is the angular
frequency of the incident sound, 1, (7) is the ith structural
mode shape function, and wi;,, ; is the ith natural frequency.
For a simply supported subplate, its mode shape is defined as
Y. ) = sin e = X)ALJT) sin vy = YOAL/T,), x =
1, --*Ny where X, and Y are the coordinates of the nearest
corner of the subplate x to the origin in x and y directions, u
and v are ith structural modal indices in x and y directions, and
M, ;= ) spshsiy, by, (r)dr. Since the interior pressure can
be expressed as p(r,) = Z?l:“lpjcpj(re), where mode shape
function ;(0) = cos (Imx/Ly) cos (mmy/L,) cos (nTz/L;), I, m,
and n are jth acoustic modal indices in x, y, and z directions,
the velocity modal amplitudes of the subplate x can be written
in vector form as:

Vi = Ay (2 F, + G -BLPy) (3)

where A is a N;x N, diagonal matrix and is defined as
Ay (i,0) = jw/ (Mxi <w§x,i*w2 + jzgsxwwsxiy,-)), F, is the

¥, v, (rn,)] denotes the structural impedance matrix in-
put and is derived by substituting the coordinate of the
excitation forces with the modal shape function of the subplate

vector of the subplate excited by the incident sound,
and g, ,-=IS Pext(r, )Y, (r)dr. By defining the number
coordinates of subplate x as:

x :XX/(LX/Tx)
;(Cy - Yx/(Ly/Ty) (4)

the generalized modal amplitude with a unit incident sound in 7
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direction can be obtained as:

1rm’(”7a) = (_l)uxx-[i’:rl)aSinﬂeijk”TdT =
a

Ja(=1)"Msign(k,)/2; kr = urn/a
urta(1-(=1)"e /) (1) (X )u g jnaks ((un)z—(akr)2> ; others

(5)

where 7 denotes the direction of x or y; a, n, and u are the length,
the number coordinate, and the ith structural modal index of
subplate x in 7 direction. The ; in Eq. (5) is the imaginary unit
and without a specific explanation, it denotes a number in other
equations. According to the above analysis, the modal amplitude
excited by the incident sound can be expressed as:

8\vi = ZPthIXMX(”aLx/Tx)Ixy-y (VaLy/Ty) (6)

where u and v are ith structural modal indices in x and y
directions.

B, (j,7) in Eq. (3) is the coupling matrix between the ith
structural mode of subplate y and jth acoustic mode of the
cavity, which is defined as B, (j, 1) = || sp,(), (dr. By
expressing the coupling relation between the ith structural
mode of subplate x and the jth acoustic mode of the cavity
in 7 direction as:

cos(x It/ T)—(=1)"cos((x, + 1)in/T,) (7)

H,  (u,])=T-uL; ((TTu)2*12>7T

the following formulation can be derived:
B\ (j,i) = (=1)"H y(u, )H (v, m) (8)

The exact coupling matrix expressions are given in
the Appendix for two-subplate and nine-subplate
models. In compliance with Eq. (8), each subplate will
affect the cavity’s acoustic modes independently.
Previous research divided the relationship of coupling
between structural modes and acoustic modes into four
categories, and only the modes in the same categories
can be coupled with each other. However, the previous
coupling relationships cannot hold in the multiple
parallel-supported flexible subplates systems. For exam-
ple, all structural modes will be coupled with the acous-
tic modes having an odd index in the x-axis.

The inhomogeneous sound equation inside the cavity is:

& o ow, (r, 1)
VZ . 7017((771‘):7 > Nq . S T X\
(o)== 505 = ~Po g, | Zididlo=on) + Ty )
Table 1 Properties of subplates
Young’s modulus (GPa) Thickness (mm) Density (kg/m3)
60 5 2400
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Table 2 Properties of the incident sound

Incident angle Density (kg/m3 ) Speed (m/s)

(45°,135°) 121 344

where N, is the number of acoustic control sources inside the
cavity. Similarly, the mode amplitude of the sound can be
written as:

oo [T g1, () + Slsv (x)e (r)dr|

A5 (2 2 + 12,k )

p;= (10)

where A; = mvgof(r)dr and &, are the damping of the air

inside the cavity. The modal amplitudes of the sound can also
be written in vector form as:

Pu=A(Z0+ 3 BV, (1)

where A, is a N.xN, diagonal matrix and
A(.(j‘j):jw/;d(A,(ki_;kz+j2£pkkm-)), Z, is an input acoustic
impedance matrix and is defined as z. = [p,(01), ", ¢ (ow,),

ev. (on,)], 0= [ql;qz;m;qNJ is the acoustic control

source strength vector, and N, represents the total num-
ber of subplates.

By combining Egs. (3) and (11), the acoustic modal ampli-
tude vector is rewritten as:

NX
ZQ+Y B Ay (2, F\ +G))

1001
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Figure 2 The acoustic potential energy before and after control of cavity 1

3 Minimization of Acoustic Potential Energy

It has been proven that the optimal cost function for control-
ling interior noise is acoustic potential energy, which is de-
fined as £, (w) = |{[, [p(r,w)[*/ (4poc3) dr and can be rewrit-
ten as (Nelson et al. 1987):

E, = Pl AP, (13)

nt

where A is a diagonal matrix and A(i, i) = A;/(4pyc}). By
substituting Eq. (12) into Eq. (13), we can derive the following
formulation:

P = A= ALY BB (12) g — (r¢ + X6)"2" Az(TC + XG) (14)
Table 3 Modal frequencies of the
subplate and cavities Subplate Cavity 1 Cavity 2
Modes Frequency (Hz) Modes Frequency (Hz) Modes Frequency (Hz)
(1,1) 22.95 (0,0,0) 0 (0,0,0) 0
2,1) 48.54 (1,0,0) 73.50 (1,0,0) 49.00
(1,2) 66.20 0,0,1) 114.67 (0,1,0) 63.70
(3.1) 91.19 (1,0,1) 136.20 (1,1,0) 80.37
(2,2) 91.79 (2,0,0) 147.01 (2,0,0) 98.01
(3,2) 134.44 (2,0,1) 186.44 (0,0,1) 114.67
(1,3) 138.28 0,1,0) 191.11 (2,1,0) 116.89
“4,1) 150.91 (1,1,0) 204.76 (1,0,1) 124.70
2,3) 163.87 (3,0,0) 220.51 (0,2,0) 12741
4,2) 194.16 (0,1,1) 222.87 0,1,1) 131.17
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Figure 3 The kinetic energy of two subplates before and after control

where G = [Gy; Gy ] Z = A,/ (IN( + Acz’XV;IBXASXBTX),

T=[B,AsZs,,Z.], and C = [FNX;Q], x denotes the
subplate of being controlled, X = [ByAsy, **, By Asy, |-
By minimizing Eq. (14), the optimal output of the controller
is derived as:

C =—(1"z"AzT) 'T"Z" AZXG (15)

4 Simulation Results and Discussion

This section presents the results of the control mecha-
nisms of the investigated multiple subplates and cavity
coupling models, including the various control configu-
rations, explored. All the following simulations were
conducted based on the cabin coupling relationship
and subplates analyzed using MATLAB in Sections 2
and 3. The models used here are a two-subplate model
(cavity 1) shown in Figure la and a nine-subplate mod-
el (cavity 2) shown in Figure 1b. The basic parameters
of the two cavities and incident angle (a, (3) of unit
noise are listed in Tables 1 and 2. The dimensions of
two cavities are 2.34 m (L,) 0.9 m (L,)x1.5 m (L,) and
351 m (Ly)x2.7 m (L,) x1.5 m (L,), respectively. The
first ten modal frequencies of the subplate and two cav-
ities are listed in Table 3.

@ Springer

4.1 Two-Subplate Model

Two control strategies are introduced in this subsection to
control the incident sound transmission into a cavity by two
independently supported parallel subplates. One of the strate-
gies uses one force and one speaker as actuators, and their
installation positions were (0.195 x L, 0.205x L,, 1.5) and
(0.195 x Ly, 0.205 x Ly, 1.35). The other strategy adopts three
force actuators and their installation locations were (0.195 X
L,—0.05, 0.205 x L,—0.05, 15), (0.195 x L+ 0.05, 0.205 x
L,—0.05, 1.5), and (0.195 x L,, 0.205 x L,,+0.05, 1.5). Due
to the symmetry of the coupling system, only the subplate 1 is
controlled and the acoustic potential energy is shown in
Figure 2 with a reference energy of 1072 J.

The control results of 1 and 2 in Figure 2 represent the
outcomes of the two control strategies. The first includes the
use of one force and one speaker, while the second involves
the use of secondary sources of three force actuators. After the
control, the residual acoustic potential energy of the two con-
trol strategies is dramatically reduced, and some cavity-
dominated peaks such as at 74 Hz and 116 Hz disappeared.
When the sound transmission is reduced by three force actu-
ators, the acoustic potential energy reduction is more distinct
both at the cavity and subplate dominated levels, which means
that the force actuators can achieve substantial noise reduction
without the use of acoustic secondary sources.

To investigate the control mechanism, the kinetic energy of
each flexible subplate is defined as:

E; = [p,hov(s)ds = MVHV (16)

Before and after control, the kinetic energy of the two
subplates is shown in Figure 3. Since the actuators were
installed on the subplate 1, its kinetic energy increased after
control, and the increased kinetic energy becomes more evi-
dent when three force actuators are used. Meanwhile, the ki-
netic energy of the second subplate changes slightly after
control.

To further explore the control mechanism, the modal am-
plitudes of two subplates, the acoustic modal amplitudes of
the cavity, the acoustic modal amplitudes, and phases induced
by two subplates at 91 Hz of using three force actuators are
presented in Figure 4, where the acoustic modal amplitudes
induced by subplate x is defined as:

Pin, = AB,V, (17)

Figure 4 a shows the modal amplitudes of subplate 1 and
subplate 2 with actuators placed on subplate 1. All the struc-
tural modal amplitudes of subplate 1 were increased after con-
trol and the fourth modal amplitude of subplate 2 was also
increased. However, the acoustic modal amplitudes of the first
four dominating modes due to the contribution of subplate 1
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Figure 4 The modal amplitudes and phases of cavity 1 at 91 Hz

were reduced, while the acoustic modal amplitudes of the first
four dominating modes from the contribution of subplate 2
were increased, which are shown in Figure 4 b and c. This
phenomenon can be explained by checking the phases of two
subplates shown in Figure 4 b and c. The phases of the acous-
tic modes induced by the two subplates were changed after the
control, and the differences between them were about 180°, in
particular, the first four modes. The first four modal ampli-
tudes of the cavity were reduced by superimposing the contri-
butions of two subplates, which is shown in Figure 4d.
Therefore, the variation of the acoustic modal amplitudes in-
duced by two subplates is to change their phases, and the

Modal amplitudes induced by subplate 2
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(d) Modal amplitudes of the cavity

control system’s behavior in the multiple supported subplates
is not to reduce the radiation of the controlled subplates them-
selves but to cancel the radiation of all subplates.

4.2 Nine-Subplate Model

Because force actuators can achieve satisfactory results, mod-
el 2 shown in Figure 1b uses only three force actuators to
control noise transmission in this subsection. Because of the
system’s symmetry, only subplates 1, 2, and 5 were individu-
ally controlled. The actuators’ positions on subplate 1 were
(0.13 x L, —0.05, 0.0.137 x L,,— 0.05, 15), (0.13 x L, +0.05,

7 Springer
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0.137 x L,—0.05, 1.5), and (0.13 x L, 0.137 x L, + 0.05, 1.5).
When the actuators are installed on subplates 2 or 5, the same
relative positions were adopted.

The acoustic potential energy curves obtained by
controlling various subplates are shown in Figure 5. It
can be seen that the control results are similar by con-
trolling subplates 1, 2, and 5. All the internal noise is
reduced particularly below 130 Hz. Among the three
control results, most of the cavity-dominated peaks were
reduced after control such as at 51 Hz, 87 Hz, 117 Hz,
and 128 Hz, and various subplate-dominated peaks were
also attenuated but not completely canceled. Also, after
control, the frequencies corresponding to the subplate-
dominated peaks were shifted back to the subplates’
natural frequencies. For example, the first peak of
acoustic potential energy occurs at 25 Hz before con-
trol. But, it is shifted to 23 Hz after control, which is
the subplate’s first natural frequency. It suggests that
when we use force actuators to minimize the transmis-
sion of sound into a cavity, the control system mecha-
nism aims to reduce the coupling between flexible
subplates and the cavity, which explains why acoustic
potential energy peaks controlled by the cavity can be
totally canceled. Comparing Figure 5 with Figure 2, it
can be observed that the results of the controls showed
a deterioration as a result of the increase in subplates.

Model 2 subplates’ kinetic energy is shown in
Figure 6, and only four kinetic energy subplates are
shown because of similarity. It can be seen that the
kinetic energy of the controlled subplate is increased
after control, and the increased energy is much greater
than that of model 1, which means that the more

90

Before control

= = = Control subplate 1
----- Control subplate 2

80

— \
_”:’c/ f‘ Control subplate 5
g{}
5 70
5 |
= d
5 60} /t b
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2 £ i
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g 0 g ;
< £ E
: i
o
" 1
4
30 I § " " L " " N
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Frequency (Hz)

Figure 5 The acoustic potential energy of cavity 2 before and after
control
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subplate of a cavity, the more kinetic energy is in-
creased for the controlled subplate. Notwithstanding,
the uncontrolled subplates’ kinetic energy remains at a
similar level. The control of subplate 5 was taken as an
example to investigate the control mechanism, and the
modal vibration amplitudes of subplate 5, the acoustic
modal amplitudes, the phases caused by subplate 5, and
other subplates are shown in Figure 7.

Figure 7 a shows the structural modal amplitudes of
subplate 5 before and after control at 91 Hz. Since the
excitation frequency is near the fourth natural frequency
of the subplate, the fourth modal amplitude is larger
than others before the control. It can be observed from
Figure 7b that the dominated acoustic mode of the cav-
ity is the fourth mode. After the control, all subplate 5
modal amplitudes were increased, especially the fifth
modal amplitude, which increases more than 60 times.
And, there is also a significant increase in the fourth
acoustic mode amplitude caused by subplate 5 and is
shown in Figure 7c. The acoustic modal amplitudes
from the contribution of the other 8 subplates are shown
in Figure 7d.

To reduce this modal amplitude, since the dominated
mode of the cavity is the fourth acoustic mode, an ide-
alistic solution generates an acoustic modal amplitude of
the same magnitude but opposite phase to the original
one. Because the fourth modal acoustic amplitude in-
duced by subplate 5 is very small before control, the
vibration pattern of subplate 5 must be changed to in-
crease the amplitude. Table 4 shows part of the subplate
5 and cavity coupling coefficients, where the numbers
in the first column represent the subplate mode number
and indicate the cavity’s acoustic mode. It can be seen
that the structural modes having a coupling relationship
with the fourth acoustic mode are fifth and tenth struc-
tural modes. Since the excitation frequency is close to
the subplate’s fifth natural frequency, the fifth mode is
easy to excite, which explains why subplate 5’s fifth
modal amplitude and subplate 5’s fourth acoustic mode
amplitude is significantly increased after control as
shown in Figure 7 a and c. After superposition, radia-
tions from subplate 5 and other 8 subplates canceled
each other. So the dominating modal amplitudes of the
cavity were reduced, which can be observed from
Figure 7b.

5 Conclusions

In this paper, active control sound transmission through
multiple independently supported flexible subplates in
simplified ship cabins was studied, and the coupling
relationships were formulated between each subplate
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Figure 6 The kinetic energy of four subplates of model 2 before and after control

and the cavity. To reduce the acoustic potential energy
of the two-subplate and nine-subplate models, different
control methods were introduced, and their control re-
sults were compared. The results of the simulation show
that force actuators can achieve adequate noise reduc-
tion efficiency in modes controlled by both the subplate
and the cavity without the use of secondary acoustic
sources. The force actuators of the control system are
effective in controlling the transmission of sound into a
structural-acoustic coupling system by reducing the cou-
pling between the flexible subplates and the cavity. In
the future, the active noise control system could be in-
tegrated into one device with several force actuators and
installed on the flexible subplates to reduce the trans-
mission of noise.

Also, when actuators are used to attenuate noise transmis-
sion into a cavity via multiple subplates, the control results of
the installation of actuators on the central subplate are relative-
ly better, especially to reduce low-frequency noise. However,
the results of noise reduction will deteriorate if there are more
subplates in a cavity. Besides, the controlled subplate’s vibra-
tion pattern is modified after regulation to improve the radia-
tion of itself to cancel the radiation of the other subplates
instead of the radiation of itself. At the same time, the con-
trolled subplate’s vibration increases, and the higher the
subplates of a cavity, the greater the increase in kinetic energy.
Therefore, for a cavity with many subplates, it is appropriate
to control more than one subplates. And thus, the control
efficiency could be improved, and the controlled subplate’s
kinetic energy increment could be relieved.
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Figure 7 The modal amplitudes and phases of model 2 at 91 Hz
Appendix
2uvL,L, [cos(zﬂ/z)—(—n”“] [1-(-1)""]
. : B, (1,i) = (-1)"
The coupling matrixes between the two subplates and the (1,i) = (-1) ( 4u2—lz) (P2 )7?

cavity for model 1 are:

, 2uvL L, [1—(=1)"cos(Ir/2)] [1-(=1)"*"]
(42— (v2—m?2) 2

B (l,i) = (-1)
(A1)
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(A2)

The coupling matrixes between the nine subplates and the

cavity for model 2 are:
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Table 4  Coupling coefficients between subplate 5 and the cavity (Bs)

Mode 1 2 3 4 5

1 0.427 0 0 0 -0.384
2 0 0.110 0 0 0

3 0 0 0.110 0 0

4 0.142 0 0 0 -0.075
5 0 0 0 0.028 0

6 0 0 0.037 0 0

7 0.142 0 0 0 —0.128
8 0 0.054 0 0 0

9 0 0.037 0 0 0

10 0 0 0 0.014 0

o QL Ly [1=(=1) cos(Im/3)][1=(=1)"cos (mm/3)]
Bi(1,i) = (-1) ) (v (A3)
Ba(l,i) = (-1)" QHVLXLy[cos(IH/S)(79(;21_)12(:)0:9(52[11;{;;1_[;7(71) cos(mm/3)] (A4)
9uvL.L, |cos(20m/3)~(~1)"" | [1=(~1)"cos(mm/3)]
Bs(l.i) = (-1)" [ (guz,IZ)@szmZ)nz (AS)
Bi(Li) = (1) 9uvL,L,[1—(—1)"cos(Im/3)][cos(mm/3)—(—1)"cos(2mm/3)] (A6)

(9u2=1%) (9v2—m?) 2

» uvL,Ly[cos(I7/3)—(—1)"cos(2i7t/3)][cos(mm/3)—(~1)"cos(2mm/3)]

Bs(h) = (1) O—L) (92—

(A7)

owL.L, {cos(2lﬂ/3)7(71)“+’] [cos(mm/3)~(~1)"cos(2mmt/3)]

Bs(l,i) = (-1) (9142*12) (9v2—m?) 72

(A8)

o QuvL Ly [1=(~1)"cos(I7/3)] [cos(2mm/3)—(=1)"*"]

By(1,1) = (1) (9142—]2)(9\/2—11’!2)7'[2

(A9)

o QuvL,Ly[cos(It/3)—(~1)"cos(2Im/3)] [cos(2mm/3)—~(~1)""]

Bs(l,i) = (1) (92— (92 —n2) 72

(A10)

L, [cos(zm/s)—(—l )“*’] [cos(2mm/3)~(~1)"*"]
(9u2—17) (9v2—m?)m?

(A11)
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