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Abstract: The localized differential quadrature (LDQ) method is a numerical technique with high accuracy for
solving most kinds of nonlinear problems in engineering and can overcome the difficulties of other methods
(such as difference method) to numerically evaluate the derivatives of the functions. Its high efficiency and
accuracy attract many engineers to apply the method to solve most of the numerical problems in engineering.
However, difficulties can still be found in some particular problems. In the following study, the LDQ was
applied to solve the Sod shock tube problem. This problem is a very particular kind of problem, which
challenges many common numerical methods. Three different examples were given for testing the robustness
and accuracy of the LDQ. In the first example, in which common initial conditions and solving methods were
given, the numerical oscillations could be found dramatically; in the second example, the initial conditions
were adjusted appropriately and the numerical oscillations were less dramatic than that in the first example; in
the third example, the momentum equation of the Sod shock tube problem was corrected by adding artificial
viscosity, causing the numerical oscillations to nearly disappear in the process of calculation. The numerical
results presented demonstrate the detailed difficulties encountered in the calculations, which need to be
improved in future work. However, in summary, the localized differential quadrature is shown to be a

trustworthy method for solving most of the nonlinear problems in engineering.
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1 Introduction

Differential quadrature (DQ) is a simple and advanced
numerical method for evaluating derivatives of a sufficiently
smooth function, proposed by Bellman et al. (1972). Its core
idea is to approximate the derivatives at a point using a
weighted sum of function values at a set of selected grid
points. As shown by Shu (2000), DQ is a global method,
equivalent to higher-order finite difference scheme.
However, realized from the very beginning that DQ is not
efficient when the number of grid points is large (Civian and
Sliepcevich, 1984), it is sensitive to grid distribution and
requires that the number of grid points cannot be too large.
To improve this situation, localized differential quadrature to
a small neighbourhood was introduced by Zong and Lam
(2002), it succeeded in solving the 2-D wave equation and
the wave propagation in one and two dimensional
poroelastic media (Lam et al., 2004).

DQ is a high accuracy numerical method for solving
nonlinear problems. Its applicability to solving equations of
shock behavior is, however, yet to be examined. In this
paper we apply localized differential quadrature (LDQ) to
Sod shock tube problem as an instance to assess the
capability of DQ method for solving shock propagations.
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The Sod shock tube problem, which is a simple one
dimensional model of gas dynamics, was first introduced by
Sod (1978). It is a peculiar case of a wider class of problems
called Riemann problem. For a detailed discussion on the
shock-tube problem the reader is referred to the book by
Courant and Friedrichs (1985) and by Toro (1999). Even
though this is such a simple problem with a simple solution,
it is very difficult to simulate numerically. The reason for
this is that the derivative is infinite at the discontinuity:
mathematically it is a delta function. The solution of the Sod
shock tube problem has been challenging the numerical
methods for many years. This problem can be solved,
approximately, by some kinds of difference methods
proposed by Godunov, Lax-Wendroff, MacCormack,
Rusanov, to say a few, or the Upwind Scheme (Sod, 1978).
But typically these schemes produce oscillations behind a
shock. All the finite difference schemes have numerical
diffusion, dispersion, or both due to the truncation error.
Busegnies et al. (2007) adopted smoothed particle
hydrodynamics (SPH) to solve the shock tube problem, in
which they introduced the artificial viscosity in the process
of calculation.

The exact solution of the Sod shock tube problem is an
invaluable reference solution that is useful in accessing the
performance of numerical methods and to check the
correctness of program in early stages of development. In
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this paper the exact solution is obtained by the exact
Riemann solver for the Euler equation. For more details,
please refer to Toro (1999).

The equations of fluid dynamics are mathematical
statements of three fundamental physical principles:

* Mass is conserved.

e F'=ma, i.e., Newton’s second law.

* Energy is conserved.

The one-dimensional equations for the fluid dynamics of a
gas can be written in conservation form as follows:
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u the fluid

velocity, m/s; E the energy per unit volume (length), J/kg;
p the fluid pressure, Pa; ¢ the time, s; and x the

where p is the density of the fluid, kg/m’;

distance, m.

We need one more equation to close the system. This is the
equation of state:

P=(r-0E- pi’) 4)

2 Finding derivation using LDQ

2.1 DQ localization in one dimension
The first step to localize DQ method is to find the
neighborhood of a grid point of interest. We use

il=12,...N )

= |xi _xll

to denote the distance between any two points in the
solution domain. By comparison, we may find the
permutation s(1),s(2),...,s(N) such that

STy (6)
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This is a typical permutation problem, and it is easy to find a
suitable algorithm to solve the problem.

It is clear that the points falling in the neighborhood of ith
point (x,) are the first m points which satisfy the above

equation. Denote

S, = (s(1),5(2),.. i=12,.,N (7)

s(m)),

and then S, defines the neighborhood of the grid point of

interest. We may rewrite DQ approximation in this
neighborhood in the form of
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Based on Quan and Chang (1989), the explicit formulae for
the weighting coefficients are
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2.2 Differential equation transformation

For applying LDQ to solve the problem, we can transform
the above equation of the Sod shock tube problem into the
following form:

dp __d(pu) __dq
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Here we can define g =pu, for TNT explosive, y=1.25.
Through the above transformation there are only three
unknown variables p,q ,E to be calculated, meanwhile

there exist three independent equations (Egs.(14)—(16)), if
the appropriate initial conditions are given. The above
nonlinear ordinary differential equations can be solved by
using any suitable numerical method.

In our program, the differential variables with regard to
space variation can be calculated by using LDQ (such as
dq/ox ); the differential variables with regard to time

variation (such as dg/dt ) can be solved by using a

fourth-order Runge-Kutta integrator.

3 Result and analysis

The whole program is written in FORTRAN language.
Hereinafter, three examples are given to illustrate the
problem and calculation results.
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3.1 Example 1
The initial conditions for this Sod shock tube problem can

be given as:

(2,0.0,3) if x<0

(p,(pu),E) ={ (18)

1,0,1.5) if x>0

The calculation interval is from —20 m to 20 m and the
number of calculation nodes are 400; the number of points
falling in the neighborhood of ith point x, is m=5 (denoted

by me=5 in the program). The calculation time is 0-7.6 s,
and the time step is 0.02's. The evolutions of unknown
variables p, gand £ with time are shown in Fig.1, Fig.2

and Fig.3, respectively.
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Figs.1, 2 and 3 show the evolution of variable p, ¢, E with
time, respectively. As the figure shows, taking p as an
example, at time =0.4 s, the values of p in most parts are

relatively smooth and stable except for some burrs
appearing in the step point (that is x=0 m), as the time
advances, the phenomenon of burrs is becoming more and
more conspicuous. At time =2 s, the serrated phenomenon
has occurred in the vicinity of x=0 m, as the time goes by, it
is aggravating obviously. Finally the calculation result has
been completely deviated from the true value. The similar
oscillation phenomenon also occurs to the other two
variables ¢ and E.

3.2 Example 2
Another initial condition for this Sod shock tube problem
can be given as shown in Fig.4.

The calculation interval is from —20m to 20 m and the
number of calculation nodes are 400; the number of points
falling in the neighborhood of ith point x, is m=5 (denoted
by m=5 in the program). The calculation time is 0-11.6 s,
the time step is 0.02s. The calculation result for the
evolution of variable p with time is shown in Fig.5.
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Fig.5 Evolution of p with time using LDQ

The second initial condition given is less steep than the
previous initial conditions at the step point (It is vertical at
x=0 m in the example 1), the calculation results of p are
shown in Fig.5. In the beginning of the computation the
wave form is relatively smooth, the whole LDQ solution
matches well with the exact solution except that at the points
of density discontinuity (Such as when ¢ = 2.4 s, the position
in the vicinity of x=0 m). No obvious oscillations occur even
when =5.6 s. However, at time =8.4 s the oscillations can
be observed at the position in the neighborhood of x=8 m.
At time =10.2 s and =11.6 s, the oscillations become very
obvious. In conclusion, the calculation result tends to
divergence in the end; however, compared with the

oscillations in the example 1, the amplitude and occurring
time of oscillations have been improved a lot in the example
2.

3.3 Example 3
In the third case, the original equations are corrected by

2
adding one term 8% to the right side of Eq.(15), and
X

then we can obtain:
9p __d(pu) __9q
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q=pu (23)

where €=0.02, the time step is 0.01 s; other conditions are
the same to those given in the example 1. The results of p
can be obtained and plotted in Fig.6.
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Fig.6 Evolution of p with time using LDQ

The evolution of p with time is very stable in the whole
process of calculation. Only some slight oscillations appear
in the vicinity of x=0m at /=5.6s, but the oscillations
gradually reduce and disappear as the time goes by. At
t=11.6s, the LDQ solution is much more accurate and
robust in the example 3 than that in the example 2. (Very
fierce oscillations can be observed in the example 2). Even
at =14.8 s, the LDQ solution is still very stable and not any
conspicuous oscillation occur to any parts of the solution
position.

So by adding appropriate artificial viscosity at the
momentum equation, we can eliminate the serrated wave
form effectively when using the LDQ. The numerical
solution is very smooth and stable. The disappearance of
oscillations can also be found for other two variables ¢ and
E compared with those in the first example. From the figure
given above, the LDQ solution is in very good agreement
with the exact solution.

4 Conclusions

LDQ is a numerical technique of high accuracy. This
method is accurate and effective for most of the problems.
However, in this paper it reveals some difficulties by
directly applying LDQ scheme to solve some very particular
problems. In LDQ, the computation of the derivatives at x,

is to use the weighted sum of the function values of the
neighboring points. It is reasonable for the smooth and
continuous functions; however, it may be irrational for the
step functions or discontinuous functions. Most of finite
difference schemes assume that the solution is smooth, i.e.,
the derivatives are bounded, so that a Taylor series
expansion in the spatial step size Ax=x,, -x is valid.
When this assumption is violated by a discontinuity, a first
order scheme tends to smear out the discontinuity, including
higher orders results in unstable oscillations of the solution
at the position of the discontinuity. For such kind of
problems, it is more reasonable to calculate derivatives of
step function by adopting some corrections.
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In the first example, we obtained the results of the Sod
shock tube problem by directly applying the LDQ Scheme,
very serious numerical oscillations could be observed in the
process of calculation. The solution of the problem tended to
diverge from the exact solution in the end. In the second
example, some adjustments were made to the initial
conditions of the Sod shock tube problem; although some
numerical oscillations still could be found in the final phase,
the serrated wave forms were mitigated sharply compared to
those in the first example. In the third example, the
numerical oscillations almost vanished by adding artificial
viscosity in the momentum equation of the Sod shock tube
problem. It was very stable and robust for the whole process
of calculation, and the numerical solution was very close to
the exact solution.

From solving the Sod shock tube problem, we can know that
LDQ may meet some difficulties in solving some very
particular problems, the numerical solutions may not be very
ideal than that we expect or even wrong. Solving this kind
of particular problems should be treated specially. In Sod
shock tube problem, strong numerical oscillations occurred
when LDQ was directly applied to solve the problem, but
the oscillation phenomenon could be efficiently reduced or
even eliminated when proper initial values were given or the
artificial viscosity was added to momentum the equation.
However, in general, it is very clear that LDQ is highly
accurate and effective for solving most of nonlinear
problems.

References

Anderson JD Jr (2000). Hypersonic and high temperature gas
dynamics. AIAA Inc., Virginia, 368-369.

Bellman RE, Kashef BG, Casti J (1972). Differential quadrature: a
technique for the rapid solution of nonlinear partial differential
equations. Journal of Computational Physics, 10(1), 40-52.

Busegnies Y, Frangois J, Paulus G (2007). Unidimensional SPH
simulations of reactive shock tubes in an astrophysical
perspective. Shock Waves, 16(4-5), 359-389.

Civian F, Sliepcevich CM (1984). Differential quadrature for
multidimensional problems. Journal of Mathematical Analysis
and Applications, 101, 423-443.

Courant R, Friedrichs KO (1985). Supersonic flow and shock waves.

Springer, 116-138.

Lam KY, Zhang J, Zong Zhi (2004). A numerical study of wave
propagation in a poroelastic medium by use of localized
differential quadrature method. Applied Mathematical

Modelling, 28(5), 487-511.

Liepmann HW, Roshko A (2001). Elements of gas dynamics. Dover
Publications, New York, 79-83.

Quan JR, Chang CT (1989). New insights in solving distributed
system equations by the quadrature methods—I: analysis.
Computational Chemical Engineering, 13, 779-788.

Shu C (2000). Differential quadrature and its applications in
Engineering. Springer, Berlin, 340.

Sod GA (1978). A survey of several finite difference methods for
systems of nonlinear hyperbolic conservation laws. Journal of
Computational Physics, 27, 1-31.

Toro E (1999). Riemann solvers and numerical methods for fluid
dynamics. Springer, 152-162.

Wu Xionghua (2007). Differential quadrature method based on the
highest derivative and its applications. Journal of
Computational and Applied Mathematics, 205, 239-250.

Zong Zhi, Lam KY (2002). A localized differential quadrature
method and its application to the 2D wave equation.
Computational Mechanics, 29, 382-391.

Zong Zhi, Zhang Yingyan (2009). Advanced differential quadrature
methods. Chapman & Hall/CRC, 189-208.

Zhi Zong was born in 1964. He is a professor of
Dalian University of Technology. His current
research interests include: 1) computational
mechanics and computational methods (FEM,
BEM, differential quadrature, meshless method,
SPH, VOF); 2) Linear and non-linear dynamics
(solid mechanics, fluid mechanics, shock,
impact, sound and vibration); 3) fluid-structure
interactions in engineering and in the human
body, etc.

Zhangrui Li was born in 1985. He is a phD
candidate of the Department of Naval
Architecture and Ocean Engineering at Dalian
University of Technology. His current research
field includes: numerical calculation, bubble
dynamics of underwater explosion and the
response of the ship subjected to the underwater
explosion loading.

Jing Dong was born in 1986. She is a master
student of the Department of Naval Architecture
and Ocean Engineering at Dalian University of
Technology. Her current research field is
numerical simulation of the vortex induced
vibration of the deep ocean riser using discrete
vortex method.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


