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 The asymptotic field of mode I quasi-static crack growth on 
the interface between a rigid and a pressure-sensitive material  
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Abstract: A mechanical model of the quasi-static interface of a mode I crack between a rigid and a 
pressure-sensitive viscoelastic material was established to investigate the mechanical characteristic of 
ship-building engineering bi-materials. In the stable growth stage, stress and strain have the same 

singularity, ie 1 ( 1)( , ) nrσ ε − −∝ . The variable-separable asymptotic solutions of stress and strain at the 
crack tip were obtained by adopting Airy’s stress function and the numerical results of stress and strain in 
the crack-tip field were obtained by the shooting method. The results showed that the near-tip fields are 
mainly governed by the power-hardening exponent n and the Poisson ratio ν  of the pressure-sensitive 
material. The fracture criterion of mode I quasi-static crack growth in pressure-sensitive materials, 
according to the asymptotic analyses of the crack-tip field, can be viewed from the perspective of strain.  
Keywords: pressure-sensitive material; mode I quasi-static interface crack; crack-tip field; asymptotic 
analysis 
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1 Introduction1 
With the development of material science, many 
engineering materials for ship-building are multi-material. 
The pressure-sensitive materials, such as polymers, 
ceramics and metallic glasses are characterized by 
pressure sensitive yielding and plastic dilatancy[1-3]. 
Hence, the researches on the elastic-plastic mechanical 
behavior of these materials have attracted much attention. 
 
With regard to engineering materials, many researches 
have focused their attention on the interfaces because 
defects may occur easily in the interfacial regions and 
cause damage to the materials. Williams[4] was the first 
who analyzed a two-dimensional elastic problem of a 
crack lying along the interface between two dissimilar 
isotropic media by using eigenfunction method. Later, 
Erdogan[5], Rice and Sih[6-7] and Malyshev and 
Salganik[8] presented the similar problem by utilizing 
different methods. Shih and Asaro[9-11] originally 
investigated the solutions to an interface crack in 
elastic-plastic materials and gained a crack tip field 
similar to HRR field. An asymptotic solution to the 
rigid-viscoelastic interfacial crack-tip fields in 
bi-materials has been reported by Li Yong-dong, et al[12]. 
Tang Li-qiang[13] studied the crack-tip field of mode II 
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stationary growth crack on elastic-elastic power law 
creeping bi-materials interface. The problem of a plane 
strain crack lying along an interface between a rigid 
substrate and elastic-plastic dilatant medium has been 
studied by Yuan[14]. Yu, et al[15] presented a plane-stress 
asymptotic field for a crack which lies along the 
interface of an elastic medium and a pressure-sensitive 
dilatant material. 
 
The present work is aimed at studying the asymptotic 
fields for mode I quasi-static interfacial crack growth 
between the rigid material and pressure-sensitive 
material. To the end, by analyzing the index of the crack 
field, it is gotten that the stress and the strain have the 
same singularity in stable growing stage. The 
asymptotic solutions of the stress, the strain and the 
displacement that are of the variable-separable form are 
gained. The numerical results of the stress and the strain 
are obtained by shooting method and the influence 
which the material parameters have on the crack-tip 
field is discussed.   
 

2 Governing equation 
A Cartesian reference system is shown in Fig.1 with the 
origin o located at the crack tip. XOY is a fixed 
coordination and xoy is a moving coordination. For the 
sake of convenience, the polar system ( r ,θ ) is also given. 
Material 1 is a pressure-sensitive material which is in the 
region of 0 πθ≤ ≤ , material 2 is a rigid material which 
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is in the region of π 0θ− ≤ ≤ . Assuming that V denotes 
the crack-tip’s stable growth velocity, then x X Vt= − , 
y Y= , where t is the time. 

  

 
Fig.1 Mechanical model with interface crack 

 
The material’s derivative operator is 
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2.1 Basic equations 
The constitutive equation for pressure-sensitive visco- 
elastic plastic materials under the plane strain condition is 
deduced:  
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where E is the elastic modulus, n is the power harden 
index, B(t) is the material parameter, and the effective 
stress is 
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The relations of displacement-strain for small 
deformation are 
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The strain compatibility equation is 

( ) ( ) ( ) ( ) 02111 2

22

2

22

2

=
∂∂

∂−
∂
∂−

∂
∂+

∂
∂

θθ ε
θ

εε
θ

ε rrr r
rrrrr

r
rr

.

(5) 
For quasi-static growth crack, the inertia effect is 
negligible. Adopting Airy’s stress function Ψ , let  
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Then the equilibrium equation comes into being 
automatically.  
 
2.2 Asymptotic governing equation 
Considering the singularity of the crack-tip field is of 
power law, when r →0, the stress function is expressed 
as 

2
0 ( )sAr fΨ σ θ= ,                (7) 

where A is an undetermined parameter, ( )f θ  is the 
angular function without dimension, 0 0 Eσ ε=  is yield 
stress, and 2s  is an undetermined singularity. 
 
The stress can be expressed as 

2 2
0

sArαβ σβσ σ σ−= ,               (8) 

where σβσ  is the angular distribution function of stress. 
 
The effective stress is  

2 2
0

s
e eArσ σ σ−= .               (9) 

Substituting Eq.(8) into Eq.(1), we get the stress-rate 
expression 

2 3
0

sV Arαβ σβσ σ σ−= .            (10) 

According to the singularity analyzed above, let 
( )1 1

0
sHrε θ−=u u .             (11) 

1s  is an undetermined singularity index, 0
0 E

σε = , H is 

an undetermined parameter, ( )θu  is the angular 
function of displacement. 
 
According to Eq.(1) and Eq.(4), the strain-rate in the 
variable-separable form can be expressed as 

1 3
0

sV H rαβ αβε ε ε−= .           (12) 

 
In the stable growing stage, the elastic deformation and 
plastic deformation are equally dominant. According to 
the dimension compatibility, we get 

1 2 (2 3) /( 1)s s n n= = − − . Let 1 2s s s= = . Then the stress 

and strain have the same singularity, ie 1 ( 1)( , ) nrσ ε − −∝ . 
This is consistent with the singularity analysis of 
Taher[16].  
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According to Eq.(1), Eq.(4), Eq.(11) and Eq.(12), the 
components of the angular distribution function of 

strain-rate are expressed as 
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According to Eq.(1), Eq.(6), Eq.(7), Eq.(8), Eq.(9) and 
Eq.(10), the components of the angular distribution 
function of stress are expressed as 
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The angular distribution function of effective stress is 
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The components of the angular distribution function of 
stress-rate are expressed as  
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Adopting a quantity without dimension 

( ) 1 1
0 1n nEB t

A
V

σ − − = , and letting H A= , substituting 

Eqs.(15)~(18) into Eq.(2), the governing equation can be 
expressed as  
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3 Solution conditions 
The traction-free conditions on the crack surface require 
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The continuity of tractions on the interface requires 

0rΓ Γθ θσ σ= = . For mode I crack, there is the condition 

of 
0

0rθ θσ
=

= , then we obtain 

( )0 0f ′ = .                 (19) 

The continuity of displacement on the interface requires 
0rΓ Γ

u uθ θ= = . As the material 2 is a rigid material, we 
have 

( )
( )
0 0,

0 0.
ru

uθ

=⎧⎪
⎨

=⎪⎩
                (20) 

 
From Eq.(17), we obtain 
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4 Numerical results and discussion 
The above differential equations can be solved by shooting 
method. Then, the traction-free conditions are checked. In 
the calculation, the normalized conditions of 
max ( ) 1θσ θ =  and max ( ) 1θε θ =  are adopted. The 
asymptotic fields of the stress and strain are shown in 
Figs.2~3. Under fixed value of n, the variation range of 
stress decreases as Poisson ratio increases and the variation 
range of strain increases as Poisson ratio increases. Under 
fixed value of Poisson ratio, the variation range of stress 
almost does not change as n increases, but the variation 
range of strain decreases as n increases. 

 
(a) Angular distributions of normalized stress 

 
(b) Angular distributions of normalized strain 

Fig.2 Angular distributions of stress and strain fields for different 
Poisson ratios in the case of n=5 

 

 
(a) Angular distributions of normalized stress 

 

 
(b) Angular distributions of normalized strain 

Fig.3 Angular distributions of stress and strain fields for different 
Poisson ratios in the case of n=13 

 

5 Conclusions 
The important conclusions of this study are reached 
below. 
 
1) The deduction and calculations of this study are only 
available in stable growing stage, while the stress and 
strain have the same singularity, namely 1 ( 1)( , ) nrσ ε − −∝ , 
considering elastic deformation and plastic deformation 
are equally dominant in the near-tip field. Obviously, 
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when n → ∞ , the singularity of the stress and strain will 
vanish.  
 
2) According to the asymptotic analysis of mode I 
quasi-static crack growth along the rigid and 
pressure-sensitive material interface, it is found that the 
hydrostatic stress at the crack tip is a tensile stress. 
Fig.2(a) and Fig.3(a) show that θσ , which gets to the 
maximum value at 0θ =  and becomes the driving force 
of the crack stable growing. 
 
3) The stress field near the crack tip is mainly governed 
by Possion ratio and less affected by the power-harden 
exponent n; the strain field near crack tip is mainly 
governed by Possion ratio and the power-harden 
exponent n, as the angular distributions of stress and 
strain fields shown in Figs.2~3. Clearly, the difference 
of stress or strain, in the case of 2.0,1.0=ν , is very 
small. But the difference of stress or strain between 
these and that in the case of 0.4ν =  is much big. The 
variation ranges of stress and strain, in the case of 

0.4ν = , are also clearly much bigger than that in the 
case of other Possion ratios. This indicates that the 
material is more sensitive, and more easy to become 
failure in the case of 0.4ν = . The variation ranges of 
strain decreases as the power-harden exponent n 
increases. 
 
4) According to the asymptotic analysis of mode I 
quasi-static crack growth on the interface between a rigid 
and a pressure-sensitive material, as shown in Fig.2(b) 
and Fig.3(b), it is known that θε  gets to the maximum in 
the front of the crack. Then, the fracture criterion of mode 
I interface crack on the interface between a rigid and a 
pressere-sensitive material can be put forward from the 
perspective of strain, namely, 0

0
|r r Cθ θ

θε =
= = , where C is the 

material constant which can be determined by 
experiments or micromechanics.  
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刚性－压力敏感性材料界面 I 型准静态扩展裂纹尖端场 

麻文军，唐立强 
（1. 哈尔滨工程大学 理学院，黑龙江 哈尔滨 150001； 

2. 哈尔滨工程大学 航天与建筑工程学院，黑龙江 哈尔滨 150001） 

摘  要：为了研究船用工程复合材料的界面裂纹特性，建立了刚性－压力敏感粘弹塑性材料 I 型准静态扩展裂纹的力学

模型. 在稳态扩展阶段，应力和应变具有相同的奇异量级，即 1 ( 1)( , ) nrσ ε − −∝ . 引入 Airy 应力函数，通过渐近分析得出了

裂纹尖端应力和应变的分离变量形式的渐近解，并采用打靶法求得了裂纹尖端应力和应变的数值结果. 数值计算结果表

明，界面裂尖场主要受材料的泊松比和幂硬化指数的控制. 通过对裂纹尖端场的渐近分析，从应变角度出发，提出了刚性

－压力敏感性材料界面 I 型准静态扩展裂纹的断裂判据. 
关键词：压力敏感性材料；界面 I型准静态扩展裂纹；裂纹尖端场；渐近分析 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


