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Abstract
The diffraction of obliquely incident wave by two unequal barriers with different porosity in infinitely deep water is investigated
by using two-dimensional linearized potential theory. Reflection and transmission coefficients are computed numerically using
appropriate Galerkin approximations for two partially immersed and two submerged barriers. The amount of energy dissipation
due to the permeable barriers is derived using Green’s integral theorem. The coefficient of wave force is determined using the
linear Bernoulli equation of dynamic pressure jump on the porous barriers. The numerical results of hydrodynamics quantities are
illustrated graphically.
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1 Introduction

For the past several years, considerable interest has been fo-
cused on the problem of hydrodynamics analysis of breakwa-
ter due to its direct impact on coastal engineering. Vertical thin
structures are widely used as breakwaters to protect harbors,
inlets, and beaches from wave attack, due to their merits of
simple structure and low engineering cost. Porous structures
are more suitable for breakwater as dissipating seawalls to
attenuate the wave energy in harbors. This finding justifies

the interest in investigating these types of problems to exam-
ine the feasibility of using porous barriers as breakwater.

Studies on the diffraction of water wave problems by suit-
able arrangement of thin vertical barriers in deep water or
finite depth water have been conducted by a number of re-
searchers in recent years, in the literature within the frame-
work of linearized theory of water wave. Ursell (1947) used an
integral equation formulation of the problem to study the re-
flection coefficient that employs one-term Galerkin approxi-
mation for a single-surface piercing barrier in deep water.
Several aspects of wave interaction with two thin vertical bar-
riers were analyzed by Levine and Rodemich (1969), Jarvis
(1971), Evans and Morris (1972), Newman (1974), McIver
(1985), Isaacson et al. (1999), Das et al. (1997), Porter and
Evans (1995), De et al. (2010), Kanoria and Mandal (1996),
and Banerjea et al. (1996). Recently, the problem of obliquely
incident water wave scattering by two unequal barriers was
investigated by Roy et al. (2016) by applying the single-term
Galerkin approximation.

None of the documented results account for the effect of
porosity. However, many researchers have investigated the
solutions for reflection and transmission coefficients for a cer-
tain type of porous barrier. The analytical solution of wave
interaction through permeable breakwater was developed by
Sollitt and Cross (1972). Macaskill (1979) obtained the solu-
tion of normally incident wave scattering involving a perme-
able thin barrier in water of infinite depth. Chwang (1983)
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developed a porous wavemaker theory in water of finite depth.
Yu (1995) applied an approximate method to solve the prob-
lem of diffraction of surface water waves by a semi-infinite
porous breakwater employing a boundary condition based on
the formulation of Sollitt and Cross (1972). Isaacson et al.
(1998) found the analytical solution for normally incident
wave interaction with a partially immersed porous barrier.
Lee and Chwang (2000) developed wave scattering and
radiation by vertical thin porous barriers with four different
structures based on the eigenfunction expansion and least
square method. They found that the reflection coefficients
and wave force of a porous barrier are smaller than those of
the solid barrier, due to energy dissipation. Li et al. (2015)
developed an accurate solution to water wave scattering by
vertical thin porous barriers using multi-term Galerkin ap-
proximation. Manam and Sivanesan (2016) obtained the so-
lution for deep water wave motion using an analytic approach
over a surface piercing or a bottom-standing porous barrier.
Bhattacharjee and Guedes Soares (2011) derived an analytical
solution for the problem of water wave scattering by a vertical
porous membrane barrier for a coastal structure near a wall by
using eigenfunction expansion method and the corresponding
orthogonal mode-coupling relation. Karmakar and Guedes
Soares (2014) investigated wave scattering by multiple
bottom-standing flexible porous barriers by employing the
direct method and the wide-spacing approximation for various
porous effect parameters. Das and Bora (2018) investigated
the problem of obliquely incident wave damping by two fully
submerged vertical parallel porous plates of different heights
in finite depth water by employing eigenfunction expansion
and least square method. Mohapatra et al. (2018) obtain the
solution for surface gravity wave interaction with a submerged
horizontal flexible porous plate based on Green’s function in
finite and infinite water depth.

Our aim in this study is to enhance understanding of wheth-
er including the effect of porosity on the problem of oblique
wave scattering by two unequal partially immersed and sub-
merged barriers in infinitely deep water is physically realistic.
To the author’s knowledge, no previous investigation has been
conducted on the existence of water wave scattering by two
unequal barriers in the presence of different porosity. The
problem is split into three separate parts involving three po-
tential functions that describe the resultant motion in the fluid
region because of the geometrical symmetry of the unequal
barriers, as conducted by Roy et al. (2016). To solve the prob-
lem, the potential function is reduced to linear integral equa-
tions by using the eigenfunction expansions along with the
Havelock inversion formula followed by a matching process.
The integral equations were approximated using single-term
Galerkin approximations. The hydrodynamics quantities are
then computed numerically using the numerical solution of
integral equation. The reflection coefficient is represented
graphically against the wave number for different parameters.

When the value of the porous effect parameters is zero, the
obtained results analytically match the corresponding results
in Roy et al. (2016). The numerical estimate of reflection
coefficient is depicted graphically against the wave number,
neglecting effect of porosity, which agrees with the result ob-
tained by Evans and Morris (1972) and Roy et al. (2016) for
two equal and unequal partially immersed barriers, respective-
ly. In the case of submerged barriers, graphs of ∣R∣ against
the wave number exactly match the graphs in Jarvis (1971)
and Roy et al. (2016) for two equal and unequal rigid barriers,
respectively. When the two porous barriers are closely spaced,
the value of reflection coefficient reduces to those for a single
porous barrier obtained byManam and Sivanesan (2016). The
graphs of ∣R∣ against the wave number for different values of
porosity almost coincide with the corresponding graphs in
Manam and Sivanesan (2016) for a single immersed and sub-
merged porous barrier. Numerical estimates for amount of
dissipated energy and coefficient of wave force are obtained
for various values of different parameters involved in the
problem. Also, the computed results of reflection and trans-
mission coefficients satisfy the energy identity for permeable
and impermeable barriers. We have seen that porosity affects
the reflection coefficient considerably. Moreover, in the pres-
ence of porosity, the length and the difference between two
barriers affect the reflection and transmission coefficient sub-
stantially, and waves are completely transmitted for an infinite
number of discrete wave frequencies for both cases.

2 Formulation of the Problem

Under the assumption of linearized theory, the problem is
studied in a rectangular Cartesian coordinate system in which
y-axis is taken vertically downwards along the fluid region y ≥
0. Let us consider two partially immersed porous barriers of
different heights situated at x = − l, y ∈ L1 ≡ (0, a) (first porous
barrier) and x = l, y ∈ L2 ≡ (0, b) (second porous barrier), and in
the submerged case, barriers occupy the position x = − l, y ∈
L1 ≡ (a,∞) (first porous barrier) and x = l, y ∈ L2 ≡ (b,∞) (sec-
ond porous barrier), where a and b are finite positive numbers
(see Figs. 1 and 2). The fluid region is divided into three
subregions, namely, region − I ≡ (− ∞ < x < − l, 0 < y <∞),

Fig. 1 Schematic for partially immersed porous barriers
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region − II ≡ (−l < x < l, 0 < y <∞), and region − III ≡ (l < x
<∞, 0 < y <∞). The fluid is assumed to be incompressible,
homogeneous, and inviscid, and the motion is irrotational
and harmonic in time with angular frequency ω. Thus, the
fluid motion is described by the velocity potential Φj(x, y, z,
t) of the form Φj(x, y, z, t) = Re {ϕj(x, y)e

iνz − iωt} where ϕj(x, y)
is the spatial component of the velocity potential, with Re
denoting the real part, and ν is the component of the wave
number along the z-axis. Here, the component ν is defined by

ν =K sin θ, where K ¼ ω2

g , g is the acceleration due to gravity

and θ is the angle of the incident wave to the x-axis. The
spatial velocity potential in each subregion satisfies the
Helmholtz equation

∇2−ν2
� �

ϕ j ¼ 0 in the fluid region; ð1Þ

where ∇2 = ∂2/∂x2 + ∂2/∂y2. The free surface boundary condi-
tion is given by

Kϕ j þ
∂ϕ j

∂y
¼ 0 on y ¼ 0 ð2Þ

The bottom boundary condition is given by

j∇ϕ jj→0; as y→∞for deep water ð3Þ

where ∇ = (∂/∂x, ∂/∂y).
The velocity potential is bounded everywhere in the fluid

region except at the submerged sharp edge of the porous bar-
rier edges (−l, a) and (l, b). For the thin porous barriers, the
edge condition may be obtained as (see Mandal and
Chakrabarti 2000; Karp and Karal 1962)

j∇ϕ jj ¼ O r−
1
2

� �
as r→0 ð4Þ

where

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ lð Þ2 þ y−að Þ2

q
; for L1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x−lð Þ2 þ y−bð Þ2
q

; for L2

8<
:

Aside from the preceding boundary conditions, the velocity
potentials satisfy the following boundary conditions also at
the interface of the three subregions:

∂ϕ1

∂x
¼ ∂ϕ2

∂x
¼ −iKG1 ϕ2−ϕ1ð Þ; x ¼ −l; y∈L1 ð5Þ

∂ϕ1

∂x
¼ ∂ϕ2

∂x
and ϕ1 ¼ ϕ2; x ¼ −l; y∈L1 ð6Þ

∂ϕ2

∂x
¼ ∂ϕ3

∂x
¼ −iKG2 ϕ3−ϕ2ð Þ; x ¼ l; y∈L2 ð7Þ

∂ϕ2

∂x
¼ ∂ϕ3

∂x
and ϕ2 ¼ ϕ3; x ¼ l; y∈L2 ð8Þ

where G1 and G2 are the dimensionless porous effect param-
eters of the two barriers and Lj≡ 0;∞ð Þ−Lj, j = 1, 2.

The conditions at infinity are given by

ϕ x; yð Þ∼ ϕ0 yð Þ e−iμ x−lð Þ þ Reiμ xþlð Þ
n o

as x→∞

ϕ0 yð ÞTe−iμ x−lð Þ as x→−∞

(
ð9Þ

where R and T are the unknown complex reflection and trans-
mission coefficients to be determined, respectively, ϕ0(y) =
e−Ky, and μ =K cos θ.

3 Solution Procedure

The velocity potentials ϕj(x, y) satisfy the Helmholtz equation
in the fluid domain as in Eq. (1) along with the boundary
conditions Eqs. (2) and (3). With the use of Havelock’s ex-
pansion formula, the velocity potentials ϕj(x, y) for each of the
three regions are given by

ϕ1 x; yð Þ ¼ Tϕ0 yð Þe−iμ xþlð Þ þ ∫∞0
A kð ÞS k; yð Þ
t k2 þ K2
� � et xþlð Þdk ð10Þ

ϕ2 x; yð Þ ¼ ϕ0 yð Þ αeiμx þ βe−iμx
� �

þ ∫∞0
B kð Þetx þ C kð Þe−txf gS k; yð Þ

t k2 þ K2
� � dk ð11Þ

ϕ3 x; yð Þ ¼ ϕ0 yð Þ e−iμ x−lð Þ þ Reiμ x−lð Þ
n o

þ ∫∞0
D kð ÞS k; yð Þ
t k2 þ K2
� � e−t x−lð Þdk ð12Þ

where t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ν2

p
, S(k, y) = k cos ky −K sin ky, α and β are

arbitrary constants, and A(k), B(k), C(k), and D(k) are un-
known functions of k. Given that the velocity potential is
continuous across the gap at x = ∓ l for all y, we define the
functions as follows:

u1 yð Þ ¼ ∂ϕ1 −l; yð Þ
∂x

¼ ∂ϕ2 −l; yð Þ
∂x

ð13Þ

Fig. 2 Schematic for totally submerged porous barriers
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u2 yð Þ ¼ ∂ϕ2 l; yð Þ
∂x

¼ ∂ϕ3 l; yð Þ
∂x

ð14Þ

We define the potential difference across the barriers at x =
∓ l as given by

v1 yð Þ ¼ ϕ2 −l; yð Þ−ϕ1 −l; yð Þ ð15Þ
v2 yð Þ ¼ ϕ3 l; yð Þ−ϕ2 l; yð Þ ð16Þ

Using the transmission boundary condition from Eqs.
(5)–(8), along with Eqs. (13)–(16), we obtain

uj yð Þ ¼ −iKGjv j yð Þ; y∈Lj; j ¼ 1; 2 ð17Þ

and

v j yð Þ ¼ 0; y∈Lj; j ¼ 1; 2: ð18Þ

Now, by using the expression of the velocity potential for
three regions in Eqs. (10)–(12) along with the expression in
Eqs. (13) and (14) for gap and applying Havelock’s inversion
formula, we obtain

Te2iμl ¼ − αe−iμl−βeiμl
� � ¼ 2i

cosθ
∫
L1
u1 yð Þϕ0 yð Þdy ð19Þ

1−Re2iμl ¼ − αeiμl−βe−iμl
� � 2i

cosθ
∫
L2
u2 yð Þϕ0 yð Þdy ð20Þ

A kð Þ ¼ B kð Þe−tl−C kð Þetl ¼ 2

π
∫
L1

u1 yð ÞS k; yð Þdy

D kð Þ ¼ B kð Þetl−C kð Þe−tl ¼ 2

π
∫
L2

u2 yð ÞS k; yð Þdy

o
ð21Þ

By using the expression of the velocity potential for three
regions from Eqs. (10)–(12) along with the expression in Eqs.
(13) and (14), along the barriers and applying Havelock’s
inversion formula, we obtain

αe−iμl þ βeiμl−Te2iμl ¼ 2K∫L1v1 yð Þϕ0 yð Þdy ð22Þ
1þ Re2iμl−αeiμl−βe−iμl ¼ 2K∫L2v2 yð Þϕ0 yð Þdy ð23Þ

B kð Þe−tl þ C kð Þetl−A kð Þ ¼ 2t
π
∫L1v1 yð ÞS k; yð Þdy

D kð Þ ¼ B kð Þetl þ C kð Þe−tl ¼ −
2t
π
∫L2v2 yð ÞS k; yð Þdy

o
ð24Þ

The constants α and β can be found in the terms of R and T,
using the first two terms of Eqs. (19) and (20) as

α ¼ i
2
cosec 2μlð Þeiμl 1−Re2iμl−T

� �
β ¼ i

2
cosec 2μlð Þe−iμl 1−Re2iμl−Te4iμl

� �o ð25Þ

Now, we find the expression of B(k) and C(k) in terms of
A(k) and D(k) using the first two terms of the first and second
equations of Eq. (21) as follows:

B kð Þ
C kð Þ

	 

¼ 1

2sinh 2tlð Þ
D kð Þetl−A kð Þe−tl
D kð Þe−tl−A kð Þetl

	 

ð26Þ

With the use of the expression of α and β from Eq. (25),
Eqs. (22) and (23) reduce to

icsc 2μlð Þ 1−Re2iμl−T
� � ¼ 2K∫L1v1 yð Þϕ0 yð Þdy ð27Þ

icsc 2μlð Þ R−e2iμl þ Te2iμl
� � ¼ 2K∫L2v2 yð Þϕ0 yð Þdy ð28Þ

With the use of the expression of B(k) and C(k) from Eq.
(26), the two equations of Eq. (24) reduce to

D kð Þ−A kð Þe2tl
sinh 2tlð Þ

D kð Þe2tl−A kð Þ
sinh 2tlð Þ

2
664

3
775 ¼ 2t

π
∫L1v1 yð ÞS k; yð Þdy
−∫L2v2 yð ÞS k; yð Þdy

	 

ð29Þ

Now, we simplify Eq. (29) to find the expressions of A(k)
and D(k) in terms of the functions vj(y) (j = 1, 2) as given by

A kð Þ
D kð Þ

	 

¼ −

t
π

∫L1v1 yð ÞS k; yð Þdy
þ∫L2e

−2tlv2 yð ÞS k; yð Þdy

∫L1e
−2tlv1 yð ÞS k; yð Þdy

þ∫L2v2 yð ÞS k; yð Þdy

2
66664

3
77775 ð30Þ

Now, by substituting the expressions of A(k) and
D(k) from Eq. (30) in the expression of u1(y) and
u2(y) and using the relation (17), we obtain the follow-
ing integral equations in vj(y) (j = 1, 2) :

ð31Þ

ð32Þ

where

ð33Þ

Now, the above integral Eqs. (31) and (32) can be
written in a single integral equation as follows:

ð34Þ

where E1 = 0, E2 = − 1, F1 = Te2iμl, and F2 = − Re2iμl.
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With the use of the matrix notation, the integral Eq. (34)
can be expressed as a compact matrix form as follows:

−iμH yð Þ E−Fð Þϕ0 yð Þ þ ∫∞0N y; zð Þv zð Þdz
¼ iKGH yð Þv yð Þ; y∈ 0;∞ð Þ ð35Þ

in which

where

Now, we introduce a 2 × 2 matrix as follows:

V zð Þ ¼
V1
1 zð Þ V2

1 zð Þ
V1
2 zð Þ V2

2 zð Þ
2
4

3
5

as v(z) = iμV(z)(E −F).
With the use of the expression of v(z), the integral Eq. (35)

is transformed into the following equation:

∫∞0N y; zð ÞV zð Þdz−iKGH yð ÞV yð Þ ¼ H yð Þϕ0 yð Þ; y∈ 0;∞ð Þ ð36Þ

The above matrix Eq. (36) is equivalent to the following
integral equations:

ð37Þ
where

λ j
m ¼ 1 j ¼ m

0 j≠m

�
Using the constants of Ej and Fj, we combine Eqs. (27) and

(28) of the form as

i csc 2μlð Þ E je
2iμl−F je

−2iμl−E3− j þ F3− j
� 

¼ 2K∫L jv j yð Þϕ0 yð Þdy; j ¼ 1; 2 ð38Þ

With the use of the matrix notation, the integral Eq. (38)
can be written in a compact matrix form as given by

∫∞0H zð Þv zð Þϕ0 zð Þdz ¼ i
2K

cosec 2μlð Þ DE−DF
� �

ð39Þ

where D ¼
e2iμl −1
−1 e2iμl

2
4

3
5;D ¼

e−2iμl −1
−1 e−2iμl

2
4

3
5:

Fig. 3 Contour for partially immersed porous barriers

Fig. 4 Contour for totally submerged porous barriers

Fig. 5 Reflection coefficients for two partially immersed vertical barriers,
for different values of ba ¼ 1; 1:1; 1:2ð Þ and a fixed value of θ = 0o, G1 =

G2 = 0, and l
a ¼ 1
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With the use of the expression of v(z) = iμV(z)(E −F), the
integral Eq. (39) transforms into

2Kμ E−Fð ÞS ¼ csc 2μlð Þ DE−DF
� �

ð40Þ

where S ¼ ∫∞0H zð ÞV zð Þϕ0 zð Þdz
Thus, the reflection and transmission coefficients are ob-

tained as

Te2iμl

−Re2iμl

	 

¼ YE ð41Þ

where Y ¼ 2KμS−csc 2μlð ÞD½ �−1 2KμS−csc 2μlð ÞD½ �:
To determine the reflection and transmission coefficients,

we have to find the value of S. The solution of the integral
expression of S can be obtained using the solution V(z) of
the integral Eq. (36).

3.1 For Partially Immersed Barriers

In this subsection, to construct a solution of the integral Eq.
(36), we use single-term Galerkin approximation. We approx-
imate the function Vm

j yð Þ as given by

Vm
j yð Þ≃cjm f j yð Þ; j;m ¼ 1; 2 ð42Þ

where f1(y) and f2(y) are Ursell’s (1947) exact solution for the
potential difference across a single barrier partially immersed
up to depths a and b, respectively, and are given by

f 1 yð Þ ¼ e−Ky∫ya
zeKzffiffiffiffiffiffiffiffiffiffiffi
a2−z2

p dz; 0 < y < a ð43Þ

f 2 yð Þ ¼ e−Ky∫yb
zeKzffiffiffiffiffiffiffiffiffiffiffi
b2−z2

p dz; 0 < y < b ð44Þ

and cjm(j,m = 1, 2) are unknown constants to be determined.
To determine the value of the unknown constants cjm(j,m = 1,
2), we substitute the expression Vm

j yð Þ from Eq. (42) along
with the expressions f1(y) and f2(y) into Eq. (37) and obtain the

Fig. 6 Reflection coefficients for two partially immersed vertical barriers,
for different values of θ(=30°, 45°, 60°) and a fixed value of b

a ¼ 1:2,

G1 =G2 = 0, and
l
a ¼ 3

Fig. 7 Reflection coefficient for a partially immersed vertical barrier, for
different values of G1 =G2 = 0, G1 =G2 = 0.1, G1 = 1 =G2 = 0.5, G1 =
G2 = 1, G1 =G2 = 1 + i, G1 =G2 = 1 + 2i and a fixed value of θ = 0°,
b
a ¼ 1, and l

a→0

Fig. 8 Reflection and transmission coefficients for two submerged
barriers, for different values of b

a ¼ 1; 1:3ð Þ and a fixed value of θ = 0°,

G1 =G2 = 0, and
l
a ¼ 5

Fig. 9 Reflection coefficient for a submerged barrier, for different values
of G1 =G2 = (0, 0.1, 0.5) and a fixed value of θ = 0°, ba ¼ 1, and l

a→0
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following system of equations:

ð45Þ

where

ð46Þ

Now, by placing the expressions of f1(z) and f2(z) from Eqs.
(43) and (44) in the three equations of Eq. (46), we obtain

where J1(.) is a Bessel function of the first kind of first order
and I1(.) is a modified Bessel function of the first kind of first
order. If S = {Sjm}2 × 2, then we find S after substituting the
expression from Eq. (42).

Sjm≃∫L jV
m
j zð Þe−Kzdz ¼ cjmP j; j;m ¼ 1; 2 ð47Þ

Fig. 10 Reflection coefficient for two partially immersed vertical
barriers, for different values of b

a ¼ 1; 1:1; 1:2ð Þ and a fixed value of

G1 =G2 = 0.1, la ¼ 1, and θ = 0°

Fig. 11 Reflection coefficient for two partially immersed vertical
barriers, for different values of b

a ¼ 1; 1:1; 1:2ð Þ and a fixed value of

G1 = 0.1, G2 = 0.2, la ¼ 1, and θ = 0°

Fig. 12 Reflection coefficient for two partially immersed vertical
barriers, for different values of l

a ¼ 1; 2; 3ð Þ and a fixed value of G1 =

G2 = 0.1,
b
a ¼ 1, and θ = 0°

Fig. 13 Reflection coefficient for two partially immersed vertical
barriers, for different values of l

a ¼ 1; 2; 3ð Þ and a fixed value of G1 =

0.1, G2 = 0.3, ba ¼ 1, and θ = 0°
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3.2 For Submerged Barriers

In this subsection, to construct a solution for the integral
Eq. (36), we apply the same method as above and choose
L1 = (a,∞) and L2 = (b,∞). We approximate the function
Vm

j yð Þ as given by

Vm
j yð Þ≃cjm f j yð Þ; j;m ¼ 1; 2 ð48Þ

where f1(y) and f2(y) are given by

f 1 yð Þ ¼ e−Ky∫ya
zeKzffiffiffiffiffiffiffiffiffiffiffi
z2−a2

p dz; y > a ð49Þ

f 2 yð Þ ¼ e−Ky∫yb
zeKzffiffiffiffiffiffiffiffiffiffiffi
z2−b2

p dz; y > b ð50Þ

Here, we obtain

where J0(.) is a Bessel function of the first kind of zero order
and K0(.) is a modified Bessel function of the second kind of
zero order. The same steps as in the case of partially immersed
barriers are followed to determine S approximately.

Fig. 14 Reflection coefficient for two partially immersed vertical
barriers, for different values of l

a ¼ 1; 2; 3ð Þ and a fixed value of G1 =

0.1, G2 = 0.3, ba ¼ 1:2, and θ = 0°

Fig. 15 Reflection coefficient for two partially immersed vertical
barriers, for different values of l

a ¼ 1; 2; 3ð Þ and a fixed value of G1 = 1,

G2 = 1 + 0.5i, ba ¼ 1:2, and θ = 45°

Fig. 16 Reflection coefficient for two partially immersed vertical
barriers, for different values of θ(=30°, 45°, 60°) and a fixed value of
G1 = 0.1, G2 = 0.3,

b
a ¼ 1:2, and l

a ¼ 3

Fig. 17 Reflection coefficient for two partially immersed vertical
barriers, for different values of θ(=30°, 45°, 60°) and a fixed value of
G1 = 1, G2 = 1 + 0.5i, ba ¼ 1:2, and l

a ¼ 3
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4 Energy Identity

In this section, we determined the energy dissipation due to
the effect of the porosity of barriers by using Green’s integral
theorem to the function ϕ(x, y) and its complex conjugate ϕ
x; yð Þ in the fluid region bounded by the lines y = 0 (l ≤ x ≤ P);
x = l ± 0 (0 ≤ y ≤ b); y = 0 (−l ≤ x ≤ l); x = − l ± 0 (0 ≤ y ≤ a);
y = 0 (−P ≤ x ≤ − l); x = − P(0 ≤ y ≤ Q); y = Q(−P ≤ x ≤ P);
x = P(0 ≤ y ≤Q) for partially immersed case and y = 0 (−P ≤
x ≤ P); x = − P(0 ≤ y ≤ Q); y = Q(−P ≤ x ≤ − l); x = − l ±
0 (a ≤ y ≤Q); y =Q(−l ≤ x ≤ l); x = l ± 0(b ≤ y ≤Q); y =Q(l ≤
x ≤ P); x = P(0 ≤ y ≤Q) for submerged case and internally by
circles with a small radius ϵwith center at (−l, a) and (l, b) (see
Figs. 3 and 4). Finally, by making P, Q→∞ and ϵ→ 0, we
calculate the energy identity as follows

Rj j2 þ Tj j2 ¼ 1−J ð51Þ
where

J ¼ 2K2

μ
∑2

i¼1Re Gið Þ∫Li ϕiþ1−ϕi

�� ��2dy

and Re(Gi) is the real part of the porous effect parameters.
Clearly, the integral part of the expression of J is always pos-
itive. Therefore, we can conclude that |R|2 + |T|2 < 1. If the
barriers are impermeable (G1 =G2 = 0), then the energy dissi-
pation coefficient is always zero.

5 Dynamic Force

The linear Bernoulli equation of the dynamic pressure jump
on the two porous barriers can be written in the form (see Li
et al. 2015)

P x; yð Þ ¼ iρω ϕ1−ϕ2ð Þx¼−l þ ϕ2−ϕ3ð Þx¼l

� � ð52Þ

where ρ is the water density. Now, by integrating the dynamic
pressure jump along the porous barriers, we obtain the mag-
nitude of the horizontal wave force acting on the barriers, as
given (Li et al. 2015)

Fig. 18 Reflection coefficient for two partially immersed vertical
barriers, for different values of θ(=30°, 45°, 60°) and a fixed value of
G1 = 1, G2 = 2,

b
a ¼ 1:2, and l

a ¼ 3

Fig. 19 Reflection coefficient for two partially immersed vertical
barriers, for different values of θ(=30°, 45°, 60°) and a fixed value of
G1 = 2, G2 = 1, ba ¼ 1:2, and l

a ¼ 3

Fig. 20 Reflection coefficient for two partially immersed vertical
barriers, for different values of G1 =G2 = 0; G1 =G2 = 0.5; G1 = 1, G2 =
0.75; G1 = 0.75, G2 = 1; G1 = 1 + 0.5i, G2 = 1.25 and a fixed value of θ =
45°, ba ¼ 1:2, and l

a ¼ 3

Fig. 21 Reflection coefficient for two partially immersed vertical
barriers, for different values of G1 =G2 = 0; G1 =G2 = 0.5; G1 = 1, G2 =
0.75; G1 = 0.75, G2 = 1; G1 = 1 + 0.5i, G2 = 1.25 and a fixed value of θ =
0°, ba ¼ 1:2, and l

a ¼ 3
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C f ¼ iρω∑2
i¼1∫Li ϕi−ϕiþ1

� �
dy ð53Þ

The nondimensional form of the horizontal force coeffi-
cient on the vertical porous barriers is given by

K f ¼ KjC f j
ρg

ð54Þ

6 Numerical Results

In this section, we found the numerical solution of the
reflection and transmission coefficients, amount of dis-
sipated energy, and wave force. To find all the hydro-
dynamics quantities, we first approximate the integral
expression S. After approximating the integral expres-
sion of S, the reflection and transmission coefficients
are computed numerically from Eq. (41) for various
values of different dimensionless parameters, and they
are presented graphically.

6.1 Approximation to Existing Results

In this section, we compared the present results with the cor-
responding cases available in the literature. To validate the
current results, we take G1 =G2 = 0 in Eqs. (5) and (7), and
the corresponding problems exactly match the one considered
by Roy et al. (2016). A numerical study for a single rigid
vertical barrier is shown in Fig. 5 for three different values
of ba ¼ 1; 1:1; 1:2ð Þ and a fixed value of θ = 0,G1 =G2 = 0, and
l
a ¼ 1. For the case of two identical partially immersed barriers
(b/a = 1), the curve of ∣R∣ in Fig. 5 coincides with the curve
in Fig. 1 of Evans and Morris (1972). For the case of two
nonidentical partially immersed barriers (b/a = 1.1, 1.2), the
curves of ∣R∣ in Fig. 5 agree with the curves in Fig. 1 of
Roy et al. (2016). The good agreement between the results
validates the current formulation of the problem. In Fig. 6,
graphs of ∣R∣ are plotted against the wave number Ka for
different values of θ(=30°, 45°, 60°) and a fixed value of
b
a ¼ 1:2, G1 =G2 = 0, and l

a ¼ 3. Zeros of ∣R∣ are never pos-
sible for nonuniform partially immersed barriers in the case of

Fig. 22 Dissipated energy for two partially immersed vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i;
G1 = 1 + 0.5i,G2 = 2 + 0.5i and a fixed value of θ = 45°, ba ¼ 1, and l

a ¼ 1

Fig. 23 Dissipated energy for two partially immersed vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 2, G2 = 1; G1 = 1,
G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of θ = 45°,
b
a ¼ 1:3, and l

a ¼ 1

Fig. 24 Dissipated energy for two partially immersed vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 2, G2 = 1; G1 = 1,
G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of θ = 0°,
b
a ¼ 1:3, and l

a ¼ 1

Fig. 25 Wave force for two partially immersed vertical barriers, for
different values of G1 =G2 = 0.1; G1 = 0.25, G2 = 0.5; G1 = 0.5, G2 =
0.25; G1 = 0.5 + 0.5i, G2 = 0.75 + 0.5i and a fixed value of θ = 45°,
b
a ¼ 1, and l

a ¼ 1
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an oblique incident wave. These results for ∣R∣ coincide ex-
actly with those presented by Roy et al. (2016). By taking b

a

¼ 1 and l
a→0, the structure reduces to a single partially im-

mersed porous barrier, which was studied by Manam and
Sivanesan (2016). The curves of ∣R∣ are depicted against
the wave number Ka for different values of G1 =G2 = 0,
G1 =G2 = 0.1, G1 = 1 =G2 = 0.5, G1 =G2 = 1, G1 =G2 = 1 +
i, G1 =G2 = 1 + 2i in the case of a normal incident wave in
Fig. 7. The curves of Fig. 7 are almost the same as those
presented by Manam and Sivanesan (2016).

In Fig. 8, the curves of ∣R∣ and ∣T∣ are plotted for two
different values of b

a ¼ 1; 1:3ð Þ and a fixed value of θ = 0°,

G1 =G2 = 0, and l
a ¼ 5. For the case of two identical fully

submerged barriers (b/a = 1), the curves of ∣R∣ and ∣T∣ in
Fig. 8 coincide with the curves in Fig. 3 of Jarvis (1971). For
the case of two nonidentical fully submerged barriers (b/a =
1.3), the curves of ∣R∣ in Fig. 8 coincide with the curves in
Fig. 6(b) of Roy et al. (2016). These findings indicate the
correctness of the results obtained by the present

configuration. With the assumption of b
a ¼ 1 and l

a→0, the
structure reduces to a single fully submerged porous barrier,
which was studied by Manam and Sivanesan (2016). In the
case of a normal incident wave, the curves of ∣R∣ are depicted
against the wave number Ka for different values ofG1 =G2 =
0, G1 =G2 = 0.1, G1 =G2 = 0.5 in Fig. 9. The curves of Fig. 9
coincide exactly with those presented by Manam and
Sivanesan (2016).

6.2 For Partially Immersed Barriers

In Figs. 10 and 11, the curves of ∣R∣ are plotted against the
wave number for equal and different porosity, respectively, for
a fixed value of l

a ¼ 1 and θ ¼ 0° and for different values of
length (ba ¼ 1; 1:1; 1:2 ). The value of ∣R∣ is larger for un-
equal barriers than for equal barriers. Also, for small (<0.1)
and large (>0.9) wave numbers, the reflection coefficients are
the same for equal and unequal barriers. A comparison

Fig. 26 Wave force for two partially immersed vertical barriers, for
different values of G1 =G2 = 0.1; G1 = 0.25, G2 = 0.5; G1 = 0.5, G2 =
0.25; G1 = 0.5 + 0.5i, G2 = 0.75 + 0.5i and a fixed value of θ = 45°,
b
a ¼ 1:3, and l

a ¼ 1

Fig. 27 Wave force for two partially immersed vertical barriers, for
different values of G1 =G2 = 0.1; G1 = 0.25, G2 = 0.5; G1 = 0.5, G2 =
0.25; G1 = 0.5 + 0.5i, G2 = 0.75 + 0.5i and a fixed value of θ = 0°,
b
a ¼ 1:3, and l

a ¼ 1

Fig. 28 Reflection coefficients for two submerged barriers, for different
values of l

a ¼ 1; 5; 10ð Þ and a fixed value of θ = 0°, G1 =G2 = 1, and
b
a ¼ 1

Fig. 29 Reflection coefficient for two submerged vertical barriers, for
different values of l

a ¼ 1; 5; 10ð Þ and a fixed value G1 =G2 = 1,
b
a ¼ 1:3, and θ = 0°
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between these two figures shows that ∣R∣ is less when the
porosity is different for two barriers.

The effect of distance between two barriers on ∣R∣ is
shown in Figs. 12, 13, 14, and 15, respectively. In Figs. 12
and 13, the graphs are plotted for three different values of l/
a(=1, 2, 3) and for a fixed value of θ = 0 ° and b/a = 1 with
equal and different porosity. In Figs. 14 and 15, the graphs
are depicted for three different values of l/a(=1, 2, 3) and for a
fixed value of θ = 0 ° and b/a = 1.2 with different porosity.
These figures clearly show that for a small wave number, the
values of ∣R∣ increase and shift toward the right as the dis-
tance decreases. By contrast, for a large wave number, the
values of ∣R∣ increase and shift toward the right as the dis-
tance increases. From Figs. 13 and 14, we can conclude that
the zeros of ∣R∣ are abolished for nonidentical barriers unlike
for identical barriers. Moreover, the peak value of ∣R∣ de-
creases as the porosity increases for equal and unequal
barriers.

The influence of angle of incidence on ∣R∣ for two non-
identical permeable barriers with different porosity is investi-
gated in Figs. 16, 17, 18, and 19. These graphs are plotted for
three different values of θ(=30°, 45°, 60°) and for a fixed value

of b/a = 1.2 and l/a = 3 with different porosity for two bar-
riers. The peak value of ∣R∣ decreases as the angle of inci-
dence increases. A comparison between Figs. 16 and 17
shows that the maximum values of ∣R∣ reduce due to the
inertial effect on porous barriers. A comparison between
Figs. 18 and 19 shows a considerable increase in the minimum
values of∣R∣ and a decrease in the oscillation of the reflection
curves. From all these figures, we can conclude that the value
of ∣R∣ is small when the porosity is large. In the case of a high
value of porosity for a larger barrier, the zeros of ∣R∣ exist.

The effect of porosity on ∣R∣ for two unequal barriers with
oblique and normal incidence is investigated in Figs. 20 and
21, respectively. These graphs are plotted for five different
values of G1 = G2 = 0; G1 = G2 = 0.5; G1 = 1, G2 = 0.75;
G1 = 0.75, G2 = 1; G1 = 1 + 0.5i, G2 = 1.25 and a fixed value
of b

a ¼ 1:2 and l
a ¼ 3 for oblique and normal incident waves.

These figures show that the minimum andmaximum values of
∣R∣ are obtained at the specific values of wave numbers cor-
responding to all values of porous effect parameters.
However, the value of ∣R∣ decreases as the value of porous

Fig. 30 Reflection coefficient for two submerged vertical barriers, for
different values of l

a ¼ 1; 5; 10ð Þ and a fixed value of G1 =G2 = 1,
b
a ¼ 1:3, and θ = 45°

Fig. 31 Reflection coefficient for two submerged vertical barriers, for
different values of θ(=30°, 45°, 60°) and a fixed value of G1 = 2, G2 = 1,
b
a ¼ 1:3, and l

a ¼ 5

Fig. 32 Reflection coefficient for two submerged vertical barriers, for
different values of θ(=30°, 45°, 60°) and a fixed value of G1 = 1, G2 =
1 + 0.5i, ba ¼ 1:3, and l

a ¼ 5

Fig. 33 Reflection coefficient for two submerged vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1 + 0.5i, G2 = 0.75i
and a fixed value of θ = 0°, ba ¼ 1:3, and l

a ¼ 5
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effect parameters increases. When we take a small value of
porosity for the smaller barrier, then the value of ∣R∣ is less
than that for greater porosity for a large barrier.

The amount of dissipated energy for two equal or unequal
barriers is plotted against the wave number in Figs. 22, 23, and
24. In Figs. 22 and 23, the graphs are plotted for five different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 2, G2 = 1; G1 = 1,
G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of
θ = 45° and l

a ¼ 1 for equal and unequal barriers. The graph in
Fig. 24 is plotted for four different values ofG1 =G2 = 1;G1 =
1, G2 = 2; G1 = 1, G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i
and a fixed value of θ = 0°, l

a ¼ 1, and b
a ¼ 1:3. For a small

wave number Ka < 0.2, energy dissipation decreases as the
porosity increases. However, for large wave numbers, a large
amount of energy is dissipated as the porosity decreases.
Moreover, the curve of energy dissipation for normal inci-
dence is more oscillatory than that for oblique incidence.

The coefficient of wave force for two equal or unequal
barriers is plotted against the wave number in Figs. 25, 26,
and 27. The graphs in Figs. 25 and 26 are plotted for four
different values of G1 =G2 = 0.1; G1 = 0.25, G2 = 0.5; G1 =

0.5, G2 = 0.25; G1 = 0.5 + 0.5i, G2 = 0.75 + 0.5i and a fixed
value of θ = 45° and l

a ¼ 1 for equal and unequal barriers.
The graph in Fig. 27 is plotted for four different values of
G1 =G2 = 0.1; G1 = 0.25, G2 = 0.5; G1 = 0.5, G2 = 0.25; G1 =
0.5 + 0.5i,G2 = 0.75 + 0.5i and a fixed value θ = 00, la ¼ 1, and
b
a ¼ 1:3. For a small wave number Ka < 1, the coefficient of
wave force decreases as the porosity increases. However, for
large wave numbers, the coefficient of wave force increases as
the porosity decreases. Moreover, the curves of complex po-
rosity are more oscillatory than the curves of real porosity due
to inertial effect.

6.3 For Submerged Barriers

We present the numerical result for two fully submerged equal
and unequal barriers. The effect of distance between the two
barriers on ∣R∣ is shown in Figs. 28, 29, and 30. In Fig. 28,
the graphs are plotted against Kaπ for three different values of l/
a(=1, 5, 10) and for a fixed value of θ = 0o, b/a = 1, and G1 =

Fig. 34 Reflection coefficient for two submerged vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1 + 0.5i, G2 = 0.75i
and a fixed value of θ = 45°, ba ¼ 1:3, and l

a ¼ 5

Fig. 35 Dissipated energy for two submerged vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i;
G1 = 1 + 0.5i,G2 = 2 + 0.5i and a fixed value of θ = 30°, ba ¼ 1, and l

a ¼ 1

Fig. 36 Dissipated energy for two submerged vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 2, G2 = 1; G1 = 1,
G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of θ = 0°,
b
a ¼ 1:3, and l

a ¼ 1

Fig. 37 Dissipated energy for two submerged vertical barriers, for
different values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 2, G2 = 1; G1 = 1,
G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of θ = 30°,
b
a ¼ 1:3, and l

a ¼ 1
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G2 = 1. In Figs. 29 and 30, the graphs are plotted against Ka
for three different values of l/a(=1, 5, 10) and for a fixed value
of b/a = 1.3 andG1 =G2 = 1 for normal and oblique incidence,
respectively. These figures, clearly show that for a small wave
number, the values of ∣R∣ are high. However, for a large
wave number, the values of ∣R∣ become almost zero. The
minimum values of ∣R∣ are shifted shift toward the right as
the distance decreases.

The influence of angle of incidence on ∣R∣ for two un-
equal permeable barriers with different porosity is shown in
Figs. 31 and 32. These graphs are plotted for three different
values of θ(=30°, 45°, 60°) and for a fixed value of b/a =
1.3 and l/a = 5 with different porosity for two barriers. The
peak value of ∣R∣ decreases as the angle of incidence in-
creases. From these figures, we can conclude that the value
of ∣R∣ is small when the porosity is large. In the case of a high
value of porosity for a smaller barrier, the zeros of ∣R∣ exist.

The effect of porosity on ∣R∣ for two unequal barriers is
shown in Figs. 33 and 34 for normal and oblique incident
wave, respectively. These graphs are plotted for three different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1 + 0.5i, G2 =
0.75i and a fixed value of b

a ¼ 1:3 and l
a ¼ 5 for normal and

oblique incident waves. These figures show that the peak
values of ∣R∣ are obtained for specific values of wave num-
bers for all different porosity. However, the value of ∣R∣
decreases as the value of porous effect parameters increases.
Moreover, for the oblique incident wave, the number of oscil-
lations of the curves of ∣R∣ is less than that of the normal
incident wave.

The amount of dissipated energy for two equal or unequal
barriers is plotted against the wave number in Figs. 35, 36, and
37. In Figs. 35 and 37, the graphs are plotted for four different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i;
G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed value of θ = 30° and l

a
¼ 1 for equal and unequal barriers. The graph in Fig. 36 is
plotted for four different values ofG1 =G2 = 1;G1 = 1,G2 = 2;
G1 = 1, G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a fixed
value of θ = 0o, l

a ¼ 1, and b
a ¼ 1:3. For a small wave number

Ka < 0.3, the energy dissipation decreases as the porosity in-
creases. However, for large wave numbers, a large amount of
energy is dissipated as the porosity decreases. Moreover, the
value of energy dissipation for normal incidence is more than
that for oblique incidence.

The coefficient of wave force for two equal or un-
equal barriers is plotted against the wave number in
Figs. 38, 39, and 40. The graphs in Figs. 38 and 40
are plotted for four different values of G1 =G2 = 1; G1 =
1, G2 = 2; G1 = 1, G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 +
0.5i and a fixed value of θ = 30° and l

a ¼ 1 for equal
and unequal barriers. The graph in Fig. 39 is plotted for
four different values of G1 = G2 = 1; G1 = 1, G2 = 2;
G1 = 1, G2 = 1 + 0.5i; G1 = 1 + 0.5i, G2 = 2 + 0.5i and a
fixed value of θ = 0, l

a ¼ 1, and b
a ¼ 1:3. The peak value

of the coefficient of wave force decreases as the poros-
ity decreases. Moreover, the value of the coefficient of
wave force for complex porosity is less than that for
real porosity.

Fig. 38 Wave force for two submerged vertical barriers, for different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i; G1 = 1 +
0.5i, G2 = 2 + 0.5i and a fixed value of θ = 30°, ba ¼ 1, and l

a ¼ 1

Fig. 39 Wave force for two submerged vertical barriers, for different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i; G1 = 1 +
0.5i, G2 = 2 + 0.5i and a fixed value of θ = 0°, ba ¼ 1:3, and l

a ¼ 1

Fig. 40 Wave force for two submerged vertical barriers, for different
values of G1 =G2 = 1; G1 = 1, G2 = 2; G1 = 1, G2 = 1 + 0.5i; G1 = 1 +
0.5i, G2 = 2 + 0.5i and a fixed value θ = 30°, ba ¼ 1:3, and l

a ¼ 1
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7 Conclusion

This study investigates the scattering of oblique incident
waves by two partially immersed and two totally submerged
unequal barriers with different porosity. With the use of
Havelock’s expansion of wave potential and the condition
on the permeable barriers, the problem is transformed into
two integral equations, which are then approximated by
employing single-term Galerkin approximation method.
Accurate values of reflection and transmission coefficients
are obtained for both the problems. An energy identity equa-
tion is derived using Green’s integral theorem, which states
that some energy is dissipated due to the effect of porosity on
barriers. The coefficient of wave force is also derived. The
numerical results of hydrodynamics quantities are illustrated
graphically. The derived result coincides analytically and
graphically with the results that have already been presented
in the literature. This comparison proves the rapid conver-
gence of our method in contrast to the method available in
the literature. We discuss the results for two equal barriers
and two unequal barriers. The computational result clearly
shows that for some fixed wave numbers, the peak value of
reflection coefficient decreases when the value of porosity
increases for oblique and normal incident waves. In the pres-
ence of porosity, the length and distance between barriers play
an important role in the scattering behavior of the surface
waves by two partially immersed and two submerged barriers.
Also, the computed results of reflection and transmission co-
efficients satisfy the energy identity for permeable and imper-
meable barriers. An infinite number of wave periods exist at
which waves are fully transmitted with the effect of porosity.
As a result of porosity, for a small wave number, the reflection
is negligible for the case of partially immersed barriers, but the
transmission is negligible for two submerged barriers.

This study can be further extended to investigate the prob-
lems of water wave scattering by multiple thin vertical porous
barriers in uniform finite depth water or infinite deep water.
The Galerkin approximation involving simple polynomials as
basis can be used to obtain the solution of integral equations
arising in the problems of thin vertical multiple porous
barriers.

Funding This work is partially supported by a SERB, DST(EMR/2016/
005315).
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