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Abstract: The wave diffraction and radiation around a floating body is considered within the framework of the
linear potential theory in a fairly perfect fluid. The fluid domain extended infinitely in the horizontal directions
but is limited by the sea bed, the body hull, and the part of the free surface excluding the body waterplane, and
is subdivided into two subdomains according to the body geometry. The two subdomains are connected by a
control surface in fluid. In each subdomain, the velocity potential is described by using the usual boundary
integral representation involving Green functions. The boundary integral equations are then established by
satisfying the boundary conditions and the continuous condition of the potential and the normal derivation
across the control surface. This multi-domain boundary element method (MDBEM) is particularly interesting
for bodies with a hull form including moonpools to which the usual BEM presents singularities and slow
convergence of numerical results. The application of the MDBEM to study the resonant motion of a water
column in moonpools shows that the MDBEM provides an efficient and reliable prediction method.
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1 Introduction

A floating body without forward speed on the free surface and
in the presence of incident propagative waves is considered.
The reference system of Cartesian coordinates is defined by
letting the (x, y) plane coincide with the mean free surface and
z-axis be positive upwards so that

=Xy, 1) ©)

describes the elevation of the free surface. The fluid is
assumed to be incompressible and inviscid while the fluid
motion is irrotational. Under these assumptions of a perfect
fluid, the flow velocity V' = (V, V3, V3 ) can be expressed as
the gradient of a scalar potential @(M, ) in the space M = (x, y,
z) at the time ¢:
V=Vo
The mass conservation law is described by:

VV=0 then V®&=0 )

showing that the Laplace equation is satisfied by the velocity
potential. The fluid is under the action of gravity. Besides this
gravitational field, an internal force defined as

f=—uv )

is assumed to apply to the fluid particle as well. The
parameters u being assumed to be positive and small, the
force f'is proportional to the magnitude of fluid velocity but
in the opposite direction. Although f plays the same role of
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damping fluid motion and dissipating energy as that of fluid
viscosity, it does not introduce any vorticity so that the
existence of the velocity potential is safeguarded. The
inviscid and irrotational fluid with the dissipative force f is
regarded here as a fairly perfect fluid in Guével (1982) and
Chen (2004).

The momentum equation in the fairly perfect fluid is written as:
@ot+ VN YW=-V(Plp+gz)—uV @)

in which P stands for the pressure and g the gravitational
acceleration. Introducing V=V @ into above momentum

equation, the modified Bernoulli equation is obtained and
expressed as:

Plp+gz+ @&, + NV DN P2 + ud = C(f) (5)

with C(f) an arbitrary function of ¢ usually omitted by
redefining @ without affecting the velocity field. The
Bernoulli Eq.(5) provides the pressure in the fluid:

P=——p(gz+®,+ VO NVD2+ ud) ©)

On the free surface z = {, the dynamic condition requires that
the pressure given from (6) is equal to the atmospheric
pressure (P =0), i.e.

gZ+D,+ VDV D2+ ud=0 7
which gives the free-surface elevation by putting z = (:
(=—(D,+ VOV D2+ ud)lg ®)

Since Eq.(7) holds for all time at the free surface z =  its
material derivative (8,+ V & V) must be set equal to zero
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and is shown as :

D, +gD +UD +2VDVD, +

9
VOVNVOVDY2 + NOV D=0 ©

Furthermore, a particle in motion at the free surface stays
always on the same surface. This kinematic condition is
expressed by the material derivative of (1) with respect to the
time, i.e.

D.— qjxé'x - (pyétv - é’t:O (10)

on the exact free surface z = (.

In the presence of a body, the boundary condition on body’s
hull is expressed by the fact that the normal velocity of the
fluid is equal to that of the body at a point on the hull:

&, =Vin (11)

where V¥ stands for the local velocity vector of body’s hull.
If the sea bed B(z = —h) is present, an additional condition

=0 (12)

is written on B.

The above boundary value problem can be linearized in
relation to the mean position of boundaries. The linearized
boundary value problem is then solved by applying Green’s
identity which permits expression of the velocity potential by
the integral representation involving the potential and its
normal derivative on the boundaries. The satisfaction of the
boundary conditions yields the integral equation of which the
solution gives the potential distribution.

The above boundary element method (BEM) is summarized
in this paper with application to the wave radiation and
diffraction around a floating body. Unlike the usual BEM, a
dissipation force (3) is introduced in the momentum equation
(4). The boundary condition at the free surface involves an
additional term associated with the dissipation coefficient.
The boundary integral at the free surface is no longer nil
although that the Green function satisfies the linear
free-surface condition is used.

The fluid domain extended infinitely in the horizontal
directions but limited by the sea bed, the body hull, and the
part of free surface excluding the body waterplane is
subdivided into two subdomains according to the body
geometry. The two subdomains are connected by a control
surface in fluid. In each subdomain, the velocity potential is
described by using the usual boundary integral representation
involving Green functions. The boundary integral equations
are then established by satisfying the boundary conditions and
the continuous condition of the potential and the normal
derivation across the control surface.

This multi-domain boundary element method (MDBEM) is

19

particularly interesting for bodies with special hull forms
including moonpools to which the usual BEM presents
singularities and slow convergence of numerical results. The
application of the MDBEM to study the resonant motion of
water columns in moonpools shows that the MDBEM
provides an efficient and reliable prediction method.

2 BEM with dissipation

By assuming a small steepness of incident waves, the
linearization of the above equations is used. Furthermore,
the fluid motion is assumed to be harmonic in time with the
circular frequency o in such a way that the velocity
potential

DM, 1) =Re{ (M) '} (13)

can be written. In (13), Re{-} stands for taking the real part.
The linear problem of wave radiation is then defined by:

Vi¢g=0 McD (14a)

¢, -K,(1+ie)p=0 McCF (14b)
¢ =v, McH (14c)

¢$,=0 McB (14d)

in which K, = w’/g and ¢ =u/w, D stands for the fluid
domain limited by the mean free-surface F, the body surface
H, the sea bed B, and a cylindrical surface C* (x*+)> — o)
at the infinity. The so-called radiation condition requiring
that ¢ disappears on C” is satisfied automatically in the
fairly perfect fluid. The term v, on the right hand side of
(14c) is a given function following the radiation and
diffraction problems.

To solve the first-order boundary value problem defined by
(14), one fundamental solution which satisfies the following
equations is considered:

V:G(M,0)=4n8,, McD (15a)
G.-K,(1+ie)G=0 M cCF (15b)
G. =0 McB (15¢)

in which (M, Q) are respectively the field point M(x, y, z)
and singular point Q(x', y', z), and the Dirac function
80 =0(x-x)6(y-1)6(z=2) . In

parameter ¢’ involved in the free-surface boundary condition
(15b) takes the same value as ¢ in (14b). However, it may be
different from & which can even be variable depending on
the zone of free surface. Such a solution is called the Green
function representing the field of velocity potential at M(x, y,
z) created by a source of unit density located at Q(x', y/, z).
Applying Green’s second formula to the two harmonic
functions (@, G), we have:

ang(M)=[[ dsl4,(Q)G(M,0)-#(Q)G,(M,0)] (16)

principle, the

in which the normal vector n is oriented positively toward
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into fluid. The left hand side is the result of the domain
integral while the terms on the right side come from the
transformation of the domain integral to the surface integral
on the boundaries according to the formula of Ostrogradsky.
The boundary surfaces 0D include the ship’s hull H, the
mean free surface F' the sea bed B, and a surface at infinity
c”
oD=HUFUBUC~

The integral on the surface at infinity C” is nil in a fluid with
dissipation. The integral over the sea bed is nil as well. The
Eq.(16) is then reduced to:

4ng(M) = [[ ds(,G-9G,)~iK, [ ds(e—eWG (17)

for M < D, in which the integral over the free surface is
evaluated by making use of (14b) and (15b). This free
surface integral is simplified or equal to zero in most cases
of wave radiation and diffraction without forward speed
where there has been traditionally &=0=¢’, or can be
transformed into a line integral for the wave radiation and
diffraction around an advancing ship at a uniform speed.

In the case when &=0 in (15b) for G(M, Q), the integral
Eq.(17) can be written directly

2mp+PV| j” dsgG, +HK, [ L dsegG = jj” dsv,G  (18a)
for M c H and
dng+ jo ds¢G, +iK, ”F dsegG = | jH dsv,G  (18b)

for M c F. In (18a), PVJ.J. stands for taking the Cauchy

principal value of the integral.

The integral over the free surface F' depends on the value of
¢; in other words, only the part of the free surface F over
which ¢#0 is involved in the integral Eqs.(18) because of
the integration over the remaining part where ¢=0. In the
following application, it is necessary only to put non-zero &
over the free surface contained by the moonpool in which
the fluid kinematics is resonant.

3 Multi-domain BEM

As illustrated on Fig.1, the fluid domain D is divided into an
interior domain D' and an exterior D” subdomain which are
surrounded by their boundaries respectively.

oD'=H'UF'UC"UB’
oD" =H"UF*Uc*UB*UcC"

The surfaces (H', H") are parts of the body hull belonging to
the subdomains (D, D"), i.e. H=H'UH". The same for
F=F'UF*. The control surfaces (C', C*) are the two sides of
the same control surface C:

c'=Cc=cC* but  n(C")=n(C)=-n(C")
Finally, the surface C” is at infinity and the Green integral
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over it is supposed to disappear.

The potentials in the interior and exterior subdomains can be
represented by the Green integrals similar to (17):

4mg’ = [  ds(vjG-9'G,)-
iKO.U.F’ dS€¢FG + J.chs((pCG B ¢CG")
forM < D'and
4mg” =[] ds(iG-9"G,) - [[ ds(9°G-9¢°G,) (19b)
forM < D"

(19a)

1 EN _ 1 E
n ¢n)_(vn’ vn)are

In (19), the boundary conditions (
used in the integrals on (H', HY), respectively, while
@“=¢° on C'is used in both integrals on C' and C”.

The unknown distributions of ¢ on H', ¢ on H",

both g and ¢ on C, and ¢” on F' are determined by
the integral equations as follows:

2mg’ +PV[[ dsg'G, - [[ ds(9°G-9°G,)+
iK, [ dseg™G=|[  dsvG
forM C H'
g + PV_[[HE dsg“G, + ”Cds((pCG -¢G,) =joE dsv“G (20b)

(20a)

for M C H"
4mg” + ([ dsg'G, + [  dsp"G, +

ik, [[ e =[] awlG+ [ anic
forM C C
4npC + _UH, ds¢'0,G, +_UHE ds¢®0,G, + 0d)
iK, [[  dsep"0,G =[] dsv[9,G+|[  dsv[d,G
for M C Cand
4mg” + [ ds¢'G,—[[ ds(p°G-9°G,)+ 00

iK, [[  dsep"G =] dsviG
for M C F', respectively.

The integral Eqgs.(20c) and (20d) are derived from the
continuous conditions

¢'=¢" 4, =0, 2D

across the control surface C and the normal direction on the
side C' being used. The continuous conditions (21) have
been implicitly used in (19).

and

In the integral Eq.(20) of MDBEM, the derivatives of the
Green function are understood as:

G, =9G(M,0)/on(Q) (22a)
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9,G=9G(M,0)/In(M)
9 G, =9[0G(M,0)/n(Q)]/ on(M)

(22b)
(22¢)

The integration of the second derivatives Eq.(22c) of the
Green function associated with its Rankine part is
hypersingular and must be evaluated as a Hadamard
finite-part integral.

4 Hydrodynamic loading

The time-harmonic potential defined by (14) is further
expressed as the sum of various components:

0=-iwY a0, +a,(¢,+)) 23)

in which ¢ ,,.. ¢ are radiation potentials corresponding to 6
degree of freedom oscillations of the body and a;,.. ¢ are

the amplitudes of corresponding motions. ¢, is the
potential of incoming waves and is given by
hk,(z+h) ; i
¢0 — _£ COS O(Z ) elko(xcosﬁﬂsmﬂ) (24)

@ coshkyh

while ¢, is the potential due to the diffracted waves

associated with the amplitude a, of incoming waves. In (24),
f is the wave heading and the wave number k, determined
by the dispersion relationship:

kytanhkh=K,=@" / g (25)

The terms v, in the hull integral on the right hand side of (18)
and (20) associated with the radiation and diffraction
potentials ¢, defined in (23) forj =1, 2, 7 is given by:

nj j=l,2,"',6
v, = (26)
—d¢,/on  j=T
In (26), the generalized vector (ny, n, , -+, ng ) is defined as:

(n,ny,n;)=n and (n,n;,n)=rAn

in which r = (x—xq, ¥ =V, z —2z¢ ) With O(xo, yo, z9) as the
reference point of rotation

Once the integral Eq.(18) is solved, the free surface

elevation is then given by
n=iw(l+ie)p/ g (27a)

evaluated at z=0, while the first-order time-harmonic

pressure can be evaluated by
P=—pgX, + pio(l1+ie)p (27b)

with X; as the vertical displacement of the body.

The integration of the first term (pgX3) in 27(b) plus the
variation of gravity load (moments) gives the hydrostatic
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stiffness C;. The second term in (27b) yields two parts: the
added-mass coefficients (4;) and damping coefficients (By),
which are defined by integration of the pressure due to
radiation waves:

W' 4, +ioB, = o’ (1+ ig)pHH dsg,n, (28a)
and wave exciting loads F; which are defined by integration
of the pressure due to incoming and diffracted waves:

F,=—io(1+i€)pa, jo ds(g, +@)n, (28b)
Finally, the motion amplitude of floating bodies is evaluated
by solving the motion equation:
6
D-* (M, + A4,)—iwB,+C, +C,la, = F,

J=1

(28¢)

in which M); and C'y; for k, j = 1, 2,-, 6 are the inertia and
additional stiffness matrices, respectively.

5 Water-column motion in moonpool

A hollow structure with an opening at the bottom is one of
devices designed to extract wave energy associated with
large motions of the water column inside the moonpool.
This oscillating water column (OWC) device of

axisymmetric cylinder is illustrated on Fig.1.
z
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Fig.1 Scheme of moonpool and subdomains

The model tests presented in Sadd Garriga and Falzarano
(2004) were performed with a fixed cylinder (open at both
ends) of the interior/exterior radii (r/r,) equal to
15.161/16.193 in meters using a scale of 1:100. The cylinder
draft is @=76.200 m and the waterdepth # = 198.120 m.

The free-surface elevation at the center of the moonpool is
evaluated by using (27a) after having obtained the
diffraction integral Eqs.(18). The
dissipation coefficient ¢ is set to zero as in a usual BEM.
One coarse mesh (M1) composed of 620 flat panels is
constructed by dividing the circumference by 20 segments,
the height by 15 segments and 1 in thickness. Doubling the
number of segments in the circumference, height and
thickness gives a fine mesh (M2) with 2480 flat panels.
Quadrupling the number of segments in the circumference,
height, and thickness gives the finest mesh (M3) with 9920
flat panels.

solution via the
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The results using the three meshes (M1, M2, M3) are
represented on Fig.2 by the solid, dashed, and dot-dashed
lines, respectively. The free-surface elevation scaled with
the incoming wave amplitude is depicted in a function of
wave periods. The results using the M1 mesh peak at 17.699
seconds while those using (M2, M3) meshes peak at (18.897,
19.883) seconds, respectively. Furthermore, the values at
peaks vary from about 40 to 70. The finer the mesh, the
higher the peak value.

The results represented in Fig.2 are obtained by the integral
Eqgs.(18) which is often called potential formulation or direct
formulation since the potential is directly related to the
solution. There is another formulation called source
formulation or indirect formulation since the potential is
written as an integration of source distribution which is
obtained by solving the associated integral equations. The
computations by the source formulation using the same
meshes also give the non-convergent results. The peaks of
water-column motions in a moonpool are located at different
wave periods varying from 8.491 seconds for M1 mesh,
9.378 seconds for M2 mesh, and 10.927 seconds for M3
mesh. In the same way, the peak amplitudes vary for
different meshes. The results are manifestly not convergent.
This confirms the analysis in Martin and Risso (1993) that
the standard integral Egs.(18) used in usual BEM are
degenerate when the body has parts of the hull which are
thin.

70 3
1

6 L MI620p) —

M2(2480 p) ———-

50 M3(9920 p) ===

N W b
(== -

Free-surface elevation 7/a,

—_
(=]

Wave period/s
Fig.2 Results of usual BEM with different meshes

The integral Eq.(20) of MDBEM have been implemented in
HydroStar of which the theoretical background can be found
in Chen (2004). The panels of hull meshes are separated into
two groups to be attributed to the interior and exterior
domains. This division and the definition of associated control
surface are not unique. One type consists to have only the
exterior wall as H” and the control surface (C1) defined as the
vertical extension from the bottom of H” to the sea bed as
illustrated on Fig.3. The control surface in the lower part of
the figure is represented by wire- frames. Another is to have
only the interior wall as H' and the control surface (C2)
defined as the vertical extension from the bottom of H' to the
sea bed. The third type is to have the interior wall as H' and
the control surface (C3) as simply the circular surface to
occupy the bottom opening of the moonpool.

Xiaobo Chen, et al. Multi-domain Boundary Element Method with Dissipation

The first analysis concerns the results from three ways to
subdivide the fluid domain. The coarse mesh composed of
620 panels on the body hull is used together with 400 more
panels on the (C1) and (C2) control surfaces, and 100 panels
on the (C3) control surface. The results using three control
surfaces are represented on Fig.4 by the star and circle
symbols, and the solid line, respectively. The peaks of the
(C1) and (C2) control surfaces are the same with only a
negligible shift compared to that of (C3) control surface.
Furthermore, the finer mesh with 2480 panels on H and 400
panels on the control surface of (C3) type is used. The
results of this finer (C3) mesh have the same peak position
at 18.534 seconds and very close to those of the coarse (C3)
mesh, with higher peak amplitude for the finer (C3) mesh.
This shows that the results from MDBEM are convergent.

C3 type

Cl type
Fig.3 Hull mesh and control surfaces

C2 type

A number of analyses have been performed to estimate the
period of low-frequency resonance of moonpools. The first
resonant period (piston mode) can be written as

T=2nJd(l+a)/ g

in which the added-mass coefficient o should be a value
greater than 0 by assuming no reaction of fluid below the
moonpool bottom to the water-column motion, and
(r/d)8/(3m) = 0.169 due to the maximum reaction by the
infinity thickness of moonpools (», —®), according to the
results obtained in Molin (2001) and Newman (2003). The
peak period 7=18.534 seconds obtained by MDBEM is
related to o = 0.120, which is the most likely one.

29)

Finally, the peak amplitude of water-column motion is
studied by introducing a non-zero dissipation coefficient in
the formulation of MDBEM. The coarse mesh with the
control surface of (C3) type is used to compute the
free-surface elevation in the center of a moonpool. The
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results are depicted in Fig.5 by the solid, dashed, dotted, and
dot-dashed lines for the dissipation coefficients =0, 0.026,
0.053 and 0.081, respectively. Furthermore, the
experimental measurements given in Sad6é Garriga and
Falzarano (2004) are reported as the square symbols. The
introduction of the dissipation force in the fluid yields low
peak amplitude in the small zone around the resonant period
and negligible effect outside of the resonant zone. As
expected, lower peak amplitude is obtained with a larger
dissipation coefficient.

70 =
g 0 C1(620p) o
=60 C2(620p)  x
2 50+ C3(620 p)
P
2 40l C3(2480p) ©
(3
g 30¢
-
7 20t
3
E 10t
0 oosmmmmne I EIEHEIEHENTIO +— Ok

15 16 17 18 19 20 21 22 23 24
Wave period/s
Fig.4 Results of MDBEM with different meshes
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o 6 L

g

4=

g 2t

S5}

19 20 21 22 23 24
Wave period/s
Fig.5 Results with different dissipations

6 Conclusions

A new boundary element method based on the Green
integral representation of velocity potential in two separated
fluid subdomains between which a control surface plays the
role of interface is summarized in the paper. The integral
equations of this MDBEM are established as (20) and are
completed by the continuous conditions of potential and its
normal derivative across the control surface. The use of
MDBEM in the computation of water-column motion in a
moonpool shows that it provides convergent and accurate
results.

The introduction of a dissipation force in fluid decreases the
resonant motions in the small zone near the resonant period.

23

A good choice of a dissipation coefficient which may be
determined by model tests or CFD computations yields
results very close to those found in physics.

The MDBEM presented here for two subdomains can be
easily generated in a case with more than two subdomains.
Furthermore, the control surface between subdomains can
be defined in an appropriate way following the properties of
the problem. In particular, the introduction of additional
dissipation across the control surface can be realized and has
wide application potential in offshore industries.
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