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Abstract
In recent years, moving target detection methods based on low-rank and sparse matrix decomposition have been developed, and they
have achieved good results. However, there is not enough interpretation to support the assumption that there is a high correlation among
the reverberations after each transmitting pulse. In order to explain the correlation of reverberations, a new reverberation model is
proposed from the perspective of scattering cells in this paper. The scattering cells are the subarea divided from the detection area. The
energy fluctuation of a scattering cell with time and the influence of the neighboring cells are considered. Key parameters of the model
were analyzed by numerical analysis, and the applicability of the model was verified by experimental analysis. The results showed that
the model can be used for several simulations to evaluate the performance of moving target detection methods.
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1 Introduction

Moving target detection in reverberant environments has been a
challenge for a long time (Zhu et al. 2012; Pan et al. 2014;
Khorshidi 2014; Yu and Piao 2016; Yu et al. 2017; Lee et al.
2017). Based on the low-rank and sparse theory (Zhou et al. 2011;
Halko et al. 2011; Candès et al. 2011; Chandrasekaran et al.
2011), Li et al. (2012) and Ge et al. (2017) achieved detection
(Weichang et al. 2012; Ge et al. 2017) and proved the feasibility

of their methods using experiments. In a previous study, we as
well introduced anothermethod based on the low-rank and sparse
theory and obtained better results (Yin et al. 2018). These
methods all assume that a high correlation exists among the re-
verberations after each transmitting pulse. However, there is no
adequate explanation for such assumption yet. Moreover, the
performances of these methods were not effectively evaluated,
as evaluation through a large number of experiments is not prac-
tical; it will cost much and the signal to reverberation ratio is
uncontrollable. Therefore, a model is needed to reveal the char-
acteristics of reverberation and describe the reverberation process.

A number of reverberation models have been developed. In
recent years, research on reverberation model has mainly been
concentrated on shallow water, such as the normal mode model
(Grigor’ev et al. 2004; Shang et al. 2008), energy-flux model
(Harrison 2003; Wu et al. 2010; Zhou and Zhang 2013), spectral
representation model (Lingevitch et al. 2002), and PE model
(Saintval and Hayward 2011). Unfortunately, these models do
not focus on the correlation among the reverberations after a
few transmitting pulses. The purpose of this paper is to build a
model that explains the correlation among the reverberations after
each transmitting pulse. The model is developed from the per-
spective of scattering cells. We consider the energy fluctuation of
a scattering cell as a stochastic process that is a superposition of its
energy fluctuation and the effects of neighboring cells.
Reverberation in the model varies with time and space, which is
very suitable to simulate the target detection process. Therefore,
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the performance of moving target detection methods can be
evaluated.

The rest of the paper is organized as follows. In Section 2,
we describe the model with parameters and explain the corre-
lation. We also describe the steps to produce reverberation and
present an example of reverberation. The effects of the param-
eters are discussed in Section 3. Section 4 presents the results
of conducted experiments, which verify the reverberation
model. Finally, conclusions are presented in Section 5.

2 Model Description

For a frame of beamforming data, each element in the matrix
corresponds to a subarea of the detection area. Each subarea is
called a scattering cell. The scattering cell contains the volume,
surface, and bottom. In this paper, we only consider the first
scattering. The model geometry and the correspondence be-
tween the scattering cells and elements of the beamforming data
are shown in Fig. 1.

The sonar is located in the point at the middle of the Z-axis
in the left of Fig. 1. We divide the detection area into M × N
subarea. The blue element in the right of Fig. 1 corresponds to
the energy of the blue scattering cell in the left of the figure,
and likewise do the other elements. In the figure, r is the range
between the sonar and the blue cell in the distance direction,
Δr is the length of the blue cell in the distance direction, and
Δθ is the angle of the blue cell in the θ direction.

2.1 Fluctuation of Reverberation Energy with Time

It is assumed that each scattering cell contains many scatterers
and each scatterer has the same scattering characteristic.
Therefore, the backward scattering signal caused by the pth
scattering cell can be represented as

Rp tð Þ ¼ Re

(
∑

Qp tð Þ

i¼1
bi s t−τ ið Þe j 2πφi t

)

where Qp(t) is the number of scatterers at the moment t; bi
is the complex amplitude of the ith scatterer and only
depends on the scattering properties of the ith scatterer;
s(t) is the transmitting signal; τi = 2ri/c is the delay, where
ri is the distance between the sonar and the ith scattering
cell, and c is the acoustic velocity in the water; and φi is
the Doppler shift. According to the central limit theorem,
the instantaneous value of the pth cell backward scattering
signal follows Gaussian distribution. We express it as a
discrete version:

Rp ti½ �∼N μp;σ
2
p

� �
where ti is the sequence number of the ith sampling, μp is
the expectation of the Gaussian distribution, and σ2

p is the

variance of the Gaussian distribution.
Considering

Rp
0
ti½ � ¼ Rp ti½ �−μp

σp
ð1Þ

then

Rp
0
ti½ �∼N 0; 1ð Þ

Considering

Ep k½ � ¼ ∑
T

i¼1
Rp

0
ti½ �

� �2
ð2Þ

where k is the number of the transmitting pulse, and T is the
length of the reverberation.

Thus Ep[k] follows a chi-square distribution at the degrees
of freedom T.

Ep k½ �∼χ2 Tð Þ ð3Þ

Let the energy of the pth scattering cell after the kth trans-
mitting pulse be given as

Ap k½ � ¼ ∑
T

ti¼1
Rp ti½ �� �2 ð4Þ
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Fig. 1 An element of the matrix corresponding to a subarea



In general, the average of the transmitting signal is 0; thus,
we consider μp = 0. From Eqs. (1–4), we have

Ap k½ �∼σ2
pχ

2 Tð Þ

This shows that we can obtain the energy fluctuation of the
pth scattering cell if the variance and the length of the back-
ward scattering signal are known.

2.2 Fluctuation of Reverberation Energy with Space

In fact, the energy of a scattering cell always partly superposes
the adjacent scattering cells. As a result, a correlation exists
between adjacent scattering cells in terms of energy. For con-
venience, we ignore the propagation loss associated with dis-
tance. It can be regarded as the result of the auto gain control.

Define the energy distribution matrix as

A ¼
σ2
11 σ2

12 ⋯ σ2
1N

σ2
21 ⋱ ⋮
⋮ ⋱ ⋮
σ2
M1 ⋯ ⋯ σ2

MN

2
664

3
775

where σ2
mn is the variance of the (m, n)th scattering cell rever-

beration, and A is related to the scattering properties of the
detection area. We can get the energy fluctuation of the (m,
n)th scattering cell as

Amn k½ �∼σ2
mnχ

2 Tð Þ

The neighboring scattering cells are assumed to have the
same effect on the central scattering cell. The effect is de-
scribed by the coefficient β. The normalized energy distribu-
tion of a scattering cell is presented in Fig. 2. The effect of a
type of scattering cell on the neighboring scattering cells is
presented in Fig. 3.

Considering the effect as an additive effect, the energy of
the (m, n)th scattering cell after the kth transmitting pulse is
described as

Bmn k½ � ¼ β ∑
mþ1

i¼m−1
∑
nþ1

j¼n−1
Aij k½ � þ 1−9βð ÞAmn k½ �

1≤m≤M ; 1≤n≤Nð Þ
ð5Þ

where 0 ≤ β ≤ 1/9 . and

Aij k½ � ¼ Aij k½ �
0

;
;
1≤ i≤M ; 1≤ j≤N

else

�

As β changes, the energy fluctuations of the scattering cell
are observed to no longer strictly follow a chi-square distribu-
tion. We generally consider 0 ≤ β ≤ 1/16, because not more
than half of the energy of a scattering cell is added to neigh-
boring scattering cells.

2.3 An Example of Reverberation Process

Let β = 0.05, T = 100, and A follow a Rayleigh distribution
whose expectation is 100. A series of continuous reverbera-
tion can be modeled following the steps:

1) Build a matrix A∈RM�N subjecting to a distribution;
2) Build M × N vectors of K dimensions subjecting to chi-
square distribution, and the (m, n)th vector is described as:

Fig. 3 Effect of the neighboring cell
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Fig. 2 Energy distribution of one cell



Emn ¼ Emn 1½ �;Emn 2½ �;⋯;Emn k½ �;⋯;Emn K½ �½ �

3) Calculate the energy of the (m, n)th scattering cell each
frame, respectively;

Amn ¼ σ2
mnEmn

4) Calculate Bmn ∈ ℝ1 × K from Eq. (5);

5) Combine the Bmn to B ∈ ℝM × N × K, whose elements
represent the energy of scattering cells in K frames.

A frame of the reverberation is shown in Fig. 4. The radial
axis represents the normalized distance, and the tangential axis
represents the horizontal azimuth.

3 Numerical Analysis

The model has been introduced in the previous section. The

effect of energy distribution matrix A and the coefficient β is
discussed in this section.

The energy deviation at the kth frame is defined as

e k½ � ¼ lg ∑
M

m¼1
∑
N

n¼1
Bmn k½ �− Amn

S

 !2
2
4

3
5

where

S ¼ ∑
M

m¼1
∑
N

n¼1
Amn
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Fig. 4 Example of one frame reverberation

(a) Uniform distribution

(b) Ridged distribution

(c) Two-dimensional Gaussian distribution (smaller variance) 

(d) Two-dimensional Gaussian distribution (bigger variance) 

(e) Two-dimensional Gaussian distribution (double peaks) 

(f) Normalized energy deviation 

Fig. 5 Energy distribution and
normalized energy deviation



For the analysis, five matricesA∈R100�100 were built. Let β
= 0. Their normalized energy distributions are as shown in
Fig. 5(a)–(e). The energy distribution is uniform in Fig. 5(a).
In Fig. 5(b), the energy distribution is ridged and has a slope of
0.016. The bulged parts of energy in Fig. 5(c)–(e) follow a
two-dimensional Gaussian distribution. Their ratio of standard
deviation is 4:1:1. The ratio of the two peaks in Fig. 5(e) is 2:1.
Figure 5(f) is the normalized energy deviation of each frame.
The simulation results show that the more concentrated the
energy distribution, the stronger the energy fluctuation of each
frame and the lower the correlation of each frame.

As shown in Fig. 5(f), the normalized energy deviations in
each frame were stable even though there were fluctuations in
the frames. Hence, we discuss the effect of β on the average of
the normalized energy deviation, which is

e ¼ 1

K
∑
K

k¼1
e k½ � ð6Þ

A matrix A of uniform distribution was built as shown in
Fig. 6. Then e was calculated using Eq. (6). Figure 7 shows
that e decreased with increasing β. Figures 2, 3, and 7 indicate
the following:

1) When β = 0, no energy of the cell is added to the neigh-
boring cells; therefore, the e ofBmn equals the e ofAmn. In
this case, e is maximum.

2) When 0 < β < 1/9 , a fraction of the energy of the cell is
added to the neighboring cells;Bmn is meant by neighbor-
ing cells, but Amn is still the principal component. In this
case, e decreases gradually.

3) When β equals 1/9 near 0.1, Bmn is the average of the (m,
n)th and neighboring cells. In this case, e is meant at the
maximum extent and is therefore minimum.

4 Model Matching

To verify whether the model conforms to the actual situation,
an experiment of reverberation was performed in the Songhua
River in September 2017. A scattering cell in the beamspace
was chosen, and its data was normalized with the variance
equaling 1. Its probability density is as shown in Fig. 8. The
column diagram represents the probability density of the ex-
perimental data, and the line represents the probability density
of chi-square distribution. Their trends are majorly the same,
but not a perfect match.
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Fig. 7 Average of the normalized energy deviation varying with β

Fig. 6 Normalized energy distribution

Fig. 8 Energy probability density of a scattering cell

Fig. 9 Matrix combination
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Measurement error, environment noise, lack of samples,
and the effect of the neighboring cells may be the reasons
the experimental data did not accurately follow the chi-
square distribution. If the energy of a neighboring scattering
cell is much larger than that of the central cell, the effect will
be very significant.

In practice, A and β cannot be measured. We considered β

= 0 to calculate approximately; thus, we obtained A by calcu-
lating the average of each cell energy over 180 frames. We
evaluated the matching degree of the model by calculating the
two-dimensional Fourier transform (2D-FT). First, we
reshaped the experimental reverberation matrix of the 180

Fig. 10 Results of 2D-FT
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(a) Experimental reverberation

(b) Experimental reverberation (side view)

(c) Simulated reverberation 

(d) Simulated reverberation (side view) 

(a) A frame data mixed with reverberation and a 

target

(b) The result of detection of the 

corresponding frame

(c) The trajectory of the moving 

target in 20 frames

Fig. 11 Example of moving target detection



frames to vectors and combined the 180 vectors to a matrixCe

∈ℝMN × 180, which is shown in Fig. 9. Second, we obtainedCs

∈ ℝMN × 180 from the simulated reverberation. Finally, we
evaluated the matching degree by

ematch ¼ ∑
M

m¼1
∑
N

n¼1
f FT2 Ceð Þ−FT2 Csð Þ½ �∘ FT2 Ceð Þ−FT2½

Csð Þ�*g= ∑
M

m¼1
∑
N

n¼1
FT2 Ceð Þ∘FT2 Ceð Þ*
h i

where FT2(·) is to calculate the 2D-FT of a matrix, ∘ represents
the element-wise product, and (·)∗ represents the complex conju-
gate. The smaller the matching error ematch, the higher the degree
of model matching.

To observe the results of model matching more intui-
tively, we show the results as Fig. 10. Figure 10(a) is the
2D-FT result of experimental reverberation. Figure 10(b) is
the side view of Fig. 10(a). Figure 10(c) is the 2D-FT result
of simulated reverberation. Figure 10(d) is the side view of
Fig. 10(c). As shown in Fig. 10, the 2D-FT results of the
experimental and simulated reverberation are very similar.
At this moment, ematch = 0.35.

We used the model to simulate the process of moving
target detection based on the low-rank and sparse theory. A
target was added in each frame of the reverberation at con-
tinuous positions, and then the moving target was detected
using Ge’s method (Ge et al. 2017). The result is shown in
Fig. 11. Figure 11(a) shows a frame data mixed with rever-
beration and a target. Figure 11(b) presents the result of
detection corresponding to Fig. 11(a). Figure 11(c) shows
the trajectory of the moving target in 20 frames. The result
is similar to that in Ge et al. (2017). The experimental
findings show that the model can be applied to the simula-
tion of moving target detection.

5 Conclusions

In this study, we develop a new reverberation model
considering the reverberation energy. The cell energy
fluctuation with time and the effect of the neighboring
cells are considered. We discuss the key parameters of
the model. The model is simple and practical and ex-
plains the high correlation of the reverberations after
each transmitting pulse. We used the model to fit the
experimental data and present an example to show the
feasibility and practicability of the model for moving
target detection. We only considered the statistical char-
acteristics of the energy fluctuation of scattering cells
over a period of time. The continuous characteristics
of the energy fluctuation between two frames will be
studied in our future work.
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