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Abstract: An analytic method, i.e. the homotopy analysis method, was applied for constructing the solutions of
the short waves model equations associated with the Degasperis-Procesi (DP) shallow water waves equation.
The explicit analytic solutions of loop soliton governing the propagation of short waves were obtained. By
means of the transformation of independent variables, an analysis one-loop soliton solution expressed by a
series of exponential functions was obtained, which agreed well with the exact solution. The results reveal the
validity and great potential of the homotopy analysis method in solving complicated solitary water wave

problems.
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1 Introduction

The discovery of soliton solutions to the Korteweg de Vries
(KdV) equation, a model equation arising as a nonlinear
approximation to the governing equations for water waves,
had a profound impact on hydrodynamic research. In recent
years, two nonlinear equations which also arose as
approximations to the governing equations for water waves,
the Camassa-Holm (CH) equation (Camassa and Holm,
1993) and the Degasperis- Procesi (DP) equation
(Degasperis and Procesi, 1999) had attracted a lot of
attention due to their integrable structure as infinite
bi-Hamiltonian systems and to the fact that their solitary
wave solutions are solitons.

Both model equations are higher-order approximations to
the governing equations for water waves than KdV
(Constantin and Lannes, 2009; Kolev, 2009) and this feature
makes it possible for them to capture one important
phenomenon that can not be modeled within the KdV
approximation. The Degasperis-Procesi (DP) equation has
looplike soliton and thus it is not easy to solve it.

We consider the propagation of short wave for the
Degasperis-Procesi (DP) equation.
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Solitons are solitary waves (that is, traveling waves moving
at constant speed without change of shape and such that
their profile is asymptotically flat) with the property that
they recover their shape and speed after interaction with
another wave of the same type.

At the same time, finding explicit analytic solutions of
nonlinear partial differential equations (NLPDEs) is
extremely important in mathematical physics. In recent
years, many powerful methods have been developed to
construct explicit analytic solution of NLPDEs. Liao (Liao
SJ, 1992) employed the basic ideas of the homotopy in
topology to propose method for nonlinear problems, namely
homotopy analysis method (HAM) (Liao, 2010; Liao and
Campo, 2002; Liao, 2003a; Liao, 2003b). This method has
been successfully applied to solving many types of
nonlinear problems (Molabahrami and Khania, 2009; Sajid
and Hayat, 2008; Rashidi and Dinarvand, 2009; Dinarvand
and Rashidi, 2010).

Homotopy analysis method is applied to solve such a
multiple-valued nonlinear problem with the one-loop soliton
solution. The soliton solution solved by the homotopy
analysis method is verified by the exact one given in
(Matsuno, 2006). This further demonstrates the validity and
effectiveness of the homotopy analysis method in solving
complicated nonlinear solitary wave problems.

2 The basic idea of homotopy analysis
method

To illustrate the basic ideas of this method, we consider the
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following nonlinear differential equation:
A (u() =0 2

where ./~ is a nonlinear differential operator, ¢ denote
independent variables, u(f) is an unknown function. For
simplicity, boundary or initial conditions are not considered
here. Based on the constructed zero-order deformation
equation by Liao (Abbasbandy, 2008), we give the
following zero-order deformation equation in the similar
way

(=) 2[P(t:9) —uy (] = ghH () [P(t;9)) (€)

where ¢€[0,1] is the embedding parameter, i is a

nonzero auxiliary parameter, H(f) is a nonzero auxiliary
function, % is an auxiliary linear operator, u,(¢)is an

initial guess of u(t), @(t;q)is an unknown function on

independent variables z, and ¢. It is important that one has
great freedom to choose auxiliary parameter / in homotopy
analysis method (HAM). When ¢ = 0 and ¢ = 1, we have
from the zero-order deformation Eq.(2) that¢(;0) = u, ()

and ¢(t;)=u(?).

Thus, as g increases from 0 to 1, the solution ¢@(¢;g) varies

from the initial guess u,(¢) to the solution u(). Defining

_19%(9)
m(t) m! aqm

4)

q=0

and expanding ¢(z;¢g) in Taylor series with respect to the
embedding parameter g, we have
9(t:q) = $(1:0) + 3, (1)g" (5)
m=1

If the auxiliary linear operator, the initial guess, the
auxiliary parameter /# and the auxiliary function H(f) are
properly chosen, the series Eq.(4) converges at ¢ = 1, one
has

u(t) =uy()+ Y u, (t) (6)
m=1
Define the vector

w, (1) ={u,(t),u,(t)---,u,(t)} where ne Nyme N. (7)

Differentiating the zero-order deformation Eq.(2) m times
with respect to ¢, and finally dividing by m!, we have the
mth-order deformation equation

Zu, ()= 2,4, (1= hH (DR, (u,, (1)) ®)

and

)

_ |0 where m<1,
An = 1 where m>1.

The mth-order deformation equation Eq.(8) is linear and
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thus can be easily solved, especially by means of symbolic
computation software MAPLE or MATHEMATICA.

3 Applying homotopy analysis method to the
Degasperis-Procesi (DP) equation

3.1 Mathemaical formulation with the transformation

To verify the validity and the potential of HAM, we apply it
to the Degasperis-Procesi equation, which describes the
motions of waves in nonlinear fluids. Analytic solutions,
loop soliton water waves, for this equation is obtained by
use of the present method. The validity and effectiveness of
the HAM in solving the nonlinear loop soliton water waves
problem are shown.

u, +3u +3uu +uu, =0 (10)
u, +3u+uu, +uu,, =0 (11D

{u, +35u ‘tuu, tuu =
t v (12)

u, +3Ku +3uu, +uu
we should solve this equation
u, +3u+uu tuu, =@, +uu) +3cu=ct) (13)
If we take the coordinate transform

dv=(1/k+W,)dX +UdT,

14
dt=dT (1

where

w=[ Ux.odé (15)

From this coordinate transform, we can easily see that its
equivalence form can be written as

x=X/xk+W+x,

o7 (16)

If we convert the DP equation (13) with x and ¢ phase space
into equation with X and 7 phase space, based on the
coordinate transform (16), the chain rule should be applied
in the form of

0 1 0

By 7

X (K+ X)ax (17
0 0 0

—=u—t—.

oT ox ot

So the equation (13) can be transformed into the X and T
phase space in the form of

UXT+318(1+WX)U=c(T). (18)
K

from the expression of W, we can rewrite equation (18) in
terms of W in the following form:
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W +3x3(l+WX)W, =¢(T) (19)
K

Setting ¢(7) as a constant, then taking travelling wave
transform 7 = kX — T , we get

ka@™W "3 kaW =30 ' = c. (20)

According to the asymptotic theory, we should balance the
main terms of this equation in the (Bender CM and Orszag SA ,
1978).
Write

W = Bexp(un), as n— —oo (21)

where B is a constant. Substituting (21) into (20) and
balancing the main term yields

e
s

(22)

Under the transformation

0=un= ﬁz«(\/gy —\/%T) (23)

equation (20) is transformed into

k c k
Wy =30 | W2 =W, =—— & 24
000 P 0 0 3\/§K3 P (24)

ie.
k

Wogoo = 2\/57( ;WBWHB ~Wy =0 (25)
The boundary conditions of equation (25) are given below.
Due to the definition (15), we have

W(—0)=0 W'(=0)=0 (26)
Considering the symmetry of U(X,T) in X - T space and the
continuation of its 1st-order derivative, we have
w'(0)=w'(-0), wW"(6)=0 27

which means that

W(0)= A/ 2, W(+00) = A, W(~0) =0, W"(0)=0. (28)

3.2 Approximation of loop solution with the homotopy
analysis method

Then, we apply the homotopy analysis method to obtain
W(h) on h > 0, because W(h) on /2 < 0 can be obtained from
(18) by the symmetry.

Under the transformation

W(O)=A+ ggw) (29)

Eq. (25) becomes

g m__ 2Vglgvl_ g" - 0, (30)

[k . . .
where v = 43k, |— g' is the derivative with respect to 8,
w

subject to the boundary conditions
8(0)=1,g"0)=0,g(+>2) =0,g(-2)=-2.  (31)

Under the rule of solution expression and with the aid of the
governing Eq.(30), we choose the initial approximation

g,(0)= —ge('b” +§e“f’>. (32)

And the auxiliary linear operator

9'9(0;9) _9’9(059)
Z1d(6;9)] = Lo — : 33
[¢(6:9)] 36" 50" (33)
possesses the property
Z(C+Cx+Ce’ +Ce”)=0 (34)

where C, , C, , C, , C, are integral constants to be

determined by initial condition. Furthermore, Eq.(30)
defines the nonlinear operator

A[p(0;9)] =
a4¢(94;q) +21(q) 22%:0) 82¢(92;q)_32¢(92;q) 39
00 00 00 00

Let ¢€[0,1] denote an embedding parameter, ~2#0 an

auxiliary parameter. Using above definitions, we construct
the zero-order deformation equation

(I1-g9)=2[9(0;9) — 0(D)] = ghr[9(0;9)] (36)
with the initial condition
#(0,9)=1, ¢"0,9)=0, @(+o0,q)=0 (37

We can expand ¢(6,q) and I'(g)in power series of ¢ as

follows:
M .
#(0.9)=g,(0)+ ). g,(0)q’ (38)
i=1
[(@)=T,+) I’ (39)
i=1
Obviously, wheng=0and ¢ =1,

#9(6,0)=g,(0), ¢(6.,1)=¢g(0), (40)
() =v. A1)

According to (36) and (37), we get the mth-order
deformation equation

218,(0) = 2,8, (D)= IR, (g,,(0)) (42)

with initial condition
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2,(0)=1g,"(0)=0,g,(+<) =0 (43)
where
9°g,.(0) ,
Rm(gm—l (9)) - aai 44)
F($P8OBOY e, (
=4 090 9 )T 08
and

(45)

_ o where m <1,
An = 1 where m>1.

It should be emphasized that u, ,(¢),(m 21) is governed by
the linear equation (42) with the linear initial conditions

(43). R, (g,.,(0))is dependent upon g, , and I', _, that
contain the unknownI’, | . The solution of Eq. (44) can be

expressed by
g,@)=g*@)+C +Cx+Ce’+Cre™’ (46)

where C,,C,,C, and C, are the integral constants, g* (&)

is a special solution of Eq. (42) and it contains the unknown

r Due to the boundary condition (43) at

m—1
infinity, C, and C, must be zero. The unknown I', |, and

the constant C, are determined by the two boundary

conditions (43) at@=0.
We get all the solutions as follows:
38 2 13 1
O)=—"" o0 L0 Dy o0
T S TR TR
164826 e 8751 ey 17328 o0 _

0)=- 47
&0 =655 332755 166375 “7)
ST o 10584 Ly 24

3025 33275 21175

Then the solution expression can be written in an accurate
form:

8(0)=go(0)+g(0)+ g, (0) +--- (48)
v=Ly+L +,+-- (49)
Thus, HAM provides us with a family of solution

expression in the auxiliary parameter 4. The convergence
region of solution series depend upon the value of 4.

In general, the approximate solutions with order M terms
can be written in following

2(6) = Z&@—iammw)
m=0 (50)

V= Z r,
m=0

where [, is coefficients which can be given by symbol
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computation system MAPLE.

We have converted the DP equation expressed by u(x; 7)
into equation (30) expressed by W( @) and their boundary
conditions, respectively. Now, we need to review the
concrete transforms between solutions to DP equation and
solutions to equation (30).

u(x,t) =W, (0) = —ﬁx\/%wg(e) = —ﬁx\/% g g'0), (51)

x——t—Z+W+x0——T—
kk

k
A+Eg(6)+x0 \/_ \/7

where 4=—— \/_ \/: and x, is a constant. For the
3K

(52)

symmetry in x-t space, we have

Xo =_E (53)

then, the Mth-order approximation solution to DP equation
can be expressed by

2M+2

u(x,t)= Z kB, exp(—k6) (54)
where 0 satisfies
w A 1 w
x——1t=—g(0)+——,|—06. 55
P g0 NTE \/; (55)

4 Result analysis

In this section, we verify our analytic solutions with the
exact solutions (Matsuno Y, 2006).

u(rr) = (&

5 2K sech? (=

)
2k (56)

2

y 3 £ 3K
=Y tanh(S)+d,E=k(y -+
XY= T (2) E=k(y fE Yio)

Note that our solution series contains the parameter 4,
which provides us with a simple way to adjust and control
the convergence of the solution series, in general, by means
of the so-called A-curve, i.e. a curve of a versus 4. As
pointed by Liao (Liao SJ, 1992), the valid region of % is a
horizontal line segment. Thus, the valid region of % in this
case is -2 < h < 0, as shown in Fig.1. Obviously, our
solution series (50) converges to the exact valueV = 3. Of
course, the accuracy can be improved by computing more
terms of the approximate solution. For example, when 4 =-1,
our analytic solution converges. The analytic solution of (30)
is presented by Fig.2. Our approximate loop soliton solution
of the Degasperis-Procesi equation (1) is expressed by a
series of exponential functions (54) and (55). Compared
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with the exact solution, our 12th-order approximation when
h =-1 as is shown in Fig.3. Obviously, our analytic
approximation agrees well with the exact one. This verifies
the validity and effectiveness of the homotopy analysis
method to loop soliton water waves problem.

1071
8 L
6 -
4 L
o 2T
M
2t
4t
6+
i \
103 -2 -1 0 I
h
Fig.1 Solution of V of 12th-order approximation under
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Fig.2 The 12th-order analytic approximation of (31)
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Fig.3 Comparison of the exact solution with the loop soliton
solution of HAM approximation, when /#=-1. Circle
symbols: exact solution; solid line: loop soliton
solution of HAM approximation

5 Conclusions

We successfully applied the homotopy analysis method to
solve loop soliton water waves. We obtain the explicit
analytic solutions of loop soliton governing the propagation
of short waves. By means of the transformation of
independent variables, an analysis of one-loop soliton

solution expressed by a series of exponential functions is
obtained, which agrees well with the exact solution. We
have shown that short-wave models exhibit loop solitons
types of solutions. This proposed method provides us with a
new analytic way to solve loop soliton wave problems. So,
the HAM has great flexibility and potential for complicated
nonlinear problems. Application of the results presented
here to the short-wave dynamics in real fluid systems will
be an interesting topic in the future research.
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