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Abstract: Aircraft flying close to the ground benefit from enhanced 
efficiency owing to decreased induced drag and increased lift. In 
this study, a mathematical model is developed to simulate the 
takeoff of a wing near the ground using an Iterative Boundary 
Element Method (IBEM) and the finite difference scheme. Two 
stand-alone sub-codes and a mother code, which enables 
communication between the sub-codes, are developed to solve for 
the self-excitation of the Wing-In-Ground (WIG) effect. The 
aerodynamic force exerted on the wing is calculated by the first 
sub-code using the IBEM, and the vertical displacement of the 
wing is calculated by the second sub-code using the finite 
difference scheme. The mother code commands the two sub-codes 
and can solve for the aerodynamics of the wing and operating 
height within seconds. The developed code system is used to solve 
for the force, velocity, and displacement of an NACA6409 wing at 
a 4° Angle of Attack (AoA) which has various numerical and 
experimental studies in the literature. The effects of thickness and 
AoA are then investigated and conclusions were drawn with respect 
to generated results. The proposed model provides a practical 
method for understanding the flight dynamics and it is specifically 
beneficial at the pre-design stages of a WIG effect craft. 
Keywords: wing-in-ground effect, ground proximity, flight 
dynamics, iterative boundary element method, mathematical model, 
takeoff simulation 
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1 Introduction1 

Wing-in-ground (WIG) craft are “efficient” airplanes that 
have enhanced lift-to-drag ratios. The ground restrains the 
formation of tip vortices at the ends of the wings, lowering 
induced drag and trapping air under the wings to increase 
lift, reduce fuel consumption, and increase cargo weight. 
WIG craft are fast and can use water as a natural runway. 
The benefits of flying close to the ground were first 
exploited by Russians during the Cold War (Rozhdestvensky, 
2006). Although initial excitement disappeared after several 
accidents, interest in WIG craft appears to be on the rise 
again as a result of recent breakthroughs in control 
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engineering (Halloran and O’Meara, 1999). 
WIG craft are much faster than conventional aircraft and 

do not require a runway when they operate over water. 
However, operating waters should be predefined during the 
design stage. Wave height and obstacles such as bridges or 
offshore platforms in target waters should be known 
beforehand to ensure that operational parameters can be 
calculated accordingly. A coastal map may also be important 
if the craft is to reach given altitudes to avoid obstacles such 
as mountains or sea cliffs. To resolve any issues related to 
the safety of the craft, it is beneficial to simulate takeoff and 
specify the operating height. 

The production of a vehicle as complex as a WIG craft 
requires a design spiral with many iterations. Rough 
estimation of the takeoff and operational height during the 
pre-design stage increases the efficiency of the design 
process and decreases the number of iterations needed for the 
design spiral. The use of commercial Computational Fluid 
Dynamics (CFD) programs for solving Reynolds-Averaged 
Navier–Stokes Equations (RANSEs) may help in observing 
the flow physics during the late stages of the design spiral 
because it is not possible to try every possible wing geometry 
given the time required to setup a mesh system. This study 
attempts to utilize the practicality of the Iterative Boundary 
Element Method (IBEM) to quickly determine the basics of 
the dynamics of the WIG effect. The implemented method 
returns results very quickly. The IBEM is a robust method 
used in many fields of engineering, in particular, fluid 
mechanics, where it is used to solve various problems such as 
cavitation (Kinnas and Fine, 1993) and the free-surface effect 
(Bal and Kinnas, 2002; Uslu and Bal, 2008).  

Although water may provide a natural runway for WIG 
craft, the scope of the present study is limited to the ground 
with solid boundaries because the effect of a free fluid 
surface that serves as the ground under a wing is negligible. 
Liang and Zong (2011) investigated differences between the 
effects of solid boundaries and free water surfaces on a wing. 
The free-surface deformation of a WIG was studied 
numerically using CFD by Barber (2007). Overall, these 
studies can be used to obtain a deeper understanding of the 
free-surface effect on a wing. 

Flying very close to the ground can cause a wing to 
oscillate and produce wake vorticity, significantly affecting 
the longitudinal stability of a WIG craft (Nebylov, 2003). 
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Longitudinal stability and control of the craft are the most 
important design parameters (Yang et al., 2015) when a 
wing is under extreme ground effects. An exemplary study 
carried out for a small passenger WIG craft to assess its 
longitudinal stability and dynamic motions can be found in 
(Chun and Chang, 2002). Tavakoli and Seif (2015) also 
investigated the longitudinal stability of a WIG craft using a 
potential-based theory. Because cases of extreme ground 
effects are not investigated in this study, wake roll-up is not 
considered in the code system implemented to solve for the 
takeoff of a wing. Although two-dimensional wings may 
have two Degrees of Freedom (2-DOF), pitching motion is 
not included in the study; instead, only heaving motion is 
considered. Heaving airfoils were investigated in (Liang et 
al., 2014), which analyzed forced and self-excited 
oscillations. Pitching motion, an important factor in 
assessing the longitudinal stability of craft and extreme 
ground effects, was investigated by Yang et al. (2012). 
Heave and pitch motions of a wing with zero-thickness in 
ground proximity was investigated by (Matveev, 2012) 
using potential theory. One-dimensional inviscid model 
adopted in his study is able to generate results both for flat 
and wavy grounds using linear and nonlinear theories. 

Further improvements for WIG crafts in terms of wing 
efficiency can be made by twisting a three-dimensional wing 
in ground proximity. Studies made by Kinaci (2013) and 
Boschetti et al. (2008) investigate possible enhancements on 
wing geometry by giving it a twist at its ends. Utilization of 
a Power Augmented Ram (PAR) which aids the craft during 
takeoff is investigated in (Yang and Yang, 2010; Yang and 
Yang, 2011). 

2 Mathematical background 

Potential theory is implemented in this study to solve for 
the flow around a wing-in-ground effect. Although viscous 
effects may play a substantial role especially in extreme 
ground effect cases, this is not in the scope of this study. 
Viscous effects may still be superposed into potential theory 
by an “adaptive viscous-inviscid interaction method” as 
proposed by Rostami et al. (2016). 

2.1 Dynamics of the motion of a wing 
Newton’s second law of motion dictates that 
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Consider a wing with a constant mass m which is flying 
with velocity U and clearance h above the ground, as shown 
in Fig. 1. The wing will be subjected to an aerodynamic 
force ܨ exerted by the surrounding fluid and gravitational 
force mg that will act on its center of gravity. If it is assumed 
that the wing has 1-DOF and can only move vertically with 
velocity ݒ. Keeping this in mind, Eq. (1) becomes 
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Rearranging and integrating Eq. (2) to solve for v and 

then integrating again to obtain the vertical displacement, 
we get 

d
F

v g t
m

   
                 (3) 

d d
F

y g t t
m

   
                (4) 

If the mass and force exerted by the fluid on the wing are 
known, Eqs. (3) and (4) are numerically solvable by setting 
the time step size to a reasonable value within a finite 
difference scheme. Force F is calculated by 
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where c  is the chord length and Cl is the lift coefficient of 
the wing. Using the Kutta–Joukowsky theorem, the lift 
coefficient can be calculated by 
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where Γ is the circulation around the wing. Here, it should 
be mentioned that the velocity U is independent of time. The 
problem handled in this study is a quasi-transient problem, 
and the wing is not starting from rest. The main focus is to 
determine the steady operating height; in other words, both 
the chord length c and velocity U in Equation 6 are constant, 
and Cl is a function of the circulation Γ only. 

As is widely known, circulation is found by the equation 
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where ut is the tangential velocity at each infinitely small 
surface element ݀ݏ  of the wing integrated across the 
surface SB. Tangential velocities over the wing are calculated 
by taking the derivative of the potential φ: 
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where the potential at each point is 
Ux                     (9) 

where μ is the doublet strength at every point in the fluid 
domain, including wing boundaries, which is solved for 
using the Boundary Element Method (BEM). The effect of 
the ground will be represented using the method of images. 
The auxiliary methods used in this study are briefly 
explained below. 
 

 
Fig. 1 Wing in ground proximity 

 
2.2 BEM 

The Laplace equation used to solve an inviscid flow is 
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given as 
2 0                    (10) 

Green’s identity gives a general solution of the Laplace 
equation as a sum of source and doublet distributions along 
a two-dimensional surface defined as 
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The doublet strengths μ for each point are found from Eq. 
(11). However, the solution for a lifting flow such as a wing 
in a ground effect is not unique, and the solution set is an 
overdetermined system. To overcome this problem, the 
Kutta condition is implemented at the trailing edge of the 
wing. A detailed explanation of this method and its 
parameters can be found in (Katz and Plotkin, 1991). The 
implementation of the iterative version of the method is 
given in the next section. 

2.3 Method of images 
A single wing can be solved by the direct implementation 

of BEM; however, the case with the ground below the wing 
changes the approach to the solution. The ground can be 
replaced by a mirror symmetrical reflection of the wing and 
air, and the problem can be solved as if there were two 

wings in the flow (Fig. 2). This method proves its worth by 
allowing the application of the computational benefits of 
IBEM. 

 

 
Fig. 2 Method of images 

3 Solution approach  

3.1 Mainstream of the developed code system 
Two stand-alone sub-codes that communicate with each 

other through a mother code are developed to model the 
takeoff simulation. The first sub-code solves the flow 
around a wing and calculates the exerted aerodynamic force. 
The second sub-code calculates the vertical velocity of the 
wing and the displacement at each time step. The mother 
code is a batch file that commands the respective 
stand-alone sub-codes to work in order and transfers the 
results produced by each sub-code to the other. Fig. 3 
illustrates the functioning of the batch file. 

 

 
Fig. 3 Diagram of the functionalities of the stand-alone sub-codes and the role of the batch file 

 
The method consists of the following steps: 
1) Determine the doublet distribution along a wing using 

the IBEM implemented by the 1st sub-code. 
2) Find tangential velocities along the surface of the wing 

using Eq. (8). 
3) Calculate the circulation around the wing using Eq. (7). 
4) Derive the lift coefficient of the wing using Eq. (6). 
5) Calculate the vertical force on the wing using Eq. (5). 
6) Calculate the vertical component of the wing’s velocity 

using Eq. (3) implemented by the 2nd sub-code. 
7) Calculate the vertical displacement through the finite 

difference scheme using Eq. (4) implemented by the 2nd 
sub-code. 

8) Using the new ground clearance, return to step 1) for a 
new time step. Stop the iteration after the velocity difference 
between two consecutive time steps is less than a prescribed 
value. 

The vertical velocity of the wing will theoretically be 
equal to zero at its peak position. The wing will continue to 
operate at the same height until there is any intervention. 
The code system will exit the iterative loop after the 
difference between the velocities of consecutive time steps 
is lower than 10−4. 

To start the procedure, doublet strengths along the surface 
of a wing that is in ground proximity should be found. A 
guide as to how these are calculated is given in Section 3.2. 
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Steps 2)–5) are straight forward and can be calculated using 
equations provided in Section 2 (Eqs. (5) through (8)). Steps 
6) and 7) use the finite difference scheme to calculate 
vertical displacements; the numerical approach to solve 
these steps is given in Section 3.3. 

3.2 Calculation of aerodynamic force—1st sub-code 
The aerodynamic force on the wing is calculated by the 

IBEM. As shown in previous studies (Bal, 2008; Kinaci, 
2014; Kinaci, 2015), the IBEM is faster than BEM and 
produces accurate results. The solution steps of IBEM 
implementation by the sub-codes are as follows: 

1) Solve the flow around a real wing as if it alone is in the 
flow and find doublet strengths along its surface. 

2) Solve the flow around an imaginary wing using 
potentials induced by the real wing and find doublet 
strengths along its surface. 

3) Solve the flow around the real wing using potentials 
induced by the imaginary wing and find doublet strengths 
along its surface. 

4) Return to step 2) and continue as an iterative process. 
Stop when the difference in doublet strengths between two 
consecutive iterations is less than ε=10−5, where ߝ is the 
prescribed value, that stops the iterative process. It is 
defined as 

1i i                     (12) 

where ߤ௜ is the doublet strength calculated at each iteration 
on an arbitrary panel. Converged doublet strengths are used 
in the 1st step of the mother code. 

3.3 Calculation of vertical velocity and displacement— 
2nd sub-code 

1st order finite difference method is implemented to 
numerically solve Eqs. (3) and (4) for the vertical velocity 
and displacement, respectively. These equations become 
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The calculations of the vertical velocity and displacement 
are performed using steps 6) and 7) of the mother code. The 
displacement obtained in the 2nd sub-code is used as an 
input for the 1st sub-code. 

4 Validation of the IBEM code 

The code system was validated against the experimental 
results of Ahmed and Sharma (2005) for the NACA0015 
wing; a comparison is presented in Fig. 4. As observed in 
the figure, the general trends of curves agree, although some 
discrepancies are found between the respective results. The 
code system returns higher values than the experimental 
results. As mentioned previously, the code system uses the 
IBEM to generate its results and thus relies on potential 
theory; because potential theory completely neglects the 
effect of fluid velocity, the resulting values obtained in this 
study are higher than the experimental results. 

As shown in Fig. 4, the difference between the results 

increases as the AoA increases. The greatest discrepancy 
occurs when AoA is 10° because viscosity affects bluff 
bodies more than streamlined bodies. The effect of viscosity 
on bluff bodies is very high,and surpassing a specific AoA, 
it makes will cause a wing to go into stall and lose lift owing 
to the effects of the separation of the flow at the suction side 
of the wing. The IBEM implementing potential theory 
cannot detect this phenomenon. Qu et al. (2014) 
investigated the incidence of flow separation on a model 
WIG craft using CFD.  

Differences between pressure distributions at the suction 
side of a wing obtained in the present study and the 
experimental work of Ahmed and Sharma (2005) can be 
clearly observed in Fig. 5. Although there appears to be a 
significant difference at the suction side, the IBEM returns 
more accuratere sults for the pressure side of the wing. It is 
easily apparent from Fig. 5 that the IBEM returns lower 
pressure values. Once again, this is caused by potential 
theory discounting the pressure caused by viscous effects. 
The existence of viscous pressure in the experimental case 
limits the obtained values for lift. In contrast, the higher lift 
predictions in this study stem from an inviscid flow 
assumption. Further investigation of the effects of viscosity 
on a wing in ground proximity was performed by Yang et al. 
(2010), and another experiment using the NACA0015 wing 
can be found in Luo and Chen (2012). 

 

 
Fig. 4 Comparison of Cl from the present study with that 

from the study by Ahmed and Sharma (2005) 

5 Takeoff of an NACA6409 wing using the 
model 

It is reported in the previous section that potential theory 
neglects viscosity, returning higher values for lift generation 
of the wing. However, the IBEM is still successful in 
grasping the working principles of the ground effect, and the 
general trends of the respective curves agree (see Figs. 4 and 
5). The IBEM and potential theory can be utilized to predict 
the force acting on a wing to simulate the takeoff of the 
wing in proximity to the ground. 

In this section, the takeoff of a two-dimensional 



Omer Kemal Kinaci. Mathematical Model for Takeoff Simulation of a Wing in Proximity to the Ground 140 

NACA6409 wing that is initially at rest over the ground is 
solved using the model proposed in this study. The wing is 
actually not touching the ground because this would ruin 
the structure of the numerical model; instead, it is very 

close to the ground. To prevent any numerical errors that 
might arise, the wing is assumed to be located only 0.01c 
above the ground. The parameters used in this study are 
given in Table 1. 

 

     
(a) AoA=5°, h/c=0.15                                             (b) AoA=5°, h/c=0.9 
 

     
(a) AoA=10°, h/c=0.2                                             (b) AoA=10°, h/c=0.8 

Fig. 5 Comparison of Cp distributions from the present study with those from the study by Ahmed and Sharma (2005) 
 

Table 1 Parameters used in this study to model takeoff 

Wing profile NACA6409

Angle of attack α/(°) 4 

Chord length of the wing c/m 1 

Free-stream velocity V/(m·s−1) 1 

Fluid density ρ/(kg·m−3) 1.225 

Mass of the wing m/kg 0.087 5 

Time step size Δt/s 0.1 

Gravity g/(m·s−2) 9.81 

 
Clearance from the ground, velocity, and force with 

respect to time are given in Figs. 6, 7, and 8, respectively. 
When close to the ground, a wing experiences a greater 
aerodynamic force exerted on it owing to increased pressure 
at the pressure side. The wing rises with a high velocity and 

the ground clearance increases rapidly during takeoff. As the 
wing moves away from the ground, the aerodynamic force 
exerted on the wing substantially decreases. This decrease 
results in a slower takeoff velocity and smaller vertical 
displacement. After a sufficient amount of time, the wing 
reaches its operating height. When there is a small amount 
of displacement between time steps, the force applied to the 
wing remains about the same, and the WIG reaches a steady 
state. At Ut/c=6.7, when the wing reaches the operating 
height, the vertical velocity of the wing should be less than 
the prescribed value ε≤10−4 because there should be no 
significant vertical displacement after the wing reaches the 
operating height. 

To understand what happens to the wing over time, the 
pressure distribution along its surface is observed. 
Non-dimensionalized pressure distributions along the 
surface of the wing at Ut/c=0, Ut/c=1 and Ut/c=6.7 are 
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shown in Fig. 9. 
The pressure at the pressure side of the wing is much 

higher at the initial condition when the wing is close to the 
ground. The pressure starts to decrease as it moves further 
away from the ground, and the pressure change during the 
first second is much higher than that during the following 
seconds, which explains why the aerodynamic force shown 
in Fig. 8 drops significantly following the start. There is also 
some change in the suction side of the wing, but this change 
is much smaller than that at the pressure side. 

 

 

Fig. 6 Elevation of the WIG from the ground as a function 
of time following takeoff 

 

 

Fig. 7 Velocity during takeoff 
 

 

Fig. 8 Force applied to the WIG over time 

 

Fig. 9 Non-dimensional pressure distribution change overtime 

6 Effects of thickness and AoA of a wing 

6.1 Effect of thickness 
The effects of thickness of a wing on takeoff and 

operating height are investigated in this section. For this 
purpose, takeoffs of NACA6408 and NACA6410 wings are 
solved using the proposed model and compared with the 
ascent of a NACA6409 wing. The ground clearance with 
respect to time is given in Fig. 10. Thinner wings have lower 
operating heights but reach peak before thicker wings, 
which is an expected result as it is previously known that 
thickness has a positive effect on lift generation; this in turn 
results in a greater aerodynamic force. The pressure 
distributions of the wings are compared at their peak levels 
in height in Fig. 11. Except at the leading edge of the suction 
side of the wing, the pressure on thicker wings is lower; this 
is the main reason why thicker wings generate higher lift.  

6.2 Effect of AoA 
The effect of AoA effect on takeoff is investigated by 

changing the α of the NACA6409 wing by ±1°. The ground 
clearance with respect to time is given in Fig. 12, and 
pressure coefficient distributions along the wing at their 
peak level are given in Fig. 13. As shown in these figures, as 
the AoA of the wing increases, the wing can operate at 
increasing ground clearances. A low AoA can reach the peak 
level in a shorter time but can only operate at a lower height. 
Changes in AoA also affect the pressure distribution along 
the wing. A smaller AoA causes the wing to work under 
higher pressures for which the pressure difference between 
the suction and pressure sides is much lower when 
compared with higher AoA wings. The pressure difference 
leads to more lift generation, higher aerodynamic force, and 
increased operating height. As AoA increases, pressure 
significantly decreases in the suction side at the leading edge 
of the wing. The pressure difference between two 
consecutive points at this part of the wing is also important 
as it can lead to boundary layer separation on the wing. 
Because the IBEM implements potential theory and does not 
consider viscosity, the developed code system cannot detect 
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stall. As the effects of stall are likely to cause problems 
during flight, this phenomenon must be kept in mind while 
increasing AoA. 
 

 

Fig. 10 Effect of thickness on takeoff 
 

 

Fig. 11 Pressure coefficient distribution around different 
geometries at peak positions 

 

 

Fig. 12 Effect of AoA on takeoff 
 

 

Fig. 13 Pressure coefficient distribution around different 
AoAs at peak positions 

7 Conclusions 

A mathematical model to calculate the flight dynamics of 
wings in proximity to the ground was developed in this 
study. The method uses the IBEM to calculate the 
aerodynamic force on the wing. Although the model is also 
applicable to RANSE-based solutions, the IBEM is much 
faster than RANSE and provides a practical method to 
assess wings at the pre-design stage of a WIG craft. RANSE 
may be useful at later stages when the geometry of a wing is 
specified and a need to improve the accuracy of results 
arises. 

Using the model, the takeoff of an NACA6409 wing that 
is initially at rest was simulated, and graphs of the 
aerodynamic force, velocity, and clearance from the ground 
were plotted. The change in pressure distribution along a 
wing over time was observed. The effects of thickness and ܣ݋ܣ were investigated. The major findings in this study are 
as follows: 

1) Thicker wings can operate at higher clearances but 
reach operating height later. 

2) The AoA of a wing significantly changes the operating 
height. 

3) The pressure difference at the suction side of the 
leading edge of a wing increases with AoA. High pressure 
differences between two consecutive points  can cause a 
wing to stall earlier. 

Pitching motion, which is very important to the 
longitudinal stability of a wing, was not assessed in this 
study. The proposed mathematical model and code system 
may be developed futher to consider both the pitching and 
heaving motions of a wing. 
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