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Abstract: There is a large class of problems in the field of fluid
structure interaction where higher-order boundary conditions arise
for a second-order partial differential equation. Various methods
are being used to tackle these kind of mixed boundary-value
problems associated with the Laplace’s equation (or Helmholtz
equation) arising in the study of waves propagating through solids
or fluids. One of the widely used methods in wave structure
interaction is the multipole expansion method. This expansion
involves a general combination of a regular wave, a wave source, a
wave dipole and a regular wave-free part. The wave-free part can
be further expanded in terms of wave-free multipoles which are
termed as wave-free potentials. These are singular solutions of
Laplace’s equation or two-dimensional Helmholz equation.
Construction of these wave-free potentials and multipoles are
presented here in a systematic manner for a number of situations
such as two-dimensional non-oblique and oblique waves, three
dimensional waves in two-layer fluid with free surface condition
with higher order partial derivative are considered. In particular,
these are obtained taking into account of the effect of the presence
of surface tension at the free surface and also in the presence of an
ice-cover modelled as a thin elastic plate. Also for limiting case, it
can be shown that the multipoles and wave-free potential functions
go over to the single layer multipoles and wave-free potential.
Keywords: two-layer fluid, wave-free potentials, Laplace’s
equation, modified Helmholtz equations, higher order boundary
conditions; multipoles

Article ID: 1671-9433(2015)03-0270-13

1 Introduction

The motion of a body of any geometrical configuration,
floating on the surface of water, is investigated in the
literature assuming linearized theory of water waves. The
problem of heaving motion of a long, horizontal circular
cylinder on the surface of water was investigated by Ursell
(1949) using the method of multipole expansion of the
time-harmonic stream function. The corresponding velocity
potential also has a similar expansion. In fact, for an
infinitely long horizontal cylinder of arbitrary cross section
floating on the surface of water, the potential function in
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general can be expressed in terms of a regular wave, a wave
source, a dipole and wave-free potentials (Ursell, 1968;
Athanassonlis, 1984). The wave-free potentials are singular
at some point and tend to zero rapidly at infinity. Obviously
these satisfy the free-surface condition. Two and three
dimensional problem of multipole expansions in the theory
of surface waves in infinite deep water and also in water of
uniform finite depth water has been given by Thorne (1953).
Expansions in terms of the wave source and an infinite set of
wave-free potentials were introduced for the three-
dimensional problem involving a floating sphere half-
immersed and making periodic heaving oscillations by
Havelock (1955). Ursell (1961a; 1961b), Bolton and Ursell
(1973), Mandal and Goswami (1984) considered problems
where the potential functions is expansion in terms of wave
sources and wave-free potentials. Taylor and Hu (1991)
described expansion of the velocity potential for two and
three dimensional wave diffraction and radiation problems.
Linton and Mclver (2001) briefly described the construction
of wave free potentials in the case of water of infinite and
finite depth water with a free surface.

There is a large class of problems in the field of fluid
structure  interaction where higher-order = boundary
conditions arise for a second-order partial differential
equation. Various methods are being used to tackle these
kind of mixed boundary-value problems (BVP) associated
with the Laplace equation (or Helmholtz equation) arising in
the study of waves propagating through solids or fluids. One
of the widely used methods in wave structure interaction is
the method multipole expansion. In most of the
wave-structure interaction problems, the governing equation
is either the Laplace or the Helmholtz equation and, thus,
the features of the orthogonal relation mainly depend upon
the nature of the bottom and upper surface boundary
conditions. Higher-order boundary conditions occur
frequently in fluid-structure interaction problems when we
deal with very large floating structures (VLFS). Evans and
Porter (2003) analysed the oblique wave scattering caused
by a narrow crack in ice sheets floating on water of finite
depth with the eigenfunction expansion method. Chakrabarti
(2000) analysed the problem of scattering of surface water
waves by the edge of an ice cover and obtained the explicit
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solution with a singular, Carleman-type integral equation.
Das and Mandal (2006; 2009) analysed the problem of water
wave scattring by a circular cylinder with an ice-cover. Das
and Mandal (2008) also studied the water wave radiation by
a sphere submerged in water with an ice-cover. Das and
Mandal (2010a), Mandal and Das (2010) presented in a
systematic manner the construction of wave free potentials
for two- dimensional deep water and finite depth water with
free surface, or corresponding the effect of the surface
tension at the free surface and also in water with an
ice-cover. Dhillon and Mandal (2013) also presented the
construction of a wave free potential for three dimensional
deep water as well as finite depth water.

The multipoles and wave-free potentials have been
described for single layer fluids, both in two and three
dimensions and for infinite as well as finite depth water.
More recently, however, interest has been extended to
bodies which are floating, submerged or partially immersed
in two-layer fluids, each fluid having a different density.
The wave motion in a two-layer fluid has gained importance
due to plans to construct under water pipe bridge across the
Norwegian fjords. A fjord consists of a layer of fresh water
on the top of a deep layer of salt water. For tow-dimension
motions, Kassem (1982) presented the multipole expansions
for two superposed fluids, each of finite depth. Linton and
Mclver (1995), Linton and Cadby (2002) have constructed a
set of multipoles in the theory of surface waves in two-layer
fluid with free surface for normal and oblique incident wave
trains. Three-dimensional multipoles in two-layer fluid with
free surface have been given by Cadby and Linton (2000).
Das and Mandal (2007; 2010b) constructed the multipole
potentials in their problems for two-dimension and
three-dimension in two-layer fluid with an ice-cover.

In the literature, two-layer fluid water wave problems
have not been studied for wave-free potential function
construction. However, for the various classes of water wave
problems in two-layer fluid many researchers may use the
wave-free potentials in the mathematical analysis. For
circular cylinder of arbitrary cross section floating on the
surface of a two-layer fluid or half-immersed circular
cylinder in a two-layer fluid, the potential function in
general can be expressed in terms of a regular wave,
wave-free potential efc. Also in winter, a fjord is covered by
a layer of ice, so that we have a cylindrical pipe bridge
submerged below an ice-cover. Now if we consider the
problem of partially or half-immersed circular cylinder in a
two-layer fluid with an ice-cover, then potential functions
may be expressed in terms of the regular potential as well as
wave-free potential function. Thus it will study the problem
of construction of wave-free potential in a two-layer fluid.
Also in these problems (both single layer and two-layer) the
higher-order boundary condition involves third order partial
derivative (surface tension) and fifth order partial derivation
(ice-cover). However, the boundary value problem involving
higher-order boundary conditions more than fifth order
partial derivative (Manam et al., 2006; Das et al., 2008)
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have not been extensively studied with a view to establish
the multipole potentials and also wave-free potentials.

In this paper construction of wave-free potentials and
multipoles are presented in a systematic manner. The cases
of two-dimensional non-oblique and oblique waves in
two-layer fluid with free surface condition with higher order
partial derivative are considered. Also the cases of
three-dimensional waves in two-layer fluid with free surface
with higher order partial derivative are considered. When
the higher order partial derivative reduces to first order (free
surface) or fifth order partial derivative (ice-cover),
multipoles exactly coincide with the multipoles for
two-layer fluid with free surface (Linton and Mclver, 1995;
Linton and Cadby, 2002; Cadby and Linton, 2000), or for
two-layer fluid with ice-cover (Das and Mandal, 2007,
2010b).

2 Multipoles and wave-free potentials for
non-oblique waves

In a two-layer fluid, both the upper and lower fluids are
assumed to be homogeneous, incompressible and inviscid.
Let p' be the density of the upper fluid and p" (>p") be the
same for the lower fluid. Let the lower fluid extend
infinitely downwards while the upper one has a finite height
h above the mean interface. Let y-axis points vertically
upwards from the undisturbed interface y=0. Thus the upper
layer occupies the region O<y<h while the lower layer
occupies the region y<0. Under the usual assumption of
linear theory and irrotational two-dimensional motion,

velocity potentials Re{p"™(x,))e™}, @ being angular

velocity, describing the fluid motion in the upper and lower

layers exist. For a general BVP, ¢"" satisfy
Vi'=0, O<y<h )
Vip'=0, y<0 (2

On the upper surface having the mean position y=h, ¢'

satisfies the free-surface condition with higher-order
derivatives of the form (Landau and Lifshitz, 1959):

{D%ﬂ—gK]galyH@‘:o on y=h 3)
If the free-surface has an ice-cover modelled as a thin elastic
plate, where D=Eh /12(1-v*)pg, €=ph,/ p, po is
the density of ice, p is density of water, A, is the small
thickness of ice-cover, E, v are the Young’s modulus and
Poission’s ratio of the ice and K=w"/g, g being the

acceleration due to gravity. A generalization of (2) for more
higher-order derivatives has been introduced by Manam et

al. (2006) and has the form:
Loy +Kp=0 on y=0 “)

where £ is a linear differential operator of the form:
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my 62»1
L=>c —— 5
E‘o K )
where ¢, (m=0, 1,..., my) are known constants. Keeping in

mind various physical problems involving fluid structure
interaction, only the even order partial derivatives in x are
considered in the differential operator £ .

The linearised boundary conditions at the interface y=0
are

¢,=Kp]  on y=0 ©)
y=0 @)
where p=p'/ p"(<1) and the bottom condition is given
by

p(p,—-Kp")=p! -K¢"  on

Vo' >0 as  y——w 8)

2.1 Singularities in the lower layer

We first consider solutions of Laplace equation in two
dimensions (x, y) which are singular at (0, f<0). Polar
co-ordinates (r, 8) are defined in the (x, y)-plane by
and y=f—rcos@ )

Now for the case of normal incidence, the solutions of

x =rsin@

Laplace’s equation singular at y=f<0 are r "cosnd and

r "sinnd, n>1, and these have the integral representations
(Thorne, 1953)

1 0
k,,,le—k(y*/)coskxdk y> f
—l, ’
cors:16’: ((_1)2 (10)
( 1)'.[0 k" 'e* Deoskxdk,  y< f
n_ .
1 =l k@) s
innd | (n 1)'.[0k e sinkxdk, - y>f
sinn e
v n (11)
r ((_li)'J-Owk”’lek(y’f)sin/adka y<rf
n—1)!

Let ¢ and ¢ denote the symmetric and antisymmetric

multipoles satisfying (1), (2) except at (0, f) with boundary
conditions (4) to (7) and
s cosnf

0, —>— as r—0 (12)
r

(pf”—>smnn0 as r—0 (13)
r

Also they represent outgoing waves as | x|— 0.

The mutipoles are constructed as Linton and Mclver

(1995)
o8 = 0 [k (ke + Boe Jooskedk  (14)
" (n=1)1%
5 cosnd . (="

_ -1 ky
Y jok C(k)e” coskrdk (15)

"’—(_1)’1“ -1 ky kYo
g _(n—l)!IOk (Ak)e" +B(kje™ )sinkedk (16)

n sinnd (-1

n n

r (n-1!

where A(k), B(k), C(k) are functions of k£ to be found such
that the integrals exist in some sense and satisfy the
generalized boundary condition (4) and the interface
conditions (5) and (6) and are of outgoing nature at infinity.
All the conditions are satisfied if we choose A(k), B(k) and
C(k) as

A(k) = K{k(i( - 1)’"cmk2’"J+ K}e’“f‘“ /HE)  (18)

j:k”*IC(k)e*ysinlocdk (17)

B(k)= K{k[i( - 1)”’cmk2”’J— K}ew m/HE)  (19)
C(k)= [Kp{k(f( —l)mcmkz'"jcoshkh —Ksinhkh} -

(- p)k + K}{k(i( - 1)'"cmk2mjsinhkh —Kcoshth x

where H(k) is given by

H (k)= Kp{k(i( —1)"c, k™" jcoshkh - Ksinhkh} -
’ 2h

my

{k(1- p)— K} {k[Z( —-1)"e, k" Jsinhkh - Kcoshkh}
0

The path of the integration in the integrals in (14) to (17)
is indented below the poles at 4=k; and k=k, on the real
k-axis to take care of their outgoing behaviour as |x|—> o
and ki, k, are only two real positive roots of the equation
H(k)=0 (Das et al., 2008).

The far-field forms of the multipoles, in the lower fluid, is
given by

Is )
w)’l ~ aﬂ

1la

(0]
@, ~b,

where

a® = (-1 ni(kn—lckleiik1x+k1y n kn—lckzeiikz,r+k2y) 22)
n (}’l _1)! 1 2

b(l) — (_1) ﬂ:(kn—lckletiklx+k|y + kn—lckzeiikzx+kzy) (23)
n (n _ 1)! 1 2

as x—+wo. Here C", C% are the residues of C(k) at
k=k, and k=k,, given by

ch= {Kp{kj [Z( - 1)'”cmk;"’Jcoshkjh —Ksinhkjh} -
0

{(1-p)k; +K}{kj (i(—l)"’cmkj’"}inhkjh—Kcoshkthx

k,f y .
e’ /H'(k), j=12 (24)
Using (22) and (23), we find
aV ¢ k] +k2 a4+ klkz aV =0 (25)

n+2 n+1 n+l (n+1)n n T
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0] +k1+k2 0 4 kik,

+2 +1
n n 1 n

pV =0 26
(m+Dn " (26)

1ls,a k] + k2 Ils,a klkz Ils,a
¢n+2 + + n
n (n+Dn

so that they are

The combinations L O
+

not contribute anything as |x|—>o0
wave-free. Now using the representations (25) and (26) it
can be shown that

o ki+ky i n kk, _

n+2 n+ 1 n+l1 (I’l + l)l’l ¢n

cos(n +22)49 N k,+k, cos(n 4; ne N kk, cosnd @7
r' n+1 r' n(n+1) r"
(=" j "k — k) (k — ke, k"' C (k)¢ coskxdk
(n+1)!70
and
e | ktk o kk,
+ + =
¢n+2 n+ 1 ¢n+l (}’l + l)l’l ¢n
sin(n -1-22)0 N k, +k, sin(n 4—11)9 + kk, sinn@ (28)
r" n+l r" n(n+1) r"

(™
(i D) IO (k—k)(k = k,)k""C(k)e"sinkxdk
Letting f—0 in (27) and (28) we obtain the symmetric and
antisymmetric wave-free potentials with singularity near the
interface between two-layer and are given by

5 cos(m+2)6 . k, +k, cos(m+1)6 . k, +k, cosmd .

m m+2
r

m+1

m+1 r m+1 r

m

S - 29)
— _ m=1 v 4 ,

s Do (M=) C* (e ot
and

na _ Sin(m+2)¢ i k +k, sin(m+1)60 + kk, sinmd

m rm+2 m +1 rm+l m(m T 1) rm

(30)
( _ 1)m+1

(m+1)! J.ow (ke =k Yk —Jey Y™ C * (ko) sinordke

where C*(k) is the limiting value of C(k) when f/—0.

2.2 Singularities in the upper layer

To develop multipoles singular at y=f>0 and polar
co-ordinates are again defined via (9). The solutions of
Laplace’s equation singular at y=f>0 are r "cosnd and

r7'sinng, n>1, and let ¢, and ¢, denote the
symmetric and antisymmetric multipoles satisfying (1), (2)
except at (0, f) with boundary conditions (4) to (7) and

cosn@

[ as r—0 €2))
r
o, S0 50 (32)

Also they represent outgoing waves as | x|— 0.

The mutipoles are constructed as (Linton and Mclver,
1995)
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f _ cos:aé’ N
r
1 o (33)
( 1)1.[0 (A" (K)e" + B (k)e™ ) k" coskxdk
(plls — 1 mkn—lc(O)(k)ekycoskxdk (34)
! (n—1vo n
n—1):
u sinnd
n = n +
r
35
1 C -1 4(1) ky o) i s K ( )
(n_l)!jo k (An (k)e” + B, (k)e )smloc
¢rllla = ( 1 1)'J.:k"flc,:l)(k)ekySinkxdk (36)
n—1):
where
Ar(’/)(k) = %{{k[zo( _ l)mcmkz'n)+ K}e”’ «
0
{07 p)ke =+ pIK)E (37)

(-p)k—-K)e"}]/H(k), j=0]1

BY (k) = ;[( 1) {k[Z( - 1)”‘cmk2”’j + K} x
0
(1= p)(k - K)e"'™ — (1= p)(k - K)x (38)
{k[i( - l)mcmkz'"j - K}ewh)} JH(k) =12
0

my

k)= —pz{( o {k[Z( - 1)mcmk2mj+ K}ew .

{k(i( - 1)”’cmk2’”) —K}e-"“ -hi /H(k) j=01

The path of the integration in the integrals in (33) to (36)
is indented below the poles at 4/=k; and k=k, on the real
k-axis to take care of their outgoing behaviour as |x|—> .

(39)

The far-field forms of the multipoles, in the upper fluid, is
given by

Is )
¢Vl ~ aﬂ
la 2)
@, ~b,
where
a? = k"™ (4} (k) )e™ + B (k,)e ™ )e ™ +

Y (40)
kzrrfl (A;O)(kz)ekzy +Br(,0)(k2)e—k2y)eiik2X]
1 L
B = ——— [k (4 (k)e" + BV (k) )e e +
- [k (4,” (k) , (k)e™) @1
kA (ky)e™ + B (ky )e ™ Je™]
asx — too. Here AV (k), A”(k,), and B (k), B’(k,)
are the residues of A4Y(k) and BY (k) respectively at
k=k, and k=k,, given by
AV (k) = (=D)"""M, (k) + M, (k,)

42
j=L2, s=12 42)
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BY (k)= (=1)"""'N,(k,) + N, (k,)
j=12, s=12

M, (k)= H [Z( 1)'”cmkf'”j+K}

(=)™ (1= p)k, =1+ p)K)e™ | |/ H (k)

where

Hks (i( - l)mcmkf'”J + KH / H'(k,)

1 _
Nl(ks) = E(l —I[))(kY —K)ek*(f h

[( — 1y {ks (i (- 1)'”cmkf”’j + KH / H'(kg)

Nytk) =~ { [z( By cmkf'”j }

[A-p)k,—K)e ™™™/ H'(k), s=12
Using (40) and (41), we find
@ 4 ki +k, a? 4 kik, a? (k, +k,) %

n+2 n+ 1 n+l

(n+Dn " (n +1)|

(M, (k)™ + N,y (ke ™) ke + (44)
(M (k;)e"™ + N, (ky)e ™ hje™ "} =0
2 LRtk xe kky o _

n+2 n+1 n+1 ( +l)n n (n 1)!
{(M, (k)™ + N, (k) )e ™) k'e™™ (45)
(M, (ky)e™ + Ny (ky)e ™ ke *W} =0

Now using the representations (44) and (45) it can be shown
that
o kit kk ;
R

n+1 (n+Dn (n+1)!

{(Mz(kl)ekly + N2 (kl)e*kly)klneiiklx i

(k, +k,)x

(k, +ky)x

n+l1

(M, (k, )e’fzy + N, (k, )e—kzy )k;eiikzx} _
cos(n+2)0  k +k, costn+1)0 kk,

P n+l r

cosn@
nn+1) "

n+l

1
(n+1)170
(k = k,)(k — k)" coshoedk +

1
(n+1)10
(k +k)(k + ky)coskxdk —

2mi
(n+1)!
(M, (ky)e"™ + N, (ky)e = kye* ¥}

and

[ LD 0 + Ny e ™)) 46)

[ K101, W)t + Ny (e )] x

(k] + kz){(Mz (k] )ek|y + ]\[2 (k] )e—lﬂ,V)k]Heii}qx i

(43)

(DI‘Z + kl +k2 la k1k2 la _
a1l " (n+Dn "

2k k)

(n+1)!

{(Mz (kl )ekly + N2 (kl)e—hy)k]netiklx +
(Mz (k2 )Ckzy + Nz(kz)e*kzy')kznetikzx} _
sin(n+2)¢  k +k, sin(n+1)@

P n+1 r

kk, sinnf
nn+l) r"

n+l

(47

il K N e

(k — k) (k — k, )sinkxdk +
1
(n+D1%
(k + k) (k + k, )sinkxdk —

[ kT, R0 + N (e ™))

( ) (k +k ){(M (k )e VAN (k )e—l\l))kn ikyx
(M (k )ek,v +N (k )e—kZV)kn +11{2Y}
where

M) =3[ (-1 k=14 RO |

{k[i( - 1)'"ka2'”j+ K} / H(k)
M, (k)= —%[e""’ (A= p)(k-K)e ¥} ]x
{k[i(—l)”’cmk“’j+ K} / H (k)
N (k)= %[( —1)"™ (1= p)(k _K)ek(f—h)] y
{k[i(—l)"’cmk“’j+K}/H(k)
N,(k)= —%[(1 - p)(k - K)e'k(f"’)] 9

{k(f( - 1)’”cmk2'”j— K} / H(k)

The last contour integrals in (46) and (47) can be written
in the form:

1
(n+1)t70
(k +k )(k + k, )coskxdk +

[Tl 1, (0™ + N, (ke ™)) x

(48)
( ) ———(ky + k) {(M, (k) )e" + N, (k,)e ™) k/'e™™ +

(Mz(kz)ekz} +N2(k2)efk2) )kzner;kzx}

and
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(n Jlr 1! J‘:knil[(Mz (k)e” + N,(k)e™ )] x

(k +k)(k + k, )sinkxdk +
I
(n+1)!
(M, (k, )Ckzy +N,(k, )e’kz}’ )k;eiikzx}

(49)
(*, +kz){(M2(kl)ek‘y + N, (k)e ™ ) klet™ +

the integrals being in the sense of Cauchy principal value.

Thus (46) and (47) reduce to
k +k kk 2mi
Is + 1 2 Is + 172 Is _ k + k x
Ot ] P e (n+1)!( 1K)

{(M2 (kl )el"]y + ]\/v2 (kl)e*kly)klnetiklx i

(MZ(kZ)ekzy + N2 (kz)e*kﬂ/)k;eiikzx} _
cos(n+2)0  k +k, cos(n+1)0  kk, cosnf
n+2

+
r n+l ! nn+1) r" (50)

e N CIO SRS

(k — k)(k — k, )K" coskxdk +

(n Jlrl)' J.:knil[(Mz(k)eky + N, (k)e™)]x

(k + k)(k + k,)coskxdk

and

la kl + k2 la klkz la

n+2 n+l + n
n+l (n+hn

{(M2 (kl)e/qy +N, (kl)e—/qy)klneiiklx +

(M (ky)e"™ + N, (ke g} =

sin(n +2)6 N k +k, sin(n+1)60 N kk, sinng
Fe n+l1 ! nn+1) »" (51)
1 *© n-1

il ek

[(=1)"(M,(k)e” + N, (k)e ™ )]sinkxdk +
1 ® n—1

(n+1)!j0 (k + k) ke + ke, k"™ x

[(M,(k)e® + N, (k)e™)]sinkxdk

the last integrals of (50) and (51) being in the sense of
Cauchy principal value. Letting f—#4 in (50) and (51) we
obtain the symmetric and antisymmetric wave-free
potentials with singularity in the upper surface of the
two-layer and are given by

i cos(m+2)0 N k, +k, cos(m+1)6 N kk, cosm@
" rm? m+l mm+1) "
1 7 m-1 _ 1yl * ky * —ky
pmw— [ R O G + Ny (ke ™))
(k — k )k — k, eoshodk + (52)
1 * 7 m-1 * ky * —ky
— [ RO G + N3 (ke ™))
(k+ k) (k + k,)coskxdk
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and
o sin(m+2)60 N k +k, sin(m+1)6 N kk, sinmé
m rm+2 m +1 rm+l m(m + 1) 7"m
1 ® o m-1 _1\ymt2 * ky * —ky
T KDL W N e
(k —k))(k — k,)sinkxdk + (53)
1 *© m—1 * ky * —ky
yme A (CHOURSIAO D
(k +k)(k + k, )sinkxdk

where M;(k) )
M, (k) ,

In particular, choose c=1, ¢~=0, i=1, 2,..., m,, the BVP
becomes the BVP for two-layer fluid with free surface
(Linton and Mclver, 1995) and the multipoles exactly
coincide with those for the case of two-layer fluid with free
surface (Linton and Mclver, 1995) and the wave-free
potentials become the wave-free potentials for two-layer
fluid with free surface. Similarly, if choose c;=1—¢K, ¢;=0,
c=D, ¢=0, i=3, 4,..., my, then the BVP becomes the BVP
for two layer fluid with ice-cover boundary condition (3)
(Das and Mandal, 2007) and obtain the corresponding
multipoles (Das and Mandal, 2007) and wave-free potentials.
If we let cp=1, ¢=0, =1, 2,..., my and p—0 in this problem
then it can be shown that the multipoles and wave-free
potential functions go over to the single layer multipoles
evaluated by Thorne (1953) and wave-free potential
evaluated by Das and Mandal (2010a). Thus by letting p—0
in the above analysis we recover the results for the single
layer fluid.

N; (k) , j=1,2 are the limiting values of

N, (k), j=1,2 respectively when f—h.

3 Multipoles and wave-free potentials for

oblique waves

Under the usual assumption of linear theory and
irrotational two-dimensional motion, velocity potentials
Re{p" (x,)e 7"}, » is the wave number component
along the z-direction, describing the fluid motion in the
upper and lower layers exist. For a general BVP, ¢""
satisty

VP =yHp'=0, O0<y<h (54)

(V2=7He" =0, y<0 (55)

Egs. (6) and (7) represent the linearized boundary
conditions at the interface y=0, while the free-surface
condition with higher-order derivatives at y=h is

.Mga;—KgaI =0 on y=h (56)

where the differential operator

my

82
M= —— )" 57
mZ_Ocm( ~= 72 (57)
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In (57), ¢,,(m=0, 1,..., my) are known constants. Keeping in
mind various physical problems involving fluid structure
interaction, only the even order partial derivatives in x are
considered in the differential operator JM and (8) is the
bottom condition of the lower layer.

3.1 Singularities in the lower layer

Let ¢ and ¢ denote the symmetric and

antisymmetric multipoles satisfying (54) and (55) for upper

and lower fluid except at (0, f) with boundary conditions (56)
and (6) to (8) and represent an outgoing waves at infinity.

Near the point (0, /), the behaviours of ¢ are given by

o > K, (yr)cosnd  as r—0 (58)

1la

@, = K, (yr)sinng as r—0 (59)

where K,(z) denotes the modified Bessel function of second
kind.

The multipoles are constructed as (Linton and Cadby,
2002)

o =(- 1)"!: coshnkcos(yxsinhk) x

(60)
(A(k)e” + B(k)e™ )dk
o =K, (yr)cosnd +
© (61)
(- IO coshnkcos(yxsinhk)C(k)e” dk
la _ _ n+l [ . .
o =(-1) _[0 sinhnksin(yxsinhk) x )
(A(k)e™ + B(k)e™ ) dk
o) =K, (yr)sinnd +
(63)

(-p™ J? sinhnksin(yxsinhk)C(k)e” dk

where v=ycoshk and A(k), B(k), C(k) are functions of k

to be found such that the integrals exist in some sense. Also
we have (Thorne, 1953)

K, (yr)cosnd =
J: coshnkcos(yxsinhk)e ™/ *™dk, y> f (64)
(-1" J‘: coshnkcos(yxsinhk)e” " dk, y< f

K, (yr)sinnf =
J.: sinhnksin(yxsinhk)e "M dk, y> f (65)
(- l)"j: sinhnksin(yxsinhk)e?/*™dk, y< f

The functions ¢, and ¢, are singular solutions of the
modified Helmholtz equation and satisfy the generalized
free surface condition (56) and the interface conditions (6)
and (7) and are of outgoing nature at infinity. Then A(k), B(k)
and C(k) have the forms:

A(k) = K{v(z (- 1)”’cmv2”’j + K}e”"’” / H(©v) (66)
m=0

B(k):K{v(mzo(1)'”cmv2"’jK}e'”*”’ / Hv) (67)

m=0

Ck)= [Kp {V[Z( - l)mcmvz"’jcoshvh - Ksinhvh} -
m=0

my

{(1- p)v+K}{V(Z(—l)mcmvz”’jsinhvh —KcoshvhH x (68)

m=0
e’ /H®)
The path of the integration in the integrals in (60) to (63)
is indented below the poles at k=, and k= u,, where

7/coshyj:kj, j=12 (69)

ki, k, are only two real positive roots of the equation H(v)=0.
The far-field forms of the multipoles, in the lower fluid, is
given by

o~
o ~ b
where
a®® = (=1)"mi(C* coshny, + C*coshnu,) (70)
bf) =(—-1)"n(C*sinhny, + C*>sinhny, ) (71)

asx — too, where C* and C** are given by

" = {Kp{k ; [Z( - l)mcmkf'”Jcoshk h— Ksinhkjh} -
m=0

my

(- p)k, + K}{k, [Z( - 1)'"cmkjmjsimk,h —Kcoshkth x(72)

m=0

ety BH'(k), =12
where 3, =(k; —y*)""*.

Using (70) and (71), we find

a4 28 o)+
(73)
klkz 3) 3)
2| 1+2—=|a,” +a,”, =0
y
bty + 25 b b))+
. k7 (74)
2(1 +2-12 jbf) +b, =0
y
Thus
oty 2B gl gt 12 o g,
y y
K, ,(yr)cos(n+2)0+
k +k,
24—2(K,,,(yr)cos(n+1)0+ K, (yr)cos(n—1)0)+
4 (75)

2(1 + 2%j]{n(7r)cosn0 +K, ,(yr)cos(n—2)0+
4

(- 1)”[: 4(coshk — coshys )(coshk —coshye, ) x
C(k)e" coshnkcos(yxsinhk)dk
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and

o oktk ((pj'fﬁ(p“")+2[1+2k1k2j(p"”+(pf”2 -
/e v

n+2 n

K, ,(yr)sin(n+2)0 +
2h+@

(K,, (yr)sin(n+ 1)@+ K, (yr)sin(n—-1)0)+
(76)

2(1 + 2%an(}/r)sinn9 +K, ,(yr)sin(n—2)0 +
e

(=" J': 4(coshk — coshyy, )(coshk — coshyz, ) x

C(k)e" sinhnksin(yxsinhk)dk

Letting /0 in (75) and (76) we obtain the symmetric and
antisymmetric wave-free potentials with singularity near the
interface between two layers and are given by

/’{/InLY = ”Hz(j/l")COS(m + 2)9 +

25 R g rcosm+ )0+ K, (yr)cos(m—1)0)+

2(1 + Zﬂij (yr)cosm@+K, _,(yr)cos(m—-2)0+ (77)
4

(-n" J': 4(coshk — coshyy, )(coshk —coshye, ) x

C” (k)e" coshmikcos(yxsinhk)dk
and
lla

I =K, .o (yr)sin(m+2)0 +
k +k,

(K, (yr)sin(m+1)0+K,  (yr)sin(m—1)0)+
kk, . .
21 14+2—=|K, (yr)sinmf + K, _,(yr)sin(m—-2)0+  (78)
v

(-n" I: 4(coshk — coshy, )(coshk — coshz, ) x
C" (k)e”sinhmksin( yxsinhk)dk

3.2 Singularities in the upper layer
To develop multipoles singular at y = f >0 and polar
co-ordinates are again defined via (9). The solutions of

Helmholtz equation singular at y = >0 are K, (yr)cosnd
and K, (yr)sinnd, n=1.

symmetric and antisymmetric multipoles satisfying (54) and
(55) for upper and lower fluid except at (0, f) with boundary
conditions (56) and (6) to (8) and represent an outgoing
waves at infinity. Near the point (0, f), the behaviours of

Let ¢ and ¢ denote the

Is,a

@, are given by

o¥ > K, (yr)cosnd as r—0 (79)

o > K, (yr)sinnd  as r—0 (80)

Also they represent outgoing waves as | x|— 0.

The mutipoles are constructed as (Linton and Cadby,
2002)

@° =K, (yr)cosnd +

- 81
fo coshnkcos(yxsinhk)( A" (k)e” + B\ (k)e™ ) dk 61
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or = j: coshnkcos(yxsinhk)C” (k)e” dk (82)
oF =K, (yr)sinnd +
§ (83)
([ sinhnksin(yxsinhk) (A (b)e” + B (k)e™ ) dk
ol = L“’ sinhnksin( yxsinhk)C'" (k)e” dk (84)
where
=S el
m=0
e {( _ l)n+j+] (A=pyw-(+ p)K)e”f _ (85)

(=p)(v=K)e | |H(v)

BY (k)= ;{( —1m {v[%(— 1)'”cmv2'”j + K}x

(1= p)v=K)e""™" — (1= p)(v=K)x (86)

{v(i(l)mcmv”}l(}e”“ ’“} /H®)

C'k)= _pl{( —1y {v[i( - l)mcmvz"’J + K}evam _

m=0

{V(Z (- 1)"’cmv2'”J - K}e"“’”} /H®), j=0,1
m=0

where the contour is indented below the poles k=u; and k=u,
in the complex k-plane.

The far-field forms of the multipoles, in the upper fluid, is
given by

87

o, ~a,, ¢, ~b,"
where
al =in[(4” (k)e"” + B\ (k)e " )coshnpe™* + 88)
(A" (ke + B\”(k,)e " )coshnu,e "]
b =n[(4" (k)e"” + B (k,)e ™ )sinhng,e M (89)
(A" (ky)e™ + B (ky)e " )sinhn e ™'
asx —>+oo. Here 4Y(k), A”(k,), and BY(k,), B”(k)

are the residues of A4Y(k) and BY (k) respectively at
k=p and k=p,,givenin (42) and (43).
Using (88) and (89), we find

)+2(1+2k1k j (4)+a(4)
Y

n+2 n-1

@ +2k +k, ( @ 4 q®
4

8in ki +ky —2((M (k)" + N, (ke ™) coshnpre™ +  (90)
7

(M, (ky)e" + N, (ky)e ™ )coshnpr,e™) = 0
and

b + phtk (b5 +bH)+ 2(1 Lo kks jb,ﬂ‘” +b% —

v 7
k + k k. +ifx
8n ((M (ke + N, (k,)e ™) coshnue ™" 91)

(M, (k)™ + N, (k)e " )sinhnp,e ") = 0

Now using the representations (90) and (91) it can be
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shown that

(ﬂrl,iz +2 btk (49,511 + (oiil)"' 2[1 + 2%}9,? + @iz -
y y
gin it K2 SR (M (ke + N, (ke ) coshne ™ +
7’

(M, (ky)e'™ + N, (ky)e " )coshn,e™*) =
K, ,(yr)cos(n+2)0 +

k] k, ——=2(K,,,(yr)cos(n+1)0+ K, (yr)cos(n—-1)0) +
Ve

2(1 + 2@j K, (yr)cosnd+ K, ,(yricos(n—=2)0+  (92)
4

(- l)"”J:G 4(coshk — coshy, )(coshk — coshy, ) x
(M, (k)e” + N,(k)e ™ )coshnkcos(yxsinhk)dk +
j: 4(coshk + coshyy, )(coshk + coshye, ) x

(M, (k)e” + N,(k)e ™ )coshnkcos(yxsinhk)dk —

k+k
——=(

8in (M ,(k)e"” + N, (k,)e ™" )coshnu,e™ " +

(M, (ky)e™ + N, (k, )efk“’)coshn/lzeiiﬂz")

and
u k +k " u kk " "
¢/:+2 +2— Y : ((p,in +¢,§1)+2(1+2 1}/2 j@ll +(P,I,,2 -

8n

btk SR (M (h,)e™ + N, (ke ™) sinhngg e +

(M, (ky)e"™ + N, (ky)e " )sinhnp,e™*) =
K, . ,(yr)sin(n+2)6 +

2KR g rsinn+1)0+ K, (yr)sin(n—1)0) +
y

2[1 + 2%an(7r)sinn9+Knz(yr)sin(n -2)0+ (93)
e

(=" J.: 4(coshk — coshyy, )(coshk — coshys, ) x
(M, (k)e” + N,(k)e ™ )sinhnksin(yxsinhk)dk +

I: 4(coshk + coshy, )(coshk + coshyz, ) x

(M, (k)e” + N,(k)e ™ )sinhnksin(yxsinhk)dk —

k, k
gp it

(M, (k)e" + N, (ke ™ )sinhn e ™" +

(M ()™ + Ny (kyJe ™ sinhngs,e

The last contour integrals in (92) and (93) can be written in
the form

I: 4(coshk + coshyy, )(coshk + coshy, ) x

(M, (k)e” + N,(k)e™ )coshnkcos(yrsin hk)dk +

k + k 4

8in 2((M,(k))e" + N, (k,)e ™) coshnpe™* +

(M, (ky)e™ + N, (ky)e " )coshnr,e™”")

_[: 4(coshk + coshy, )(coshk + coshye, ) x

(M, (k)e™ + N, (k)e™ )sinhnksin(yrsin hk)dk +

k, +k (95)

8 (M, (k)e" + N, (k,)e ™ )sinhne™" +

(M, (ky)e™ + N, (ky)e ™" )sinhn e ™" )
the integrals being in the sense of Cauchy principal value.
After substituting (94), (95) in (92), (93) respectively and
letting f—# in (92) and (93) we obtain the symmetric and
antisymmetric wave-free potentials with singularity in the
upper surface of the two-layer and are given by
1y =K, ,(yr)cos(m+2)0 +

2k1+k

(K, (yr)cos(m+1)0 + K, (yr)cos(m —1)0) +
2[1 + 2%j K, (yr)cosmb + K, _,(yr)cos(m—2)60 +
Y

(-1)" j:4(coshk — coshy, )(coshk — coshyz, ) x (96)
(M (k)e™ + N, (k)e™ )coshmkcos(yxsinhk)dk +

j: 4(coshk + coshy, )(coshk + coshys, ) x

(M (k)e” + N, (k)e ™ )coshmkcos(yxsinhk)dk

and
I =K, (yr)sin(m+2)6 +

2Kk (g rysingm+ D)0+ K, (yr)sinim—1)0)+

2(1 + 2%ij(yr)sinml9 +K,, ,(yr)sin(m—2)6 +
Y

(1" j: 4(coshk — coshz, )(coshk — coshyz, ) x 97)
(M, (k)e” + N, (k)e ™ )sinhmksin(yxsinhk)dk +
J‘: 4(coshk + coshy, )(coshk + coshye, ) x

(M (k)e” + N, (k)e™ )sinhmksin(yxsinhk)dk
the last integrals in (96) and (97) being in the sense of
Cauchy principal value.

In particular, choose ¢=1, ¢=0, =1, 2,..., my, the BVP
becomes the BVP for two-layer fluid with free surface
(Linton and Cadby, 2002) and the multipoles exactly
coincide with those for the case of two-layer fluid with free
surface (Linton and Cadby, 2002) and the wave-free
potentials become the wave-free potentials for two-layer
fluid with free surface. Similarly, if choose c;=1—¢K, ¢;=0,
c=D, ¢=0, i=3, 4,..., my, then the BVP becomes the BVP
for two layer fluid with ice-cover boundary condition (3)
(Das and Mandal, 2007) and obtain the corresponding
multipoles (Das and Mandal, 2007) and wave-free potentials.
If we let c=1, ¢=0, i=1, 2,..., my and p—0 in this problem
then it can be shown that the multipoles and wave-free
potential functions go over to the single layer multipoles
evaluated by Thorne (1953) and wave-free potential
evaluated by Das and Mandal (2010a). Thus by letting p—0
in the above analysis we recover the results for the single
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layer fluid.

4 Three dimensional multipoles and wave-free
potentials

Here the velocity potential
D(x,y,z,t) = Re{p(x, y,z)e"}
describing the fluid motion exists where ¢@(x,,z) is a
complex valued function and @ is the angular frequency.

Let the potential in the upper layer be @ and that in the

lower layer be @7 (m=0, 1, the potential functions for the

heave and sway problems being denoted by ¢° and ¢',
respectively). The potential functions satisfy the Laplace’s
Egs. (1), (2) with
2 2 2
V2= iz + iz + 672
ox~ oy° oz

and equations (6) and (7) represent the linearized boundary
conditions at the interface y=0, while the free-surface
condition with higher-order derivatives at y=h is

Np,-Ko'=0 on y=h (98)
where the differential operator
my 62 62 m
N=Dc |—+— 99
,;) m(@xz Bzzj 59)
where ¢, (m=0, 1,..., m,) are known constants. Keeping in

mind various physical problems involving fluid structure
interaction, only the even order partial derivatives in x are
considered in the differential operator N and (8) is the
bottom condition of the lower layer.

4.1 Singularities in the lower layer

The velocity potential singular at (0, f, 0) describing the
motion in the lower fluid, then multipole singular potential
functions are solutions of the Laplace’s equation which are
singular at =0, satisfy the boundary conditions (6) to (8)
and (98). These can be constructed using the method given
by Thorne (1953). A solution of Laplace’s equation in the
spherical polar co-ordinate system (r, 6, a) and singular at

=0 is r"'P"(cos@)cosma, n>m>0, where P" are

associated Legendre functions. This has the integral
representation, valid for y>f(Thorne, 1953)

P"(cosb)
————=cosma =

n+

(100)
cosma J'

" “k"e 0N (kR)dk
n—m):

0

where J,, are Bessel functions and R=(x*+z)"?. Let the

multipole potentials ¢ .cosma and ¢ cosma (in the
notation of Cadby and Linton (2000), m=0, 1) be the
singular solutions of the Laplace’s equation and satisfy the
free surface boundary condition with higher order
derivatives (98), the interface conditions (6) and (7) and
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behave as outgoing waves as R—oo. Then ¢ and ¢y

are obtained as

n+l

or=—9 j "k (A(k)e® + Blk)e™) S, (kR)dk

(n—m)!’o (101)
O<y<h
P, = (ﬁjw P"(cos0) +
i ’ (102)
a *© n ky
- [“erctoet s, (er)dk <0
where
A(k) = K{k[Z( - 1)’”cmk2"’j + K}e“”’) /Hk) (103)
B(k) = K{k(i( "¢, k" j - K}e“’ D/ H(E)  (104)

Ck)= {Kp{k(i( =", k" Jcoshkh - Ksinhkh} -
0

{1-p)k+ K}{k&:( ="c, k™" Jsinhkh - Kcoshth x

e / H(k) (105)

The path of integration in the integrals in (101), (102) is
chosen to be indented below the poles at k=k; and k=k,. It
can be shown that as R—oo, only the contributions to the
integrals from these indentations, to the potential functions
¢ , prevail and behave as waves having outgoing nature.

The far-field forms of the multipoles, in the lower layer, is

given by
1
m m ZTE 2 _i%
Py ~ 4y ? ¢
as R — oo, where

( _ i)m+]an+l
" (}’l — m)' (106)
1 1
(kl” ZCk, elR+hy o kz” zckzeiszJrkzy)
C, and C, being the residues of C(k) at k=k, and k=k,
respectively, which are given by

C. :[Kp{kj (Z(—1)"’cmkf”’jcoshkjh—Ksinhkjh}—

0

{(1-p)k, +K} {k g (i( - l)’”cmkf”’jsinhk h—Kcoshk th x

/H(K) j=12 (107)
Using (106), we find
ma- g
n—m-+
Lk, . (108)

a” =
n-m+2)(n-m+1) "

Now using the representations (108), it can be shown that
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m kl + kZ m
Plin+2) _m(/’n(;ﬁ]) +
klkZ m__
(n—-m+D(n-m+2)" "
n+3 n+2
() preose)- BB DY e cosoye 109)
r n-m+2\r
klkz (a n+3

n+l1
) P"(cos@) + ———
(n—m+2)!

(n-m+2)(n—m+1)\r
j: (k —k,)(k — k,)k"C(k)e® ], (kR)dk
This is the wave-free potential having singularity at (0, f,
0). Letting f~0 in (109) it is obtained the wave-free
potentials having singularity near the interface between
two-layer and is given by

n+3
m a m
Xin = (7) P(n+2)(0050) -

n+2
M[i) E;"H)(COSB) +
n—-m+2\r (110)
n+l n+3
kiky (i) P"(cosf)+ L S
m-m+2)(n—-m+)\ r (n—m+2)!

j: (k — k) (k — k,)k"C" (k)e"J, (kR)dk

4.2 Singularities in the upper layer

To develop multipoles singular at y = f>0. The solution
of Laplace’s equation singular at y=f>0 is
r"'P"(cos@)cosma . Let @™ is denote the multipoles
satisfying (1), (2) except at (0, f, 0) with boundary
conditions (6), (7) and (98). The mutipoles are constructed
as (Cadby and Linton, 2000)

r (n—m)! (111)
j:k" (A4,(k)e” + B (k)e™)J,, (kR)dk
o = Mrk"q (k)e®J, (kR)dk (112)
(n—m)! Jo
where
A (k) :%Hl{i( —1)"’cmk2m]+ K}e-’v’ X
{(=D"" (1= p)k = (1= pK)e” ~ (113)
(1-p)k—K)e™} ]/ H(k)
B,(k)= ;{( . {k(Z( - 1)'"cmk2f"j + K} x
(- p)k—K)e ™" - (114)
(1-p)k —K){k(mzo(— l)mcmkz’"J—K}eW hi / H(k)
C (k) =-pK {( — 1y {1{2( —l)mcmk“’j + K}ew -
0 (115)

{k(i( - 1)mcmk2"’) - K}e'k(f -ﬂ JH(k), m=0,1

The path of the integration in the integrals in (111) and
(112) is indented below the poles at k=k, and &=k, on the
real k-axis.

The far-field forms of the multipoles, in the upper fluid, is
given by

P~ by

where

1

_1\ymtl _n+l 5 _iE

b= (D1 ) (25)26 T (A e +
n—m).

B, (kl)e”“y)e""k + kz”’” *(4,(k, et + B, (k, Ye 2 )eR ]
As R—oo. Here A(ki), A\(ky) and Bi(k;), Bi(k,) are the

residues of A,(k) and B,(k) respectively at k=k; and k=k,,
given by

(116)

Ak)=(=D"""M,(k)+M,(k,) s=12 (117)
B/(k)=(=1)"""N,(k,)+ N,(k,) s=12 (118)
Using (116), it is found that
2
T L
n—-m+2 m-—m+Dm-m+2)
1
_ 1\nymtl n+3 5 T
u(kl+k2)(2—njze ix (119)
(n—m+2)! R

(M (k)" + N, (ke ke +

(M, (k,)e™ + N, (k,)e ™" Yk 'e**} =0

Now using the representation (119) it can be shown that
. alk,+ky) a’kk,
2 em 42 T (n=m+ ) (n—m+2)

1
_ 1\nymtl  n+3 Lo
M(kl +k2)[2_”)2 i
(n—m+2)! R
{(M2 (kl )ek|y + ]V2 (k] )e*ku')k]nﬂeiklk "
(M] (kz)ekzy _,'_]\/'1 (kz)e—kz}’)kznﬂeikzk} _

n+3 n+2
(ﬁj R, (cos0) + M(ﬁj R, (cos0) +
r n-m+2\r

m
(oln +

a’kk,
n-m+D)(n—m+2)
(_ 1)m+nan+3 .[
(n—m+2)!
(M, (k)e"” + N, (k)e ™)1, (kR)dk —

an+3

(n-m+2)!
[(Ml(k)eky + Nl (k)e’k)’)].]m (kR)dk +
1

_1\nym+l_n+3 1o

D g +k2)(2_n)z S
(}’l —m+ 2)' R

{(M1 (kl)ekl}' + N1 (kl)e*kly)klnﬂeik‘R +

(Ml(kz)ekzy +N1(k2)eszy)kln+leik21¢}

The last contour integrals in (120) can be written in the
form:

n+l
(ﬁ) P"(cosd) +

r

(120)

“k (k= k) (k — k) %

0

j:k"“ (k +k)(k +k,) x
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n+3

m

(M, (k)e® + N,(k)e ™), (kR)dk +

1
(-D"imta"?  + kz)(z_nji e—i% y
(m—m+2)! R

{(M, (k)e"” + N, (ke ™ )k 'e™* +

(M, (k,)e"" + N, (ky)e ™ )k le™" 1 = 0

the integral being in the sense of Cauchy principal value.
Thus (120) reduces to

j K" (k + k) + k) %

(121)

m a(kl + k2) m azklkZ
1(n+2) + T(n+1) + (2
n—m+2 (n—m+l)(n—m+2)
ns m+1 n+3 4E
(=D" *, 2)[ j <
(n—m+2)!

‘{(M1 (kl )Ck“ + ]\]1 (kl)e—k\,v)klnﬂeik‘R n
M, (kz)ekzy +N, (kz)e*kz.")k;ﬂeisz} _
n+3

? a(k, +k,)

—_ Pm co 50 +#

( » ) +2)( ) R

2 n+l

a klkz (ﬁ) R:n (COS 0) "
(n=m+2)(n-m+\r

(n—m+ 2)1

[(M, (k)e +N, (k)e*ky)]‘]m (kR)dk —

n+3

e
(n—m+2)!7
(M, (k)e"” + N,(k)e ™), (kR)dk
This is the wave-free potential having singularity at (0, £,
0). Letting f—h in (122) it is obtained the wave-free
potentials with singularity in the upper surface of the
two-layer and are given by

n+3
m a
X = (7) (n+2) (cosd) +

alk,+k,)(a\"
Pt NS

2 n+l
ahoky fﬂ) P (cos@)+
(n—m+2)(n—m+1)kr

(_ 1)m+nan+3

[ﬁ) R, (cos®) +
g (122)

j k" (k — k,)(k — k,)

j K (k + k) + k)

Y R Ge =k )k = ky) (123)
(M (k)e® + N, (k)e ™), (kR)dk —
n+3
— | "Mkt k) +k
(n—m+2)! '[ ( )G )
[(M (k)e” + Ny (k)e ™), (kR)dk
In particular, choose c=1, ¢~=0, i=1, 2,..., m,, the BVP

becomes the BVP for two-layer fluid with free surface
(Cadby and Linton, 2000) and the multipoles exactly
coincide with those for the case of two-layer fluid with free
surface (Cadby and Linton, 2000) and the wave-free
potentials become the wave-free potentials for two-layer
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fluid with free surface. Similarly, if choose c=1—¢K, ¢,;=0,
=D, ¢~0, i=3, 4,..., m,, then the BVP becomes the BVP
for two layer fluid with ice-cover boundary condition (3)
(Das and Mandal, 2010b) and obtain the corresponding
multipoles (Das and Mandal, 2010b) and wave-free
potentials. If we let ¢i=1, ¢=0, i=1, 2,..., my and p—0 in this
problem then it can be shown that the multipoles and
wave-free potential functions go over to the single layer
multipoles evaluated by Thorne (1953) and wave-free
potential evaluated by Dhillon and Mandal (2013). Thus by
letting p—0 in the above analysis we recover the results for
the single layer fluid.

5 Conclusions

Wave-free potentials and multipoles in two-layer fluid
with a free surface condition with higher order derivatives
for non-oblique and oblique waves (two dimensions) and
also three dimension are constructed in a symmetric manner.
Appropriate modifications of the wave-free potentials can be
made in the circumstances when the two-layer fluid are of
uniformly finite depth for both the layers having a free
surface conditions with higher order derivatives. In
particular, these are obtained taking into account of the
effect of the presence of surface tension at the free surface
and also in the presence of an ice-cover modelled as a thin
elastic plate. Also for limiting case, it can be shown that the
multipoles and wave-free potential functions go over to the
single layer multipoles and wave-free potential.
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